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Problem 1: (IED) HRAZN _EOBEEL f(n),g(n) (<KL,
Jde,d > 0,¥n € N[f(n) < cg(n) +d]

BRESIE S L2, fln) = O(gln)) LT 3. %7z, Ve Nk TEREOHNEZRTRTOH
Mnl BET. TDEEZ

Je> 0,V n € N[f(n) < cg(n)] — f(n) = Og(n))

ZSEBAE XK. (Let f(n) and g(n) be two functions over N, set of (positive) natural numbers. We
denote by f(rn) = O(g(n)) if we have

Jde,d > 0,Vn € N[f(n) < cg(n) + d].
Now “ob? n € N” describes “all natural numbers n with finite exceptions.” Then prove the following:

2¢> 0,V n e N[f(n) < cg(m)] — f(n) = O(a(n)).)
7€ 2= (Definition)
dc,d >0,Vne N[ f(n)<cg(n)+d]<«> f(n)=0(g(n))
7~ —&(We have to show)
30>O,@n e N[f(n)<cg(n)]— f(n)=0(g(n))



% Z 15 (Ans.)

i€ 2 (Definition)

can just let above.
.

f MWBE ARG5S
d=f(n_.)

T&LY
(If f is a natural function, we

dc,d >0,Vne N[ f(n)<cg(n)+d]<«> f(n)=0(g(n))

{7 (Assumption) 3c>0,vne N[f(n)<cg(m] (s
fE3#m(Conclusion) f(n)=0(g(n))

. RELY. BREOHNERN T
(%) BSFEITT B,
. BINOBEKREE N ET5.

d =max,,., f(n)
EBIFIE. TRTD N ITHLT
f(n)<cg(n)+d
2%, £oTf(nN)=0(g(n)) &%5,

« By assumption, we have (*) with
finite exceptions.

* Letn, be the maximum of the
exceptions. Then, letting

d = maxlsnSnmax f (n)
we have f(n)<cg(n)+d

for all n, which implies f(n)=0(g(n)).




Problem 2: BEAGEERE L LTE, 27 = O(nk) FRELEVC EFFEHE XK. (For any fixed
positive constant k, prove that 2" = O(n*) does not hold.)

OA2 ~(Comments)
o 2" MNZBHEXTIELGEWLIEZLOMYERELTIELLY,
| want to understand that 2" is not polynomial.

@)
o WIZXHITHIKBEEE-STIZLLY,
O

| want to you to have a wide view of equations.

SFBA (%2 KB) (Proof by contradiction)
e HAETEH K IZHLT 2=0(nK) THo1=TH, CDEZTEELY .. REZ 5D,
« We assume 2"=0(nX) for some positive constant k. Then, by definition,

3c,d >0,Vne N[2" <cn“ +d]

paea




SFBA (FHE%IZKB) (Proof by contradiction)
« HAEFEH K IZRL T 2"=0(nK) THo71=£TF D5, CDEZTERLY. REZD,
« We assume 2"=0(nX) for some positive constant k. Then, by definition,

3c,d >0,vneN[2" <cn“ +d]

C,d, KIFEDEHEDT . nZ+HREKENE. EEH K [TRHLTREZ S,
Since c, d, and k are positive constants, we have the following for some

positive constant k’ for sufficiently large n;

cn® +d <cn® +cn<cn®t < n“? =n«

FoThD g MFELT RASIL, —
Thus we have the following for some ny; n>ny[2" <n"] 7

K [FEHGDT. H%5 n, BEELT, RAKILT B, n
« Since k' is const., we have the following for some n,;Vn > n [K' <

]

_ . 2n 2k'|ogn . ” . Jog 4
« LTAMIDEE | £ > 1 LY, 2m>nK LI HD T, FE,
 But then, k' nk implies 2">nk, which is a
contradiction.

