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The theorem of Higman

(a1,...,an) — sequences of natural numbers with the following

ordering:
(1L,3) <* (2,4),
(1,3) <* (2,0,4),
(3,1) £* (1,0,4).
Formally,

(al,...,a,,) S* (bl,...,bm)

forcertain 1 <ip <ip <--- <ip<m.
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The theorem of Higman

This ordering can be generalized to an arbitrary partial ordering.

Theorem (Higman)

If X is a well-partial-ordering, then X* is also a
well-partial-ordering.

Important theorem in well-partial-ordering theory!
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What is a wpo?
A well-partial-ordering (Wpo0) is a partial ordering that is

@ well-founded,

@ has no infinite antichain.
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What is a wpo?

What is a wpo?
A well-partial-ordering (Wpo) is a partial ordering that is

@ well-founded,

@ has no infinite antichain.

Definition

A well-partial-ordering (X, <x) is a partial ordering such that for
every infinite sequence xj, xo, ... of elements in X, indices i < j
exists such that x; <x x;.
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Higman ordering

Theorem (De Jongh & Parikh; D. Schmidt)

If X is a well-partial-ordering, then

wo(X)+1

if o(X) is equal to e + n
with e an epsilon number and n < w,

X)—1 5 . 5o
W f o(X) is finite,
o(X)

o(X*) =

w otherwise.
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Theorem (Higman)

If X is a wpo, then (X*,<*) is a wpo.
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Theorem (Higman)
If X is a wpo, then (X*,<*) is a wpo.

Hence,

Theorem
Let S = N*, then (S, <*) is a wpo.

w

o(§,<*) =wv.
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Gap-sequences Results of Schiitte-Simpson

Theorem (Higman)
If X is a wpo, then (X*,<*) is a wpo.

Hence,

Theorem
Let S = N*, then (S, <*) is a wpo.

w

o(§,<*) =wv.
Now, define a different kind of ordering on S — the gap-ordering.

Adding more strength to the statement!
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Gap-sequences: definition

0120 < 12022222120
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Gap-sequences: definition

(al, “eey a,,) Sgap (bl, ceey bm)
=

Jd1 < i < - < i, < m such that aj:b,-j for all j, and
for all k, if i; < k < i» then by > bi27

for all k, if im—1 < k < im then by > b;, .
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Gap-sequences: definition

(al, ocog a,,) Szap (bl, coog bm)

=4
31 < i <--- <ip < msuch that a; = b;; for all j, and
for all k, if k < iy, then by > b;,,
for all k, if i < k < o, then by > b;,,

for all k, if im_1 < k < im, then by > b; .
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WHY interesting?

@ Giving more ‘strength’ to the statement: ‘... is a wpo'.
@ Linearized version of the gap-trees.

Theorem (Friedman, 1982)

I'I%—CAO ¥FV¥n<w ‘T8 isa wpo'
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Definition

Gap-sequences Results of Schiitte-Simpson

WHY interesting?

@ Giving more ‘strength’ to the statement: ‘... is a wpo'.
@ Linearized version of the gap-trees.

Theorem (Friedman, 1982)

I'I%—CAO ¥FV¥n<w ‘T8 isa wpo'

@ Studied in 1985 by Schiitte and Simpson

Jeroen Van der Meeren Gap-sequences



Gap-sequences Definition
p-seq Results of Schiitte-Simpson

Gap-sequences:
Already known results
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Results of Schiitte-Simpson (1985)

S, is the set of finite sequences of natural numbers < n.
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Results of Schiitte-Simpson (1985)

S, is the set of finite sequences of natural numbers < n.

Theorem (Friedman, Schiitte-Simpson)

For every n, (Sn, <¥.,) and (Sn, <$,,) are wpo's.

w
gap —gap

Denote them as S} and S;,
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Results of Schiitte-Simpson (1985)

S, is the set of finite sequences of natural numbers < n.

Theorem (Friedman, Schiitte-Simpson)

) and (Sp, <%,,) are Wpo's.

