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Section 1

|deals and Katétov(-Blass) order

H. Sakai (Kobe) Cofinality of Katetov(-Blass) order CTFM2015 2/20



Ideals over a countable set

Let X be a countable infinite set.
We say that Z is an ideal over X if Z is a family of subsets of X such that

e ACBeZ = A€cZ, e ABeZI = AUBE€T,
o X &1, @ 7 contains all finite subsets of X.

@ An ideal over a countable set X can be identified with an ideal over w. We
mainly discuss ideals over w.

@ An ideal over a countable set X is a subset of P(X), and P(X) can be
naturally identified with the Cantor space 2¢.

An ideal Z over a countable set X is said to be Zg, I'Ig, Borel, Z%, I'I},, .Lifitis
ZO, I'Ig, Borel, Zi, I'I,17, ...as a subset of the Cantor space, respectively.

An ideal Z is called a P-ideal if for any {A, | n < w} C T thereis A € T s.t.
An C* A ie. Ay \ Ais finite, for all n < w. l
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Some examples of ideals

@ The family of all finite subsets of w is a 23 P-ideal over w. This ideal is
denoted as FIN.

@ For a function f : w — Rxo with > f(n) = oo,
Zr = {ACuw| ZneA f(n) < oo}
is a Zg P-ideal over w. Zr is called a summable ideal corresponding to f.
@ The asymptotic density 0 ideal

|Ann|

Zy = {Agw lim 0}.
n—w n

is a M3 P-ideal over w.
@ The eventually different ideal

ED = {ACwxw|3ImewV™n, |An| < m}

is a X3 ideal over w x w. (A, = {k | (n, k) € A}.)
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Orders on ideals

Let X, Y be ctble. infinite sets, and let Z, J be ideals over X, Y, respectively.

o (Rudin-Keisler order)
T <gk J if thereis f : Y — X such that for any A C X,
AceT & 1AleJ.
o (Rudin-Blass order)
Z <gp J if there is a finite to one f : Y — X such that for any A C X,
AeT & flAleJ.
o (Katgtov order)
I <k J if thereis f : Y — X such that for any A C X,
AeI= 1A eJ.
o (Kat&tov-Blass order)
I <kg J if there is a finite to one f : Y — X such that for any A C X,
AceI=f1AeJ.

I<gpJd = I<pxJ

I 3
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Facts on Katétov and Katétov-Blass orders

o If Z C J are ideals over X, then idx witnesses that Z <ip J.

@ Many properties of ideals (or filters) can be characterized by the
Kat&tov(-Blass) order and some Borel ideals. For example:

An ultrafilter F over w is selective iff ED Lk F*.

An ultrafilter F over w is P-point iff FIN x FIN £ F~.

An ultrafilter F over w is Q-point iff EDgy, Lk F*.

(Solecki) An ideal Z over w has the Fubini property iff S £k Z | X for any

Z-positive X.

v

vyvYyy

@ The Katé&tov order on Borel ideals is complicated:

Theorem (Meza)
(P(w)/FIN, C*) can be embeddable into (Borel ideals, <x).
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Less is known about the structure of the Katétov and the Katétov-Blass orders on
Borel ideals. In this talk we discuss these orders on the following classes of ideals:

¥9 ideals - - - the family of all X3 ideals.

o
@ Borel ideals - - - the family of all Borel ideals over w.
o X} ideals --- the family of all X} ideals.
o X! P-ideals - -- the family of all X1 P-ideals.
Fact

@ There is no I'Ig ideal. So ):2 ideals are the class of the simplest ideals.
@ (Solecki) Every X P-ideal is 3.

¥ ideals, X1 P-ideals C Borel ideals C X1 ideals

= =

We will show that all of these classes are upward directed and discuss their cofinal
types.

H. Sakai (Kobe) Cofinality of Katetov(-Blass) order CTFM2015 7/20



Section 2

<O>» «Fr «=» «=)» .



Directedness

Theorem

¥ ideals, X1 P-ideals, Borel ideals and X} ideals are all upward directed with
respect to <kp. (So they are upward directed w.r.t. <k, too.)

We give an outline of the proof.

Recall
Z: an ideal over X, J: an ideal over Y.
o (Katgtov order)
I <k J if there is f : Y — X such that for any A C X,
AcT = 1Al eJ.
o (Katé&tov-Blass order)
I <k J if there is a finite to one f : Y — X such that for any A C X,
AceZ=f1AeJ.
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¥ 1 ideals

First we show the directedness of X1 ideals.

Before proving the directedness w.r.t. <kp, we observe the directedness
w.r.t. <k:

@ Suppose Zy and Z; are Z%.

@ For k =0,1 let mx : w X w — w be the k-th projection, i.e. mx(ng, n1) = ny.
Let

j = {B CwXw | HA() EI()HAl EI]_, B - 7T0_1[A0] U?Tl_l[All} .

@ |t is easy to check that J is a Zi ideal over w x w.

Moreover 7 witnesses that 7, <k J for each k=0,1. O

Note that 7, is not finite to one. So this does not give the directedness
w.r.t. <kgg.
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For the directedness of Zi ideals w.r.t. <kp, we use the following:

Theorem (Mathias)

For any Z} ideal Z over w it holds that FIN <rp Z, that is,
there is a finite to one f : w — w such that f~1[C] € T iff C is finite.