N




Problem 3: 3SAT &3 3 HIMEEOmEimE F 252 5Nk, F( = 1 X3 28LDEET 20
ESHhEHET ABETH S, 3SATH IS ANP BT A LE2TY. (3SAT is a problem that
asks for a given formula F in 3-conjunctive normal form, if there exists an assignment that makes

F() = 1. Show that 3SAT is in the class N'P.)

s RE@=T w, Rx,w) ZrEEELL,
= |t is sufficient to show w and R(x,w) such that...

R(x,w) [T ZIEAFFEETEATEE. q [EZ A

R(x,w) is poly-time computable and g is a polynomial.

« R(x,W) = (X [& n ZHDIEHRERDmEREXFZFSIELIZED)A
(W (X n bit M 0,1 FNA(FIZWDEZ A HTBEENLIZES)
EEEIT NI, |w=n THY.RKXW) (FZIERREHEHIERGETHD, £oT
3SATIINPIZET 5,
» Define R(x,w) = (x is a code of a 3CNF formula F of n variables) A
(w is an n bit sequence of 0/1) A(F becomes 1 by assign. w).
Then, |w|=n and R(x,w) can be determined in poly. time. Hence

3SATENP. —




Problem 4: EXP-WEZHE A, EXP-oEEME B, NP-HEELZMEC, NP-22EME D LB 5.
FTENPCEXP THAEM, NPALEXP O ES idbho Tk, ZDOLE, IFOREDRT
BRD 3 DICTER K.

1. —APftE XD EICH#EETHZE D
2. ~HOBMEERIUD, KORBETHEED
3. EEEHNEKOHEMTHLL, FFRZIHLEERLLEERENED
(Let 4, B, C, and D are £XP-hard problem, £ XP-complete problem, A’P-hard problem, and

NP-complete problem, respectively. We have already known that NP C £XP, but we do not
know whether AP #£ £XP. Then, divide the following pairs into three groups either

1. one is properly harder than the other one,

2. one is harder th [ﬁg] 77;(72&%1 A‘ -L-J-L/—C

3. we cannot deter

) o AMNREZ
S FATEBE RIZHLTEB =mA

(a) Avs. B
() Avs. O AIETRDEAGREIRELYERIFH
wown O ANRES

& A ITRERETHD AER
(AIXRDHFTEHHEEHREE)




Problem 4: EXP-H#LHE A, EXP-EE2EE B, NP-WEEMEC, NP-Z2EfE D HES.
FTENP CEXP THEED, NPALEXPLES DI T, 2DOEZ, IFOMEDRY
BIRD 3 DI IER &

L — A KO BEICH#THDE D
2. —HAMBGERIUCD, KOWETHZED
3. EBEERHKORMETHLD, FEIHEEDLHIERNED

(Let 4, B, C, and D are £XP-hard problem, £ XP-complete problem, A’P-hard problem, and
NP-complete problem, respectively. We have already known that NP C £XP, but we do not
know whether AP #£ £XP. Then, divide the following pairs into three groups either

1. one is properly harder than the other one,

2. one is hard: [ReVIeW] For a CIaSS R and prOblem A1
3. we cannot « A |S R-hard
& ForanyBER,B =mA

(a) Avs. B _

(b) Avs. C (A Is harder than or equal to any
©) B vs. problem in R)

) Bvs. D A Is R-complete

< Ais R-hard and AER
(A'Is the hardest In R)



Problem 4: EXP-WE#LIE A. XD EE B,

xrNpcexp ey, NFPER

RO 3 DICERT L.

1 R P B LRSS R 2 E

ONPEEXP
?NP#EXP

g -
ZGM’J ya

blem, &AXP-

have already

know whether AP #£ £EXP. Then, divide the following

1. one is properly harder than the other one,

ps either

poretertr g [ B DT AREMREAIZH LT,

3. we cannot deter

) O

pa—— @ p p
o

< 4 2

D o Q

ADVR E £

ERERE D 55,

IS

& FAEBE RIZCWHLTEB=S=mMA

AIFRDEALBELYELREEH
o ADNRTESR

& A TREEETHD AER

(AIERMDE

W CHoid

A
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EXP- hard

BB D55,
. LR OREDT

Problem 4: EXP-WE#LIE A. XD LI E R,

E7= NP C EXP TEZH, Np_hard >

RO 3 DICERT L.

