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2. It’s a Small World

• 6 , S.Milgram,

Psychology Today 1, 1967.

• WWW 19
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d = 0.35 + 2 log10 N ,
R.Albert et al., Nature 401, 1999.
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Small World Model

�
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Scale-Free: P (k) ∼ k−γ

In A.L. Barabási, LINKED, Perseus Pub., 2002
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Technological Nets (Infra.)
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Heterogeneous Structure

Internet connectivity with
selected backbone ISPs
Nature 406 (CAIDA)
2000

Java Class Components
(JDK1.2)
Europhysics Letters 2002
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Social Nets
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Bio-Chemical Nets
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Metabolic Pathways

ATP(
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)
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Surfing the p53 Network




p53 �

⇒

K.W. Kohn, Mol.Bio.Cell 10, 1999 & B. Vogelstein et al., Nature

408, 2000
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Food Web
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(C.A. Simenstand et al., Science 200, 1978.)
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3. Universal Mechanisms

� � � SF

: , � � �
, WWW,
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P (k) ∼ k−γ , 2 < γ < 3
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Rich-get-richer Rule
BA : A.-L. Barabási and R. Albert, Physica A 272, 1999.
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Master Equation
∂ki

∂t
= m×

ki
∑

j kj
=

ki

2t

ki(ti) = m , ki(t) = m×
√

t/ti
.

P (ki(t) < k) = P (ti >
m2t

k2
) = 1−

N0 + m2t/k2

m0 + t

P (k) =
∂P (ki(t) < k)

∂k
=

2m2t

m0 + t

1

k3
∼ k−3.

⇒ age-effect (S.N. Dorogovtsev et al. PRL 85, 2000), rewire(R. Albert,

PRL 85, 2000), fitness(G. Bianconi, PRL 86, 2001)� �� �� � ��� �� ��� ��� � � � �  !
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Duplication Model

X

duplication

deletion

new link

add new

hub

ramdom
selectionhub

�
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, Pref.
Attach. !

R.V. Solé et al., Advances in Complex Systems 5, 2002
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Optimal Topology

� �

← 0 < λ < 1→ �
Random (tree) - Pref. (SF) - Forced (star, clique)

min E(λ) = λd + (1 −
λ)ρ,

d
def
=

∑

i<j Dij

nC2

/Dmax,

�
ρ

def
=

∑

i<j aij

nC2

,

k pk� ��� �

H
def
= −

∑n−1
k=1 pk log pk

R.F. i Cancho and R.V. Solé, SantaFe Inst. Working Paper 01-11-

068, 2001 � �� 	� 	
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Connectivity Correlations
Assortative �

,� �

Disassortative �
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M.E.J. Newman, PRL 89, 2002 & PRE 67, 2003� �� �� � ��� �� ��� ��� � � � �  !
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4. Robust, Yet Vulnerable
SF

�

� �
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⇒ ,
,
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Z. Dezsö and A.L. Barabási,

PRE 65, 055103, 2002, R. P.-

Satorras and A. Vespignani, PRE
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Cite Percolation
q ∀P (k)

P̄ (k̄) =
∞

∑

k=k̄

P (k)kCk̄q
k̄(1− q)k−k̄.

〈k̄2〉

〈k̄〉
= 2

�

, :

qc =
1

〈k2〉/〈k〉 − 1
.

SF � �
, 2 < γ < 3

, 〈k2〉 =
∑

k2P (k) ∼
∑

k2−γ →∞, qc → 0:

� � �

R.Cohen et al., PRL 85, 4626-4628, 2000.� �� �� � ��� �� ��� ��� � � � �  !
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Conventional SIS, SIR

� �

Susceptible
↓ ↑

Infected

Susceptible
↓ contact
Infected
↓ immune

Recovered/Removed
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Absence of the Threshold
SF � �

SIS k
�

� �

ρ̇k(t) = −ρk(t)+λk(1−ρk(t))Θ(t), sk(t)+ρk(t) = 1.

Θ
def
=

∑

k
kP (k)ρk

〈k〉 , ρ̇k = 0

ρk = λkΘ
1+λkΘ Θ = f(Θ) .