For every n, (Sp, < <gap

w
gap
Denote them as S} and S;,

Theorem (Schiitte-Simpson)

ACAp t/¥n 'Sy is a wpo'.
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Results of Schiitte-Simpson (1985)

Definition

S, is the set of finite sequences of natural numbers < n.

Theorem (Friedman, Schiitte-Simpson)

For every n, (Sn, <¥.,) and (Sn, <$,,) are wpo's.

w
gap —gap

Denote them as S} and S;,

Theorem (Schiitte-Simpson)

ACAp t/¥n 'Sy is a wpo'.

Theorem (Schiitte-Simpson)

For every n: ACAp &= 'S} is a wpo'.
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Results of Schiitte-Simpson

They also have results on the maximal order types!

Theorem (Schiitte-Simpson)
o(S5+1) = o(S5 < (53)7)

Jeroen Van der Meeren Gap-sequences



Gap-sequences it
p-seq Results of Schiitte-Simpson

Results of Schiitte-Simpson

They also have results on the maximal order types!

Theorem (Schiitte-Simpson)
o(S5+1) = o(S5 < (53)7)

o(S¥1) = o(S;, 1), where S5, are the sequences starting with
zero with the strong gap-embeddability relation.

Hence,

o(Sph1) = o((S3)")-
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Question more precisely

0110 <%, 01110
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Question more precisely

0110 Sg'/ap 01110 — 909191(0) < 90919191(0)
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Question more precisely

0110 Sg'/ap 01110 — 909191(0) < 90919191(0)

01010 <g;, 0100100
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Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

Question more precisely

0110 Sg'/ap 01110 — 909191(0) < 90919191(0)
01010 <X, 0100100 |+ 8of10601(0) < Bo10000010(0)
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Question more precisely

0110 Sg'/ap 01110 — 909191(0) < 90919191(0)
01010 §2’ap 0100100 —> 6p610061(0) < 6p01006p61600(0)
s§P terms of 0g,0, = T
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Question more precisely

0110 Sg'/ap 01110 — 909191(0) < 90919191(0)
01010 §2’ap 0100100 —> 6p610061(0) < 6p01006p61600(0)
s§P terms of 0g,0, = T
Wpo WO

So T is a linear extension of the gap-sequences!
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Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

Question more precisely

0110 Sg'/ap 01110 — 909191(0) < 90919191(0)
01010 §2’ap 0100100 —> 6p610061(0) < 6p01006p61600(0)
s§P terms of 0g,0, = T
Wpo WO

So T is a linear extension of the gap-sequences!
Is it a maximal linear extension? Meaning:
is otype(T) = mot(S5°")?
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T is the set of the well-defined theta-terms, meaning

Q@ 0€ T and S(0) =0,
Q@ ac T, then i e T.
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Gap-sequences and the theta-functions
Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

T is the set of the well-defined theta-terms, meaning

Definition
Q@ 0€ T and S(0) =0,
Q@ ac T, then i e T.

However, 0y(02(0)) is not defined.
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T is the set of the well-defined theta-terms, meaning

Q@ 0€ T and S(0)=0
Q@ acT,S(a)<i+1, then ja € T and S(0;a) := i
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Gap-sequences and the theta-functions
Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

T is the set of the well-defined theta-terms, meaning

Q@ 0€ T and S(0)=0
Q@ acT,S(a)<i+1, then ja € T and S(0;a) := i

Set of ‘coefficients’:

o K,(O) = 0

| b if i <,
@ Kj(bia) _{ Ki(o) ifi> .

K1 (6203020001 (0)) = 0061(0).
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Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

We define the following ordering on it
QO 0<aq,foralla#0
Q i < j implies 0;(«) < 6;(B)
a < B and Ki(a) < 0;(B)

5 or = 0i(a) < 0:(B)
a > and §;(a) < Ki(B)
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Back to our question: gap-sequences with two labels

Are the theta-functions a maximal linear extension of the
gap-sequences on two labels?
Meaning:

Is sup,, 007" ... 6067 (0)
- o(s5)

w¥

= W
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Gap-sequences and the theta-functions
Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

Back to our question: gap-sequences with two labels

Are the theta-functions a maximal linear extension of the
gap-sequences on two labels?

