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e Goal 2:

— How can you show “Difficulty of Problem”

e There are intractable problems even if they are
computable!
— because they require too Many resources (time/space)!
e Technical terms;
The class NP, P#NP conjecture, NP-hardness, reduction
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Definition

For a class C, if a set A satisfies
(a)VLEC[LS, Al

the set A is called C-hard (under <, ).
Moreover, if we have

(b) AEC,

then A is called C-complete.

Ex. Examples of NP-complete sets
3SAT, SAT, ExSAT, DHAM, KNAP, BIN, VC, etc.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness
6.2.1. Definition and basic properties

Theorem 6.4. A: any C-complete set
For any set B we have
(1) A<” B B is C-hard.
(2) A<, Band BEC > Bis C-complete.

Proof: Once you have an
By definition, VL e C[L < A] NP-complete
By Theorem, L<? AAA<? B— L<? B | ProblemA,itcan

Therefore, VL e C[L <° B] be used to
measure to the

That is, B is C-hard. other problems
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6. Analysis on Polynomial-Time Computability

6.2. Completeness

There are two ways to prove (NP-)completeness:

1. show “for all L according to the definition
. Cook’s Theorem; he simulated Turing machine by SAT in 1971!

. Basically...
Easy to handle since, e.g., 1 F in standard f
3SAT has a uniform structure. ' _Or any program ' stahdard torm,
2. simulate it by SAT formulae
T > pretty complicated and tedious

2. use some known complete problem as a seed

. 3SAT<’ DHAM,|3SAT <” VC/|...
e  Thousands of NP-complete problems are reduced from 3SAT!

. E.g., from “DHAM is NP-complete for general graphs”, we have

— DHAM is NP-complete even for planar graphs max
DHAM is NP-complete even for graphs with max degree=3 4 degree=5

— DHAM is NP-complete even for bipartite graphs...
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6. Analysis on Polynomial-Time Computability

6.2. Completeness

Theorem VCis NP-complete
[Proof] Since VC € NP, we show 3SAT <" VC.

For given formula F(x,,x,,...,x,), we construct a pair <G, k>
of a graph and an integer in polynomial time such that:

There is an assignment that makes F()=1
<G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x/*,x; and the edge (x;*,x) for each variable x; in F

2. Foreach clause C=(/;; VI,V 3) in F, add vertices I}, I, I;; and three
edges (i, ), (i lis), (Ii3.1)

3. addthe edge (/,,,x;*) if the literal [, is x, or add (/.,,x;) if it is —x;for
each clause C

4. letk=n+2m
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Theorem VC is NP-complete

There is an assignment that makes F()=1
<G has a vertex cover of size k

Construction of G (F has n variables and m clauses):

1. add vertices x;*,x” and the edge (x;*,x;) for each variable x; in F

2. Foreach clause C=(I; VI,V I3) in F, add vertices I, I,,, I;; and
three edges (/,1,1,,), (1,,15), (15,11

3. addthe edge (/,,x;*) if the literal [, is x, or add (/.,,x;) if it is —x; for
each clause C,

4. letk=n+2m

Ex:  F(x,x,%3,%) = (X, VX V) AT Vs Vi ) A(x V=3V x,)

k=4+2 X 3=10
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Theorem VC is NP-complete

It is easy to see that the construction of G from F can be done in polynomial
time of the size of . Hence, we show that...

There is an assignment that makes F()=1
<G has a vertex cover of size k

From the construction of G, { at least one of x* or x;

any vertex cover S should contain o
at least 2 of 3 vertices in C;

Hence we have |S| 2 n+2m = k.
We have no extra vertex!!

Ex:  F(x,x,%3,%) = (X, VX V) AT Vs Vi ) A(x V=3V x,)

k=4+2 X 3=10
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Theorem VC is NP-complete

There is an assignment that makes F()=1
= @G has a vertex cover of size k

1. put | % =1 into S for each x..
x; if x=0

2. Since each clause C=(/;,,1;,,I;3) is satisfied, at least one literal,
say /., the edge (/.,x,;) is covered by the variable x;,. Therefore,
put the remaining literals (/,,,/;) into S.

