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Categories

A category C consists of
> a class of objects,
> a class of morphisms; each morphism f has a source object A
and a target object B (denoted by f : A — B),

» a composition operator o for morphisms f : A — B and
g : B — C yielding a morphism go f : A — C such that

1. iff:A—=B,g:B— Cand h: C — D, then
ho(gof)=(hog)of,

2. for each object A there exists a morphism 14 : A — A such
that 1gof =foly foreach f: A— B.



Combinatory algebras

A combinatory algebra is a structure D = (D, -,kp, sp) with a set
D, a binary operation - on D and elements kp and sp of D such
that

1. —\(kD = SD),

2. kp-x-y=x,

3.spx-y-z=x-z-(y-2z).
A homomorphism between combinatory algebras D = (D, -, kp,sp)
and D' = (D', kp/,sp/) is a mapping f : D — D’ such that

L f(x-y)=f(x)"f(y),

2. f(kp) = kpr,

3. f(SD) = Ssp’.



Combinatory algebras

Let D = (D, -, kp,sp) be a combinatory algebra, and let
ip=sp-kp-kp.
Then
ip-x=sp-kp-kp-x=kp-x-(kp-x)=x.
Hence

sD-(kD-a)-iD-x:kD-a-x-(iD-x):a-x.



A category Calg™ of combinatory algebras

A *-homomorphism between combinatory algebtas D and D’ is a
homomorphism f between D and D’ such that for each a, b € D
and n if

Vxi,...,xn€D(a-x1-...-xp=b-x1-... %)
then
Vyt, ..o, yn €D'(F(a) " y1- oo yn=1F(B)-y1- .. Yn)

Note that every surjective homomorphism is a x-homomorphism.

Let Calg® denote the category of combinatory algebras with
combinatory algebras as objects and *-homomorphisms as
morphisms.



Functors

A functor F from a category C to a category D associates
» to each object A in C an object FA in D,

» to each morphism f : A — B in C a morphism Ff: TA— TB
inD

such that
1. F14 = 1fa for each object A in C,
2. F(gof)=FgoFfforeachf:A— Bandg:B— CinC.

An endofunctor is a functor that maps a category to itself.

The identitiy functor / on a category C maps an object to itself
and a morphism to itself.
The identitity functor is an endofunctor.



An endofunctor T on Calg*
Let D = (D,-,kp,sp) be a combinatory algebra.
For each a € D, define Funp(a) : D — D by
Funp(a)(x) = a- x.

Note that
FunD(sD : (kD . a) . iD) = FunD(a).

For each Funp(a) and Funp(b), define Funp(a) e Funp(b) by
Funp(a) e Funp(b) = Funp(sp - a- b).
Then Funp(a) = Funp(a’) and Funp(b) = Funp(b’) imply

Funp(a) e Funp(b) = Funp(a') e Funp(b).



An endofunctor T on Calg*

Hence e is a binary operation on

TD = {Funp(a) | a € D}.

Let
krp = FunD(kD . kD), STpD = FunD(kD . SD),

Then

1. =(k1p = s7D),
2. kTDOUOV:U,

3. stpeuevew=uewe(vew).

Therefore
TD = (TD,e,k7p,s71D)

is a combinatory algebra.



An endofunctor T on Calg*

For each *-homomorphism f : D — D', let
(Tf)(Funp(a)) = Funp/(f(a)).
Then, since f is a *-homomorphism, we have
Funp(a) = Funp(a’) = Funp/(f(a)) = Funp (£(a)).

Hence Tf is a mapping from TD into TD'.

Moreover
1. (Tf)(uev)=(Tf)(u) e (TF)(v),
2. (Tf)(k1p) = k7D,
3. (Tf)(s1p) =s71D'-

Therefore Tf is a homomorphism from TD to TD'.



An endofunctor T on Calg*

Lemma
Let D be a combinatory algebra. Then for each a,b € D and n

Yui,...,u, € TD(Funp(a)euje...eu, =Funp(b)euje...eup,)
if and only if

Vxi, .oy Xnr1 €ED(@ X1+ Xpp1 = b X1 Xpy1).
Proof.
Note that
(Funp(a)eFunp(kp-xi1)e...eFunp(kp-x,))(z) = a-z-x1-... Xn,
a-z-(xg-2)...-(xp-z) = (Funp(a)eFunp(xy)e...eFunp(x,))(z2).

O



An endofunctor T on Calg*

Proposition
Tf is a x-homomorphism.

Proof.
Suppose that Funp(a)e uy e ... e u, = Funp(b)ewuje...e u, for
each u1,...,u, € TD. Then, by Lemma, we have
d-Xy-... Xpt1 :b'Xl‘...-X,H_l
for each x1,...,x,+1 € D, and hence
F(3) i Y1 = F(B) v ymn
for each y1,...,yn,r1 € D'. Thus, again by Lemma, we have

Funp/(f(a))evie...ev, =Funp/(f(b))evie...ev,

for each vq,...,v, € TD'. O



Natural transformations

Let F and G be functors between categories C and D.

