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Monday, 5 March

9:15 - 9:20
9:20 — 10:05
10:05 — 10:30
10:30 — 11:00
11:00 — 11:45
11:45 — 12:10
12:10 — 13:50
13:50 — 14:35
14:35 — 15:00
15:00 — 15:30
15:30 — 16:15
16:15 — 16:40

(Opening)

Douglas Bridges
Ishihara’s Contributions to Constructive Analysis
Tosif Petrakis
McShane—Whitney extensions and the Hahn—Banach theorem

(Coffee Break)

Ulrich Berger

A concurrent interpretation of the law of excluded middle
Nao Hirokawa

Termination analysis under leftmost outermost strategy

(Lunch Break)

Andrew Arana
Takeuti’s argument for the finitistic admissibility of transfinite
induction

Yuki Nishimuta

Relationship between Switchings and Introduction Rules of Mul-
tiplicative Connectives

(Coffee Break)

Akitoshi Kawamura
Applying ideas in discrete complexity theory to the continuous
world

Holger Thies

Computational complexity of time-continuous dynamical sys-
tems with noise



Tuesday, 6 March

9:15 — 9:40
9:40 — 10:05
10:05 — 10:30
10:30 — 11:00
11:00 — 11:45
11:45 — 12:10
12:10 — 13:50
13:50 — 14:35
14:35 — 15:00
15:00 — 15:30
15:30 — 16:15
16:15 — 16:40

Takayuki Kihara

Ordinal ranks on the Baire and non-Baire class functions
Hideki Tsuiki

Computable dyadic subbases
Roussanka Loukanova

Type-theory of acyclic recursion and its calculi
(Coffee Break)

Wim Veldman
Cantor’s uniqueness theorems and almost-countable closed sets
Shimpei Endo

Spatial semantics and characterization of non-classical logics
(to come)

(Lunch Break)

Hidenori Kurokawa
The principle of reflection and nested sequents
Amar Hadzihasanovic

Units without degeneracy, from polycategories to sequent calculi

(Coffee Break)

Maria Emilia Maietti

Minimalist Algebraic Local Set Theory
Samuele Maschio

A predicative variant of the Effective Topos



Wednesday, 7 March

9:15 — 9:40  Taishi Kurahashi
Normal modal logics and provability predicates
9:40 — 10:05  Takeshi Yamazaki
Homological algebra and reverse mathematics
10:05 — 10:30  Sam Sanders

On the mathematical and foundational significance of the
uncountable

10:30 — 11:00  (Coffee Break)

11:00 — 11:45  Andreas Weiermann
Generalized Goodstein principles
11:45 - 12:10  Ken-etsu Fujita
Quantitative Analysis of Reduction Length

12:10 — 13:50  (Lunch Break)

13:50 — 14:35  Laura Crosilla
Reflecting on constructivity
14:35 — 15:00  Tadeusz Litak

Constructive strict implication
15:00 — 15:30  (Coffee Break)

15:30 — 16:15  Norbert Preining

Hyper Natural Deduction for Godel Logic — a natural deduction
system for parallel reasoning

16:15 — 16:40  Shohei Okisaka
The FEigen-Distribution of Weighted AND-OR Trees

18:30 — 21:00  (Conference dinner at Tokyu Hotel)



Thursday, 8 March (at Shiinoki cultural complex)

9:30 — 9:55
9:55 — 10:20
10:20 — 10:50
10:50 — 11:15
11:15 — 11:40
11:40 — 12:05
12:05 — 13:50
13:50 — 14:35
14:35 — 15:00
15:00 - 15:30
15:30 — 15:55
15:55 — 16:20
16:20 — 16:30
16:30 — 16:55
16:55 — 17:20

Yosuke Fukuda
On a computational interpretation of sequent calculus for modal
logic S4

Chuangjie Xu
A univalent approach to constructive mathematics

(Coffee Break)