= From the _ Sis a vertex cover of size k.

Ex:  F(x,x,%3,%) = (X, VX V) AT Vs Vi ) A(x V=3V x,)

k=4+2 X 3=10
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Theorem VC is NP-complete

If G has a vertex cover of size k, there is an assignment that makes F()=1

1. From _ a cover S contains 2m vertices

from the clauses, and n vertices from the variables.

2. Thus the cover S contains exactly one of x;* and x; and
exactly two literals of a clause C,.

3. Hence each clause C; contains exactly one literal /; which is notin S,

and hence incident edge should be covered by a variable vertex.
x=1lifx*in$S J

= The following assignment satisfies F: |
€ 1oliowing assignment Satisties X,-=O ifX,-_ insS

Ex:  F(x,x,%3,%) = (X, VX V) AT Vs Vi ) A(x V=3V x,)

k=4+2 X 3=10

Q.E.D.
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6. Analysis on Polynomial-Time Computability

6.2. Completeness

Theorem

degree: the number of
edges incident to a vertex

N\

DHAM is NP-complete even if maximum degree=5.

[Proof]

Since DHAM & NP, DHAM <5 ENP
We show DHAM <. +DHAM ..

Replace the set of “arcs to v”
and the set of “arcs from v”
by a right ‘gadget’.

A Hamiltonian cycle through v
on the original graph
corresponds to the
Hamiltonian cycle through v
on the resultant graph.
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6.2. Completeness

Theorem DHAM is NP-complete even if max. degree=5.

Points:
e Up to down via cycle
e Each vertex has deg=5 H_ﬂ height: O(log d)
4 2121 number: O(d))
[Proof (sketch)] i
For each vertex v of degree=6, replace the edges around v by

the gadget.

1. If the original graph G has n vertices with m edges, the resultant graph
G’ contains O(n+m) vertices with O(m) edges. Hence the reduction can
be done in polynomial time of n & m.

2. Each vertex in G’ has degree at most 5.

3. G has a Hamiltonian cycle & G’ has a Hamiltonian cycle. QED



Addition (BFI17) Many natural hard problems are either

e Poly-time solvable, or
®* R. Uehara, S. Iwata: e NP-hard

Generalized Hi-Q is NP-comple
The Transactions of the IEICE, E73, p.270-273,1990.
e P. Zhang, H. Sheng, R. Uehara:
A Double Classification Tree Search Algorithm for
Index SNP Selection, BMC Bioinformatics, 5:89, 2004.
e R. Uehara, S. Teramoto:
Computational Complexity of a|Pop-up Book
4t International Conference on Origami in Science,
Mathematics, and Education, 2006.
*E. Demaine, M. Demaine, R. Uehara, T. |UNO| Y.[UNQ:
UNQJis hard, even for a single player,
5t International Conference on FUN with algorithms,
Lecture Notes in Computer Science, Vol. 6099,
pp. 28-36, 2010.
[ 7—LENRXIILDEEE] ON—k-A-/N—,
IT)yo-DFAMZE, EIREFR, BRXEEH,
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Schedule(5%Y @ % 5E)

e 10/25(Fri): Last class (Bl F & EZ NFHEE)
— X7 >4 —F(Course Evaluation Questionnaire)
20. REHRDINEE [FEEEICRILOT-.

(3min. exercises were useful for understanding.)

— LiR—FRREAD
e 10/30(Wed): mid-term exam (9 fi5] 3 BX)

— 40 points Notes, Textbook, Copy, Printout,...

— Only pens and pencils (5 31A& A A]

— All definitions are given in the last page of the exam.
— Answers and Comments will be given at Office Hour.