A natural transformation 7 from F to G, denoted by 7: F — G,
associates to each object A in C a morphism 74 : FA — GA such
that for each morphism f : A — B in C the following diagram

commutes:

FA—2> GA

fr| Jor

FB—> GB



A natural transformationn: | — T

For each combinatory algebra D, define a mapping np : D — TD
by
np(x) = Funp(kp - x).
Then
L np(x-y) =np(x) e np(y),
2. np(kp) =k7p,
3. np(sp) =s7p.

Hence 7p is a homomorphism from D to TD.



A natural transformationn: | — T

Proposition
np Iis a x-homomorphism.

Proof.
Note that

a-(x1-z)-...-(xn-2)=(kp-a-z)-(xx-2)-... - (xn-2)
= (FunD(kD . a) ° FunD(Xl) .. ..0 FunD(Xn))(z)
= (np(a) e Funp(xy) e ... e Funp(x,))(z).



A natural transformationn: | — T

Proposition

The following diagram commutes:

D—"- 7D

/| |7

D' > TD'

Np’
Proof.

(Tf o T]D)(X) = Tf(FunD(kD . X)) = FunD/(f(kD . X))
= FunD/(f(kD) ! f(X)) = FunD/(kD/ g f(X))
= (npr o £)(x).



A natural transformation p: T2 = T

For each combinatory algebra D and ¢ € D, define a mapping
05 : TD — D by
05 (Funp(x)) = x - c.
Then
L O5(ue )=ef( u) - 05(v),
2. 0% (kTD)
05(s7p) =

Hence 0f is a homomorphism from TD to D.
Let
idp = FunD(iD).

Then
0p(idp) = c.



A natural transformation p: T2 = T

Lemma
QCD oNp = ]-D-

Proof.

(05 o 1p)(x) = 65(Funp(kp - x)) = kp - x - ¢ = x.

Proposition
05 is a x-homomorphism.

Proof.

Note that 6 is a surjective homomorphism.



A natural transformation p: T2 = T

For each combinatory algebra D, define x-homomorphism
pup : T2D — TD by

_ pidp
1o =0rp.

Lemma
Tf(idp) = idps for each x-homomorphism f : D — D',

Proof.

Tf(idD) = Tf(FunD(iD)) = FunD/(f(iD)) = FunD/(iD/) = idpr.

O



A natural transformation p: T2 = T
Proposition

The following diagram commutes:

T2D ==~ TD

ree| |

2
72D == TD'

Proof.

(1o o T2F)(Funtp(u)) = pp (T2 F(Funtp(u)))
= /LD/(FUDTD/(Tf(U))) = Tf(u) o idpr = Tf(u) o Tf(idD)
= Tf(u . idD) = Tf(,uD(FunTD(u))) = (Tf o MD)(FUIITD(U)).

[l



Monads

A monad (T,n, u) in a category C consists of a functor T : C — C
and two natural transformations : / — T and p: T2 = T such
that the following diagrams commute:

T T
T3D HUD T2D D nTD T2D 1D D

KTD KD KD
1p 1p

72D 5> TD TD




A monad (T,n, u) in Calg”

Theorem
(T,n, ) is a monad in Calg™.

Proof.

(ko o Tnp)(Funp(x)) = po(Tno(Fanp(x)))
= pp(Funtp(np(x))) = np(x) e idp = Funp(kp - x) @ Funp(ip)
= Funp(sp - (kp - x) - ip) = Funp(x).

(,LLD (e} T}LD)(FUD',QD(FUHTD(U))) =
=ueidpeidp =---

— (b © ) (Fum2p (Funp(u)).



T -algebras

A T-algebra (D, h) is a pair consisting of an object D (the
underlying object of the algebra) and an arrow h: TD — D such
that the following diagrams commute:

7°D-""=TD  D—""-TD
uol lh klh
TD——=D D

h



A T-algebras (D, 6f)

Proposition
(D,0%) is a T-algebra for each c € D.

Proof.

(05 o TOp)(Funtp(u
= Op(Funp(0p(v))
=0p(ueidp) = 05(u

)) = 0p(TOp(Funp(v)))
) = 0p(u) - ¢ = 0p(u) - 0p(idp)
p(Funtp(u))) = (0p o up)(Funtp(u)).



A bijection

Theorem
For any object D in Calg®, there exists a bijection between D and
the set of T-algebras with the underlying object D.

Proof.
Let
p:c—0p, ¥:hw— h(idp).

Then (¢ 0 ¢)(c) = 05 (idp) = c. Furthermore

(( 0 9)(h))(Funp(x)) = O ) (Funp(x)) = x - h(idp)
= h(np(x)) - h(idp) = h(np(x) » idp)

= h(up(Funp(1p(x)))) = h(uo( Top(Funp(x))))

= h((1p © Trp)(Funp(x))) = h(Funp (x)).