Meaning:
Is sup,, 007" ... 6067 (0)
- o(s5)
= www
YES!
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Sketch of proof

Is (909192 = www?
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Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

Sketch of proof

Is (909192 = www?

Proofsketch:

w

X - w® — 00612
"hm Qm+ -+ w0 ap +— 0pb7x(ap)...0007x(axm)

ww

a < fyields x(a) < x(B), by induction on lh(c) + Ih(5).
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Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

Back to our question: gap-sequences with more than two
labels

Are the theta-functions a maximal linear extension of the
gap-sequences on three labels?
Meaning:

Is supp,.._q 00005 .. 0700y ... 00005 ... 0763 (0)

L o(57™)

www
w

= W
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Gap-sequences and the theta-functions
Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

Back to our question: gap-sequences with more than two
labels

Are the theta-functions a maximal linear extension of the
gap-sequences on three labels?
Meaning:

Is supp,.._q 00005 .. 0700y ... 00005 ... 0763 (0)

= o(SEP)

= W

NO!

Jeroen Van der Meeren Gap-sequences



Gap-sequences and the theta-functions
Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

Result

In general

Theorem

00(21) = w,
9091 . enQn-i-l = Wn+2, for n > 1.
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Sketch of proof

o1 . .. enQn+1 < Wny2
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Gap-sequences and the theta-functions Gap-sequences with more than two labels

Sketch of proof

o1 . .. enQn+1 < Wny2

f(w* + ap) == w™ + f(a1) + f(a2)
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Gap-sequences and the theta-functions
Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

Sketch of proof

o1 . .. enQn+1 < Wny2
f(w* + ap) == w™ + f(a1) + f(a2)

e f is order preserving,

0 WM < f(w™M + ap) < wn Tl

o f(w™ + an) = w* + f(a1) + f(az) holds for non Cantor
normal forms.
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Gap-sequences and the theta-functions Gap-sequences with more than two labels

Idea of proof

Replace iteratively terms in 6; (starting with the highest level) by
terms in w, +,£2; in an order-preserving way such that terms of
level O are below &g.
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Gap-sequences with two labels
Gap-sequences and the theta-functions Gap-sequences with more than two labels

Idea of proof

Replace iteratively terms in 6; (starting with the highest level) by
terms in w, +,£2; in an order-preserving way such that terms of
level O are below &g.

Idea:
7j reduces T<; = {t € T: only using 6; with j < i} to (T<j,w,+).
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Definition of 7;

T,'O = 0,
7’,‘9]@ = GJ'CV if j <1,
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Definition of 7;

T,'O = 0,
7’,‘9]@ = GJ'CV if j <1,

What about 7;6;a.?
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Definition of 7;

T,'O = 0,
7’,‘9]@ = GJ'CV if j <1,
What about 7;60;a? Assume
mivia = Qg + VK () + as,

with as < wf(e1) and wf(al),al < €p.
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Definition of 7;

T,'O = 0,
7’,‘9]@ = GJ'CV if j <1,
What about 7;60;a? Assume
mivia = Qg + VK () + as,

with as < wf(e1) and wf(al),al < €p.
Define (if i > 0)

10 = Qiw® + W (wf(al) 1Ko+ OQ)
Define (if i = 0)

i = W (wf(o‘l) -TiKio + 042) +1
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Definition of 7;

T,'O = 0,
7’,‘9]@ = GJ'CV if j <1,
What about 7;60;a? Assume
mivia = Qg + VK () + as,

with as < wf(e1) and wf(al),al < €p.
Define (if i > 0)

10 = Qiw® + W (wf(al) 1Ko+ OQ)
Define (if i = 0)
i = W (wf(o‘l) -TiKio + 042) +1

One can prove that oo < 3 implies 1o < 7.
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Find collapsing functions 0o, 01, 0>, such that it captures well the
maximal linear extension of the gap-sequences on three symbols,

hence goglgzﬂg = www“’

— We have such collapsing functions ;a/8.
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Thank you for your attention!

Jeroen Van der Meeren
Ghent University
jvdm@cage.ugent.be
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