Suppose 7 is a Z% ideal, and let f : w — w be as above.
Let (km | m € w) be the increasing enumeration of the range of f, and let
X = fY(km). Then

o (X | m € w) is a partition of w into finite sets,

@ Forany A€ T theset M = {m | X, C A} is finite.

(Otherwise, C = {ky, | m € M} is infinite, but
fHCl =UpemXm CAET)
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Directedness of Z% ideals w.r.t. <kp

@ Suppose Zy and Z; are Z} ideals over w.

e For k=0,1 let (XX | m < w) be a partition of w into finite sets such that
for any A € Z there are at most finitely many m with X, C A.

o Let X := e, X0 x X3 C w X w. Let mx : X — w be the k-th projection.
Note that 7 is finite to one.

o Let 7 := {B cX | dAg € ZpdA; € 1y, B C 7T071[A0] U7T171[A1]}.

e Jisa Zi ideal over X.

Proof of X ¢ J
Suppose Ay € Zg and A; € 7;. Thereis m € ws.t. X% Z Ag and X}, Z A;.
Then X2 x XL & mo~1[Ao] Umi~A1]. So X € mo~[Ao] U w1~ L[A4].

o Clearly 7y witnesses that 7, <kp J for each k =0, 1. O
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Directedness of other classes w.r.t. <kgp

¥ ideals

In the proof for Z% ideals, if Zy and Z; are ):3, then so is J.

This follows from the compactness of the Cantor space. (Continuous images of
TJ sets are X9.)

*1 P-ideals
In the proof for Z% ideals, if Zo and Z; are P-ideals, then so is J.

Borel ideals

Borel ideals are cofinal in ):% ideals w.r.t. <kp by the following fact:

Fact (folklore)
For any Z% ideal Z there is a Borel ideal J with Z C 7.
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Question

| do not know whether other classes are directed:

Qestion

For o > 2, are Zg ideals directed with respect to <kp (or <) ? J
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Tukey order

Let D = (D, <p) and & = (E, <g) be (upward) directed sets.

@ D <t & if there is a function f : E — D such that images of cofinal subsets
of £ are cofinal in D.

@ D= EIfD<1 &, and & <1 D.

If D= &, then we say that the cofinal types of D and £ are the same.

@ D <t & iff there is a function g : D — E such that images of unbounded
subsets of D are unbounded in £.

For a directed set D = (D, <p) let

cof(D) := min{|A|| A is a cofinal subset of D},
ubdd(D) := min{|A|| Ais an unbounded subset of D} .

o If D =1 &, then cof(D) = cof(€), and ubdd(D) = ubdd(€).
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Cofinal types of X ideals and X] P-ideals

It is known, due to Mazur and Solecki, that X3 ideals and X} P-ideals have nice
characterizations using lower semi-continuous submeasures.
Using these characterizations, we can prove the following:

Theorem (Minami-S.)
@ (X ideals, <x) = (X9 ideals, <kp) =1 (w*,<*),
where for £, g € w, f <* g if f(n) < g(n) for all but finitely many n € w.
@ The family of all summable ideals are unbounded in (X3 ideals, <kp).

Corollary (Minami-S.)

C COf(zg ideals, <k) = Cof(}:g ideals, <gxp) = 0.
o ubdd(X$ ideals, <x) = ubdd(X) ideals, <xp) = b.

Theorem (Minami-S.)

(£} P-ideals, <xp) has the greatest element. (Hence so does (X} P-ideals, <x).)
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Characterizations by lower semi-continuous submeasures

A lower semi-continuous submeasure (l.s.c.s.) on w is a function
¢ : P(w) = R U {oo} such that

° ¢(0)=0,

e ACB = ¢(A) < ¢(B),

° p(AU B) < p(A) +¢(B),

@ v(A) = lim,_,, (AN n). (Lower semi-continuity)

Fact (1: Mazur, 2: Solecki)

@ Zisa X ideal over w iff there is a |.s.c.s. ¢ with p(w) = oo s.t.

T = {ACw]|p(A) <x}.

@ T isa X} P-ideal over w iff there is a |.s.c.s. ¢ with lim,_,,, ¢(w\ n) > 0 s.t.

1 = {Agw“imnauz‘p(’q\n):O}'
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Points of proofs of theorems

@ Each I's.c.s. can be seen as a limit of its finite initial segments, which are
submeasures on finite sets. Moreover we may assume that finite initial
segments take values in Q. (So the variation of finite initial segments are
countable.)

@ Between submeasures on finite sets we can define a directed order, which
approximates the Katé&tov(-Blass) order between ideals obtained by l.s.c.s.’s
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Cofinal types of Borel ideals and X} ideals

@ Because Borel ideals are cofinal in Z% ideals w.r.t. C,
» (Borel ideals, <k) =7 (X1 ideals, <k),
> (Borel ideals, <xp) =7 (X1 ideals, <ks),

| do not know the cofinal types of them.
@ It is known that these do not have the greatest element.
o If the following question is true, then the cofinal type of these are the same
as (w1, <):
Question

For any o < w; are X2 ideals bounded in (Borel ideals, <xp) ?

@ The above question is true for a = 2:

Using the characterization by l.s.c.s., it can be proved that for any ):2 ideal Z
there is a ):i P-ideal J with Z C 7 (so Z <kp J). Then the greatest
element of (X] P-ideals, <gg) is an upper bound of £J ideals w.r.t. <gp.
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