Koji Nakazawa
Completeness of Cyclic Proofs for Symbolic Heaps
Daisuke Kimura

Decidability of entailments in separation logic with array and
lists

Makoto Tatsuta

Equivalence of inductive definitions and cyclic proofs under
arithmetic

(Lunch Break)

Kazushige Terui
MacNeille completion and Buchholz” Omega-rule
Lutz StraBburger

On the Normalization of Combinatorial Proofs for Classical and
Intuitionistic Logic

(Coffee Break)

Katsuhiko Sano

Strong Completeness and the Finite Model Property for Bi-
Intuitionistic Stable Tense Logics

Satoru Niki
Subminimal logics and relativistic negation

(Short Break)

Nobu-Yuki Suzuki

A remark on predicate extensions of intuitionistic logic
Fabio Pasquali

Hilbert’s e-operator in categorical logic



Fryday, 9 March

9:15 — 9:40
9:40 — 10:05
10:05 — 10:30
10:30 — 11:00
11:00 — 11:45
11:45
Afternoon

Bruno Bentzen

Cubical type theory and informal type theory
Ansten Klev

Eta-Equalities in Martin-Lof Type Theory
Masahiko Sato

A common notation system for the Lambda-Calculus and Combina-
tory Logic

(Coffee Break)

Helmut Schwichtenberg
The fan theorem for uniform coconvex bars

(Closing)

(Free discussion)
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Takeuti’s argument for the finitistic admissibility
of transfinite induction

Andrew Arana

Department of Philosophy, Université Paris 1 Panthéon-Sorbonne, 17 rue de la
Sorbonne, 75005 Paris, France, andrew.arana@univ-parisl.fr

A goal of proof theory has been to find realizations of Hilbert’s program of
proving metamathematical properties like the consistency of important theories
like Peano Arithmetic using only “real” methods, that is, methods that are “fini-
tary” or “contentual”. Hilbert did not delineate these acceptable methods very
clearly, and it has been a matter of some debate how to do so. With Gentzen’s
proof of the consistency of Peano Arithmetic using transfinite induction up to €,
the delineation of these methods become pressing, since Gentzen claimed that
his methods were finitistically acceptable. Gentzen’s claim received a detailed
argument in Takeuti’s Proof Theory ([1], [2]). Here Takeuti analyzed the ordinal
methods of Gentzen and argued that they fall under a “finitist standpoint”. The
purpose of this talk is to discuss this important argument of Takeuti: to artic-
ulate the argument, and to evaluate it on philosophical grounds. (This is joint
work with Ryota Akiyoshi.)

References

1. Gaisi Takeuti, Proof Theory, North-Holland, 1975.
2. Gaisi Takeuti, Proof Theory, second edition, North-Holland, 1987.



A concurrent interpretation of the law of
excluded middle

Ulrich Berger! and Hideki Tsuiki®

! Department of Computer Science, Swansea University, Singleton Park, Swansea
SA2 8PP, United Kingdom, u.berger@swansea.ac.uk
2 Graduate School of Human and Environment Studies, Kyoto University, Japan,
tsuiki@i.h.kyoto-u.ac. jp

We give a computational interpretation of the law of excluded middle as
a scheme for the concurrent execution of processes. The interpretation, which
takes place within the framework of realisability, involves two new logical opera-
tors: Set,, (A), allowing for n concurrent processes to realise the formula A, and
A|| B (A restricted to B’), a strengthening of the implication B — A, which
is realised by a computation that is guaranteed to terminate if B holds and, in
case of termination, realises A. We apply this interpretation to two examples
of program extraction in computable analysis: Infinite Gray-code and matrix
inversion via concurrent Gaussian elimination. Infinite Gray-code and concur-
rent computations on Gray-code were introduced in [4] and program extraction
for Gray-code was studied in [2] and [1]. The soundness of our interpretation is
based on a domain theoretic denotational semantics for concurrent computation
similar to but simpler than [3].

