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(KNAP) NP : J ,

NP complete! Reducibility!

Stephen A. Cook Richard M. Karp
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Define the classes P and its complement co-P, and prove that P = co-P.
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Solution
As the definition of class P, We can formulate with the following (1), (2), and
3)

@ A (standard) definition is written in textbook p. 128.

p & U TIME(p)
p: polynomial
@ The class P consists of each set which is recognized by a standard program Solution 1

within a polynomial time.
© The class P consists of the following set L :

> There exists a polynomial time computable predicate R(z), s.t.,
> for each z € X*, z € L if and only if R(x) is true.

The definition of the class co-P :

@ A set L belongs to co-P if and only if L (complement of L) belongs to P.
.
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Solution 1 (contd.)

Proof for P = co-P

@ Let L be an element in P.
~~ Then, by the definition of (2), there exists a standard program
which halt with 1 or 0 in polynomial time.

@® Reversing 0/1 of output in the standard program, we can obtain a
polynomial time standard program which recognizes the complement of L.

© ... By the definition (0), L is in co-P.

@ We can apply the similar arguments for any L € co-P, then we have L € P.
® .. coPCP.

Finally, we have P =co-P. O
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Problem 2

Show that the Knapsack Problem (KNAP) is in the class N'P.

Stephen A. Cook

NP complete!

Richard M. Karp

Reducibility!
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Solution

According to the definition 5.2 in the textbook, we simply show the existences of
a polynomial ¢ and a polynomial time computable predicate R(x) such that

forxeX* z€ L < FJweX*:|w| <q(lz])[R(z,w)].

» Letting (a1,...,an,b) denote an instance for KNAP, the witness is the
sequence S = (i1, 42, ...,%im) of indices.
R(z,w) = [z={a1,...,an,b)is a (n+ 1)-tuple] A
[w= (i1,...,%m) is a tuple ] A

m
E llij =W
Jj=1

> The length of w is bounded by at most O(|z|); e.g. q(£) = 3(¢2 + £+ 1).
> It is also obvious that R is polynomial time computable.

» Furthermore, an instance of KNAP has a yes-solution if and only if R(z,w)
is true. Therefore, KNAP is in the class N'P.
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Prove that the assumption co-A"P C NP implies NP = co-NP.
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Solution 3

Solution
Showing NP C co-N'P completes the proof.
@ Let L be an arbitrary element of NP. Then,
@ from the definition, L € co-NP.
© By the assumption in the problem, L € N'P.
@ By the definition, LecoNP ~ LEcoNP.

Therefore, we have NP C co-NP.
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