∃ρk 6= 0 , df(Θ)
dΘ |Θ=0 ≥ 1 .

, λc ,

λc ≤
〈k〉

〈k2〉
∼

1

ln N
→ 0 (N →∞).

R. P.-Satorras and A. Vespignani, PRE 63, 066117, 2001� �� �� � ��� �� ��� ��� � � � �  !
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E-mail Data
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Effect of the Hub Immunization
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Cascading Failure
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Avalanche Dynamics

� �� �� � ��� �� ��� ��� � � � �  !

, 24 May. 2006 – p.28/49



Defense Strategies
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A.E. Motter, PRL 93, 2004
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〈kNN〉 and P (k) in CDD Model

(a) Degree-degree
correlation

(b) Degree distribution
� �� �� ��	 
 �� �� ��	  �� �� �
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Simulation Results
CDD (〈k〉 ≈ 4) GC

(Ass) (Dis)

♦

� , + � f = 0.1, : f = 0.2,
×: , � , ∗ � �

, ,

�
Vol.47, No.3, 2006.
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5. Geographical constraints

M.T.Gastner and M.E.J.Newman,

Euro.Phys. J. B 49(2), 2006.
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5. Geographical constraints
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Effect of Triangles
3

� �

q∗c =
〈k〉

〈k(k − 1)〉 −
(

1− q∗c
〈k(k−2)〉
〈k〉

)

〈C(k) (k−1)2

2 〉

:
:

:
:

� � 
 � q∗c > qc,

� �

L.Huang et al., Europhys.Lett. 72(1), 2005.� �� �� � ��� �� ��� ��� � � � �  !
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Wireless Communication
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Geographical SF networks

Random Apollonian:

� � ,

� �

Delaunay-like SF:

� �
� � �

Delaunay Triangulation:

1st diagonal flip 2nd diagonal flip

= +
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Voronoi and Delaunay

Dual Graph

DT �

, , t-spannar
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Topological Structure

RA DT RA+NN(one)

• 4 �

•

� �

Y.Hayashi and J.Matsukubo, Physical Review E 73, 066113, 2006.
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Degree Distribution

10
0

10
1

10
2

10
3

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

k

P
(k

)
RA
DT
RA + NN (one)
RA + NN (all)

RA: power law, DT: lognormal, DLSF(RA+NN):
power law with exponential cutoff� �� �� � ��� �� ��� ��� � � � �  !

, 24 May. 2006 – p.38/49



Randomly Rewired Nets
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Rewiring a pair of links with the same degree at each node

Maslov et al., Physica A 333, 2004
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Tolerance to Failures
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Tolerance to Attacks
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Vulnerability
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Initial N=200
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6. Backbone of Super-highways
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Shortcut Effect
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7. Summary
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A1. Geographical SF Nets

• Modulated BA:
Πi ∼ ki × lα,
rand. position
of node

• SF on lattices:
connect within
r = A× k

1/d
i

• Space-filling:
subdivision
of a region
(heterogeneous
dist. of nodes)

Step 0 Step 1 Step 2

initial N0 nodes with m links

pref. attach.

new m links

:

assign a degree k

saturated node

select a node

initial trianglulation add new node

add new node

connect to its 3 nodes
into a chosen triangle

connect to the neighborhoods
in the radius r = A k

(a) BA

(b) SFL

(c) RAN

1/2
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A2. Planarity and Shortness
class planarity of net shortness of links

Modulated BA × ©

Manna’02, ∃ crossing links with disadvantaged

Xulvi-Brunet’02 (not prohibited) long-range links

SF on lattices × 4

ben-Avraham’03, cross of regular ∃ long shortcuts

Warren’02 links and shortcuts from hubs

Space-filling © 4

Apollonian nets. by subdivision ∃ long-range links

Doye’05, Zhou’04 of a selected region in narrow triangles
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A3. Efficient Routing
Planar triangulation: reasonable math. abstraction of
ad hoc net. (each triangle forms a service region)
Moreover, a memoryless, no defeat, and competitive
online routing algorithm has been developed for
networks on triangulation.

Source
Destination
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