Acknowledgments. This work benefited from the Marie Curie International
Research Staff Exchange Scheme Computable Analysis (PIRSES-GA-2011-294962).
The first author was partially supported by the Marie Curie RISE project Com-
puting with Infinite Data (731143), the second author was partially supported
by the JSPS Core-to-Core Program (A. Advanced Research Networks) and JSPS
KAKENHI Grant No. 15K00015.

References

1. U. Berger, Extracting non-deterministic concurrent programs, 25th EACSL An-
nual Conference on Computer Science Logic, (CSL 2016, Marseille), (Jean-Marc
Talbot and Laurent Regnier, editors), vol. 62, Leibniz International Proceedings
in Informatics (LIPIcs), 2016, pp. 1-21.

2. U. Berger, K. Miyamoto, H. Schwichtenberg, and H. Tsuiki, Logic for Gray-code
computation, Concepts of Proof in Mathematics, Philosophy, and Computer Sci-
ence (Ralph Schindler, editor), Ontos Mathematical Logic 6. de Gruyter, 2016.

3. A. Bucciarelli, T. Ehrhard, and G. Manzonetto. A relational semantics for paral-
lelism and non-determinism in a functional setting, Annals of Pure and Applied
Logic, vol. 163 (2012), no. 7, pp. 918-934.

4. H. Tsuiki. Real number computation through Gray code embedding, Theoretical
Computer Science, vol. 284 (2001), no. 2, pp. 467-485.



Ishihara’s Contributions to Constructive
Analysis

Douglas Bridges

University of Canterbury, Christchurch, New Zealand
douglas.bridges@canterbury.ac.nz

The aim of this talk is to present some of Ishihara’s fundamental contribu-
tions to Bishop-style constructive analysis, and their consequences.

Among the areas discussed in the talk are:

— Ishihara’s tricks

pseudoboundedness and Ishihara’s principle BD-N
— Hahn-Banach and separation theorems
smoothness, duality, and locatedness



Reflecting on constructivity

Laura Crosilla

Department of Philosophy, University of Birmingham
Laura.Crosilla@gmail.com

The word constructive is typically employed as synonym of “using intuition-
istic logic”. Indeed, influential constructive mathematical theories, as Martin-Lof
type theory and Myhill and Aczel constructive set theory employ intuitionistic
logic [1-4]. These theories also embody another form of constructivity, which
is deeply rooted in the mathematical tradition, and is commonly expressed by
stating that they are predicative.

It is often thought that intuitionistic logic and predicativity are wholly in-
dependent aspects of these foundational theories: the first has to do we how we
reason in mathematics, the latter has to do with our concept of set. In fact, the
mathematical literature presents us with classical predicative theories (e.g. Fefer-
man’s system W) as well as intuitionistic impredicative theories (as Friedman’s
IZF), which result from adopting only one of these components [5, 6].

It may come as a surprise then to encounter Michael Dummett’s argument
for intuitionistic logic, presented first at the end of his influential book: “Frege:
Philosophy of Mathematics” [7]. There Dummett proposes what is arguably a
new argument for intuitionistic logic in mathematics, which moves from a non-
standard reply to paradoxes as Russell’s. There is a striking similarity between
Dummett’s reaction to the set-theoretic paradoxes and Poincaré’s [8,9]. It is
therefore tempting to read Dummett’s argument from a predicativist perspec-
tive. The outcome is a fascinating argument for intuitionistic logic from pred-
icativity. This, however, places strain on the standard view that adherence to
predicativity and intuitionistic logic correspond to two wholly separate moves
that we carry out independently of each other. On reflection, this should not
come as a great surprise, as an intimate relationship between logic and set the-
ory is at the heart of Martin-Lof type theory, and determines one dimension of
predicativity in type theory, the Curry-Howard isomorphism. In this talk, I shall
analyse an argument inspired by Dummett from predicativity to intuitionistic
logic and discuss its underlying assumptions.