[ TR T SR Y

1 R P B LRSS R 2 E

oONpcexp /%
PNPZEXP L ewn

have already

know whether AP #£ £EXP. Then, divide the following

EXP-complete

p .I"\ (“:I T\'I"ﬁ]"\]ﬂm D'I"l

¢ NP—compIete

1. one is properly harder than the other one,

2 oneieherd - [Review] For a class R and problem A,
3. we cannot « o A |S R-hard
& ForanyBER,B =mA

(a) Avs. B _

(b) Avs. C (A Is harder than or equal to any
(©) Bvs. C problem in R)

) Bvs. D o Alis R-complete

< Alis R-hard and AER
(A'Is the hardest In R)
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Problem 4: EXP-WE#LIE A. SXPR2EEE B,

gr=npcexr sy, NFDIREE »

RO 3 DICERT L.

1 R P B LRSS R 2 E

oONpcexp /%
PNPZEXP L ewn

have already

know whether AP #£ £EXP. Then, divide the following

ps either

1. one is properly harder than the other one,
sttt g A(EXP-EE), B(EXP-5E2), C(NP-
, sl detes %ﬁ), D(/\/'P-;_Eé)

(a) Avs. B = Avs.B—2 AlZBELRIENKIYREEE

(bl A58 € = Av.s.C— 3. ELLAREEENDHLIGLILY

= Bv.s.C— 3. EbohEEMNOMNGLLY

= Bvs.D—2.BI&DEREMKYRE

)




52677 hard ﬁ

L TRHL L Y s e u_%j‘gFﬁﬁ D 753\5?6%)

C
Problem 4: EXP-H#TRE A. SXP el R,

xrnpcexrtazsi, NFP-hard L,H:ODF'EJ%CD«\
BROD 3 DB &,
1M 0 B ST R 2 EXP-CC)mplete
ONPCSEXP  /.* o]
? N PEEXP blem, £XP- P-Pard nrnhldin an
have already £ _/\[P-Comp|ete

know whether AP #£ £EXP. Then, divide the following

1. one is properly harder than the other one,

2 eneisherder g A(EXP-hard), B(EXP-complete),
Hreemerd C(NP-hard), D(NP-complete)

Av.s. B — 2. Ais harder than or equal to B
A v.s. C — 3. we cannot determine
B v.s. C — 3. we cannot determine
B v.s. D — 2. B is harder than or equal to D.

)

(a) Avs. B
(b) Av.s. C




Problem 5: NP Z2EB AL T, 8L AcPELEAP=NP ORI T BT EEFEHE XK. (For
any NP-complete problem A, prove that 4 € P implies P = AP.)

L
sl BA

- PENPIXBRIGED T, NPEPZERT -

s FEDLENPIZHLTLEPEZRE LKLY,

- NPEERBBEDERZLY. L A XeLoh(x)eA
« FOTEZEAKRBFTERGEGER h NFEELT

o« R E LYAIX B IR FFE THIE I 8E. L= > TLIXZEHAEFH
THIEFAEEZD T, LEP.

L=




Problem 5: NP Z2EB AL T, 8L AcPELEAP=NP ORI T BT EEFEHE XK. (For
any NP-complete problem A, prove that 4 € P implies P = AP.)

L

Proof

« Since it is clear PE NP, we show NPEP.

e |t is sufficient to show L €P for any LENP.

» By definition of A’P-completeness, L<= A

e Thus there Is a poly-time computable function h such that
XeL<h(x)e A

e By assumption, A can be determined in poly-time. Hence L
can be recognized in poly-time. Thus we have LEP.




