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e Goal 2:

— How can you show “Difficulty of Problem”

e There are intractable problems even if they are
computable!
— because they require too Many resources (time/space)!
e Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction
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e Observation of the classes

Definition: Class P
SetLisintheclassP <
There exists a poly-time computable predicate R such that
for each x€3", xELSR(x)

Definition: Class NP
Set L is in the class NP <
There exists a poly g and a poly-time computable predicate R such that
foreachx€X”, xele Iwe " : |w| =q(|x|)[R(x,w)]

Definition: Class coNP
Set L is in the class coNP <
There exists a poly g and a poly-time computable predicate R such that
foreachx€:", xeleVwe 3" : |w| =q(|x]|)[R(x,w)]
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(1)P & NP, P ScoNP (.".P & NP N coNP)
(2)NP S EXP, coNP € EXP (.". NP U coNP € EXP)
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(1) PENP (PScoNP 1L, [EIHE)

NPDEZDH

DD EEHL | %4

BRI,

POEZREBELZLDLAFOoND.

(2) NPSEXP (coNPZEXP % [EI#¥)
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem
(1)P & NP, P & coNP (."-P & NP N coNP)
(2)NP € EXP, coNP S EXP (.. NP U coNP S EXP)

Proof (Outline):
(1) PENP (P € coNP is similar)
lgnoring the “witness” in the definition of NP,
we immediately obtain the definition of P.
(2) NPSEXP (coNPSEXP is similar)
For the “witness” w of length m, we can check all possible
strings of length m in exponential time.
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(1) NP & coNP - NP = coNP
(2) coNP & NP - NP = coNP
(3) NP # coNP = P # NP

F: (3)&kYNP # co-NP MDEFBAIEP 2 NPODEEEA KLY £ EEL LY.
sEBH -
(1) NP & coNP = NP = coNP
RE LY coNP S NPEREIE KLY,
ZZTRE®D LEcoNPIZRHLTLENP &R
LECONPSLENP (EELY)
= L € coNP (NP € co-NP)
SLENP (EFEEL=LKY)




5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP - NP = coNP
(2) coNP & NP - NP = coNP
(3) NP #coNP = P #NP

Note: From (3), proof for NP # co-NP is harder than that for P # NP.
Proof :
(1) NP © coNP = NP = coNP
By assumption, it is sufficient to show that coNP & NP.
We will prove LENP _for any LE coNP.
L € coNP & L € NP (by Definition)
> L € coNP (NP S co-NP) _
&L ENP (Definition and L=L )
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(1) NP & coNP - NP = coNP
(2) coNP & NP = NP = coNP
(3) NP £ coNP = P #NP

E:(3)KYUNP # co-NP DEERRILP = NPOFEBL YT EELLY.
2FBA: (3) NP # coNP = P # NP
LITOx{E%E9 : P=NP > NP =coNP
P=NPEIRET HE, EFENDES LICHLTUTERS
LENP © LEP (P=NP)
© LEP (P=coP)
© LENP (P=NP)
& [ (=L)EcoNP (NP/coNPDEEZLY)
. NP =coNP Q.E.D.




5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP - NP = coNP
(2) coNP & NP - NP = coNP
(3) NP #coNP = P #NP

Note: From (3), proof for NP # co-NP is harder than that for P # NP.
Proof: (3) NP # coNP = P # NP

Contraposition: P = NP = NP = coNP

If we assume P=NP, for any L we have
LENP & LEP (P=NP)
& LEP (P=coP)
< LENP (P=NP)
<L (=Z)EcoNP (Definitions of NP/coNP)
.. NP =coNP Q.E.D.
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(1) NP & coNP = NP = coNP
(2) coNP & NP = NP = coNP
(3) NP #coNP > P #NP
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5. Computational Complexity

5.5. Relations in the Complexity Classes

Theorem

(1) NP & coNP = NP = coNP
(2) coNP & NP = NP = coNP
(3) NP #coNP = P #NP

We strongly believe that P # NP, and then we have

4 ™ 4 ™\
EXP EXP
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Definition

Let A and B be arbitrary sets.

(1) function h: A—>B: polynomial-time reduction
" (a) his a total function from X* onto X*

| (b)XxeZ*[xe A< h(X) e B]

_(c) h is polynomial-time computable.

(2) When there is a poly-time reduction from A to B,
we say A is polynomial-time reducible to B.
Then, we denote by ASrF; B

(...within polynomial time, hardness of A = that of B)
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6.1. % E BT E ST AT AE fk
TE A< B DEERMVAILITS

(1) BEP> A EP.
(2) B E NP> A € NP.

(3) B € co-NP = A € coNP.
(4) B € EXP > A € EXP.

SEE OSSR EIEBISY. —fRIZBEE > ASE LRI LAY,
5l: ONEE{1} EEET D&, PORESLIZHLT,
L <” ONE

THH. ZIT hix) E{ll ifxEL

0, otherwise



6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem A<’ B leadsto

(1)BEP>AE P

(2) B € NP> A € NP.

(3) B € co-NP > A € coNP.
(4) B € EXP > A € EXP.

Note:class E is exceptional. Generally, BEE - AEE is not true.