References

1. P. Martin-Lof. An intuitionistic theory of types: predicative part, in eds. H. E.
Rose and J. C. Shepherdson, Logic Colloguium 1973, North—Holland, Amsterdam
(1975).

2. P. Martin-Lof, Intuitionistic Type Theory, Bibliopolis, Naples (1984).

3. J. Myhill, Constructive set theory, Journal of Symbolic Logic, vol 40 (1975), pp.
347-382.



4. P. Aczel, The type theoretic interpretation of constructive set theory, in eds.
A. Maclntyre, L. Pacholski, and J. Paris, Logic Colloquium ’77, North—-Holland,
Amsterdam-New York (1978), pp. 55—66.

5. S. Feferman. Weyl vindicated: Das Kontinuum seventy years later, eds. C. Cellucci
and G. Sambin, Temi e prospettive della logica e della scienza contemporanee, pp.
59-93 (1988).

6. H. Friedman, The consistency of classical set theory relative to a set theory with
intuitionistic logic, Journal of Symbolic Logic, vol 38 (1973), pp. 315-319.

7. M. Dummett, Frege: Philosophy of Mathematics, Cambridge MA, Harvard Univer-
sity Press (1991).

8. H. Poincaré, La logique de l'infini, Revue de Métaphysique et Morale, vol 17 (1909),
pp. 461-482.

9. H. Poincaré, La logique de l’infini, Scientia, vol 12 (1912), pp. 1-11.



Applying ideas in discrete complexity theory
to the continuous world

Akitoshi Kawamura

Department of Informatics, Kyushu University,
744 Motooka, Nishi-ku, Fukuoka, 819-0395 Japan,
kawamura@inf .kyushu-u.ac. jp

In the area of Computable Analysis, fundamental ideas in discrete computa-
tion theory, such as

— universal computation models,
— asymptotic analysis of running time,
— proving hardness by reduction,

have been successfully extended to type-two functions and thus to problems
involving continuous data. Recently, more advanced ideas in discrete complexity,
such as

— parametrized complexity,
— space-bounded computation,
— complexity in average case,

are being applied to continuous problems and provide finer perspectives on their
complexity. This talk will introduce some recent developments and their appli-
cations in this direction.



The principle of reflection and nested sequents

Hidenori Kurokawa

Institute of Liberal Arts and Science, Kanazawa University, Kakuma-machi
Kanazawa-shi Ishikawa-ken, hidenori.kurokawa@gmail.com

In Sambin, Battilotti and Faggian [1], they discuss a natural and uniform
way of introducing logical constants by a proof-theoretic method, which can
belong to the area of proof-theoretic semantics broadly considered. The idea is to
introduce a logical constant as a “reflection” of some meta-theoretic construction.
Roughly, what they do is 1) initially formulating a biconditional schema in a
sequent calculus framework, called “a definitional equation”, 2) deriving ordinary
operational rules for the constant in a traditional sequent calculus, 3) formulating
various logics in terms of these rules and additional structural rules, 4) proving
cut-elimination in order to show that the logical constants introduced in this
way are “well-defined.”

The idea works well for conjunction and disjunction; however, there is an issue
for implication. Implication is introduced in a manner not completely analogous
to conjunction and disjunction. Sambin et al. in [1] are well aware of the issue
and discuss it, but they decided to follow the traditional framework of sequent
calculus rather than to modify it.

In this talk, we take another direction and explore the possibility of modify-
ing the traditional framework of sequent calculus in order to solve the problem
that Sambin et al. discuss and to make the reflection uniform in all the logical
constants introduced by the method. The discussion given by Sambin et al. nat-
urally suggests that, so as to obtain the uniform method of reflection, we need
to extend our meta-theoretical machinery by nesting it. In other words, we need
some sort of nested sequents.