Ex.: When we define ONE={1}, for each set L in P we have
L SrF; ONE

if we define h(x) = 1, ifXEL_
0, otherwise
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem A, B, C: arbitrary sets
1A < A
QA< BAB< C >A< C

Definition
A= B A< BABKS A

=" is an equivalence relation.

m
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(1) 2SAT <. 3SAT < SAT <° EXSAT
(2) 3SAT = SAT =" EXSAT

slEAA

(1) EEICEH>TULDOMDEERANZEZ NS

(a) EEMNTRIBIZEAR3IVTIILIDIGEIL, 2SATO A AL
3ISATOANELTHEZNGED T, FIZRT Z&IFE0N.

(b) FIE (xVy) ZHE(Z (xVyVy) TESHEZNILLL.

(c) BIE (x Vy) IZXLTHLWEHZEALT
xVyVz)A(xVyV7z).

CEEMZTHLLN
EDGEELZEXRFEIZETT, TOREXNFTERIRETHAIDE
+oEEE, FILWLW AT ERIGETH S L.




6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem
(1) 2SAT <” 3SAT <” SAT < EXSAT
(2) 3SAT = SAT =" EXSAT

Proof
(1) we have some proofs depending on definition:
(a) each instance of 2SAT is also in 3SAT if the
definition is “at most 3 literals in a clause”.
(b) each clause (x V) can be replaced by (xVy Vy).
(c) each clause (x Vy) can be replaced by
(xVyVz)A(xVyVa).

In any case, they are poly-time reduction, and the original
formula is satisfiable iff so is the resulting formula.
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(1) 2SAT <. 3SAT < SAT <° EXSAT
(2) 3SAT = SAT =" EXSAT

AR (HER)
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6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem
(1) 2SAT <° 3SAT <” SAT < EXSAT
(2) 3SAT = SAT =" EXSAT

Proof (Outline)
(2) It is sufficient to show that EXSAT < 3SAT by (1).
Strategy:
For any given F in EXSAT, we construct another F’in 3SAT
such that F is satisfiable iff F”is satisfiable.
To do that, we first construct the computation tree of F,
and construct F’ that represents the computation process
of F.



6.% IR\ Bl 5T & AT RETE D AR AT T3

6.1.% I8 N FrfE 1= JT Rl 6E &
SEIE (2) 3SAT =" SAT =" EXSAT

sEBH (FEEBR)
(2) EXSAT < 3SAT ML g A& RE(XEKLN.
EXSAT V5 3SAT AD = ITTEHI TR :

F (X%, %) =1 € %] = [X A X ]V =X,

(1) 1)V, =V, v —X
(2) /\/\ ( ) 1 2\/ 3
0 @V = oV
B) <> (4) X

BV, =[x < X,]

/ \\)(3 (4)V, =X, A X,

X,

/



6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem (2) 3SAT =’ SAT = ExSAT

Proof (Outline)

(2) It is sufficient to show that EXSAT <~ 3SAT by (1).
Reduction from ExSAT to 3SAT by an example:

F (X%, %) =1 € %] = [X A X ]V =X,

(1)/\/\ (LV, =V, v =X,
2O (2)V, =[V; > V,]

\\ QBV; =[x <> X, ]

4 x, (4)V, =X, A X,

(2)
e

(3) <> (4

/

b A
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EHE (2) 3SAT =" SAT =" EXSAT

EXSAT M5 3SAT ADZITEHI TR
F(X, X, %) =[[X © X] = [X AX]]v =X,

ik

) DV, =V, v
o) /\/\ ( ) 1 2 vV X3
/_) B 2V, =|V; »V,]
DLW A (3V, =[x, > X,]

\/ \ (4)V\:sx21/\x3

X3

F "(X1’ Xy Xs) =U, /\[Ul <_)[U2 V—|X3]]/\[U2 (_)[Us _)U4]]
ANMU; & [ XA U, © [X A XS]]



6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem (2) 3SAT =’ SAT = ExSAT
Reduction from ExSAT to 3SAT by an example:
F(X, X, %) =[[X © X] = [X AX]]v =X,

1) DV, =V, v —
2) /\/\ ( ) 1 2\/ X3
/_) B (2)\/2 = [Vs _)V4]
B2 @A BV, =[x <> X,]

\/ \ (4)V\:sx21/\x3

X3

F "(X1’ Xy Xs) =U, /\[Ul <_)[U2 V—|X3]]/\[U2 (_)[Us _)U4]]
ANMU; & [ XA U, © [X A XS]]
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3SAT EE SAT ErF; EXSAT

EXSAT A5 3SAT ADZITEHI TR
F "(X1’ Xy Xs) EUl /\[Ul <~ [Uz V—|X3]]/\[U2 <_)[U3 _)U4]]

ANMU; & [ o X]IAU, © [X A XS]]

CDEZEMMD, F) [XFERAIEESF”()IEFE R A8
F/() ECERIBERISATOE S F() TRET 5.
U, < [U,v—=x]=[-U, vU, v-x]A[U v U, v—=xX]]

DT —RALEFRICE

—U, vU, v =X,
—U, vU, v =X,

ﬁU VU \/—|X

InUyv[=U, Ax]]
AU, v=UL AU vV XS]

AU, v=U, v=UL AU, v X, v XS]

F2T=, F() [F3SATOE R LS.



6. Analysis on Polynomial-Time Computability

6.1. Polynomial-time Reducibility

Theorem (2) 3SAT =’ SAT = ExSAT

Reduction from ExSAT to 3SAT by an example:
F (%%, %) =Up AlU; © U, v =X ]IAU, < [U, > U, ]]
ANMU; & [ o X]IAU, © [X A XS]]

Then, by constriction, F() is satisfiable iff F’() is satisfiable.
We show F”’() can be represented by an equivalent F’() in 3SAT.

U, & [U,v—=X]=[-U,vU, v-x]A[U;v—U, v-=X]]
=[-U, vU, v-X]A[U, v[=U, AX]]
=[-U, vU, v=x]A[U, v=U,]JA[U; v X ]

=[-U, vU, v-X]A[U,v=U, v=U,JA[U, v X, v X ]

The other cases are similar, and F’() is in 3SAT.
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(b) AEC

AlICTEETHHELD.

Bl NPTEEES DA
3SAT, SAT, EXSAT, DHAM, KNAP, BIN, VC 7= &




6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Definition

For a class C, if a set A satisfies
(a)VLEC[LS, Al

the set A is called C-hard (under <, ).
Moreover, if we have

(b) AEC,

then A is called C-complete.

Ex. Examples of NP-complete sets
3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc.
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6.2.1.FEHREEARNEE

FIE CHE(FEIICED)GEEEDESAIZHLT,
(1)AEP> CCP XHE: CZ P > AP
(2QJAENP > C S NP XH{E: CZNP > AZNP

(3) AEcoNP = C S coNP Xt{f: Cz coNP = AZ coNP
(4) AEEXP = C SEXP XH{B: CZEXP > A €EXP

AR :

(V) IEEDCEEZXBLETH. ANCHETHAZEND,
B<, A THY, A€PELVSIRELY B EPEZS.

(2), (3), (4) L, REIHE.




6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem. For any C-hard (or C-complete) set A,

(1) AEP> CCP CP: CZ P > AZP
(2)AENP > C S NP CP: CZNP > AZNP
(3) AEcoNP = C S coNP CP: Cz coNP = A€ coNP
(4) AEEXP > C SEXP CP: CZEXP > A €EXP

Proof: CP: contraposition
(1) Let B be any C-set. Then, since A is C-hard,

B <., A and by the assumption AEP, we have B EP

(2), (3), (4) are similar.
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6.2.52 4
6.2.1. FEHREEAHEE

T CH#H# (F-IICER)TEEDESRAIZKLT,
(1) AEP>CCP XHE: CZ P > A¢P
(2QJAENP > C S NP XT{&: CZNP > AZNP

(3) AEcoNP = C S coNP *I{B: C coNP = A€ coNP
(4) ASEXP > C S EXP XH{&: CZEXP = A €EXP

Bl : DS ANPIZEAT AEEDEKRT HEA
NPEEEEZTALT S.
TEHA)DOXHELY: NPzPD>Ag P
DFEY, NPREESIEP=NPTLIL\RY,
ZIHAFE TIXZTB TELUONPES THS.




6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem. For any C-hard (or C-complete) set A,
(1)A€EP>CCSP CP: CZ P > A€P
(2)AENP > C S NP CP: CZNP > AZNP
(3) A€coNP = C € coNP CP: Cz coNP > A€ coNP
(4) AEEXP > C SEXP CP: CZEXP —> A ZEXP

Ex. : Meaning of Theorem for class NP
Let A be NP-complete set.
By the contraposition of Theorem (1) we have
NPzP => A & P
That is, NP-complete sets are NP-sets that cannot
be recognized in polynomial time unless P = NP.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness

6.2.1. Definition and basic propet EXP

NP-complete problems
form the most difficult
problems in the class NP.

Ex. : Meaning of Theorem for class NP
Let A be NP-complete set.
By the contraposition of Theorem (1) we have
NPzP => A & P
That is, NP-complete sets are NP-sets that cannot
be recognized in polynomial time unless P = NP.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem 6.4. A: any C-complete set
For any set B we have
(1) A<” B 2B is C-hard.
(2) A<, Band BEC - Bis C-complete.

Proof: Once you have an
By definition, VL e C[L < A] NP-complete
By Theorem, L<? AAA<? B L<? B | ProblemA,itcan

Therefore, vL e C[L < B] be used to
measure to the

That is, B is C-hard. other problems
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10/23(Wed):

— Submission of the report (2) (L7R—F(2)iRH)
— Office Hour: Comments/Answers on report (2)
10/25(Fri): Last class (A + Ex& DiEE)

— Course Evaluation Questionnaire (327245 —R)
10/30(Wed): mid-term exam (H 84 ER)

— 40 points xNotes, Textbook, Copy, Printout,...

— Only pens and pencils (}5 A &A1)

— Office Hour: Comments/Answers on Exam.

10/31~ FERDBEMIEA—ILT