It turns out that such nested sequents have already existed in the literature.
However, most extant works on nested sequents have focused on proof theory
of modal logic, and nested structure of sequents have been motivated in order
to represent Kripke semantics. Although we also use Kripke semantics to obtain
technical results, we argue that our work is somewhat different from the extant
works on nested sequents in the sense that 1) the motivation is independent of
Kripke semantics and 2) the scope is broader than modal logics. As technical
developments, we discuss methods of proving cut-elimination for those various
systems formulated via reflection. Time permitting, we also discuss the signifi-
cance of having nested constructions in a meta-theoretical setting, referring to
some historical sources.

References

1. G. Sambin, Battilotti, G. Battilotti and C. Faggian, Basic logic: reflection, sym-
metry, visibility, Journal of Symbolic Logic, vol.65 (2000), no.3, pp.979-1013.



Minimalist Algebraic Local Set Theory

Maria Emilia Maietti

Dipartimento di Matematica, University of Padova, via Trieste n.63, Padova, Italy,
maietti@math.unipd.it

A key benefit of categorical logic in mathematical logic had been the intro-
duction of the notion of internal language of a structure which allows to establish
a link between syntax and semantics tighter than usual soundness and complete-
ness theorems.

This link allows to view any elementary topos as the categorical semantics of
a local set theory which is also its internal language (see [Bel88]).

Moreover using this link a categorical semantics for usual axiomatic classi-
cal and intuitionistic set theories had been devised in [JM95,MP02] and called
“Algebraic Set Theory’ (for short AST).

In our talk we describe a minimalist version of AST intended to be the
categorical semantics for the extensional level emtt of the two-level Minimalist
Foundation introduced in [Mai09] under the requirements in [MSO05].

The theory emtt was designed to serve as a common core among most re-
levant foundations of constructive mathematics in a language close to that of
usual mathematical practice. It is actually a “minimalist local set theory” and
in our talk we show that it also provides the internal language of the introduced
minimalist version of AST.

We then conclude by arguing that our minimalist AST can be considered a
minimalist version of the notion of elementary topos.

References

[Bel88] J. L. Bell. Toposes and Local Set Theories: an introduction. Claredon Press,
Oxford, 1988.

[JM95] A. Joyal and I. Moerdijk. Algebraic Set Theory, volume 220 of Lecture Note
Series. Cambridge University Press, 1995.

[Mai09] M. E. Maietti. A minimalist two-level foundation for constructive mathemat-
ics. Annals of Pure and Applied Logic, 160(3):319-354, 2009.

[MS05] M. E. Maietti and G. Sambin. Toward a minimalist foundation for construc-
tive mathematics. In L. Crosilla and P. Schuster, editor, From Sets and Types
to Topology and Analysis: Practicable Foundations for Constructive Mathematics,
number 48 in Oxford Logic Guides, pages 91-114. Oxford University Press, 2005.

[MPO02] I. Moerdijk and E. Palmgren. Type theories, toposes and constructive set
theory: predicative aspects of AST. Annals of Pure and Applied Logic, 114(1-
3):155-201, 2002.



Hyper Natural Deduction for Godel Logic —
a natural deduction system for parallel reasoning*

Norbert Preining!-23

(joint work with Arnold Beckmann, Swansea University)

L Accelia Inc., Tokyo
2 Vienna University of Technology, Vienna, Austria
3 Japan Advanced Institute of Science and Technology
norbert@preining.info

Gentzen introduced his Natural Deduction system with the aim to create
“einen Formulismus [..] der dem wirklichen Schlieflen maglichst nahe kommt” —
a formalism which reproduces as precisely as possible the actual logical reason-
ing to be found in mathematical proofs [Gen35|. Natural Deduction achieves this
aim. But for other purposes, in particular proving his “Hauptsatz” in the case of
classical logic, Gentzen had to introduce a different, related system, his Sequent
Calculus. The “Hauptsatz” shows that every proof can be transformed into nor-
mal form, and is one of the most important properties of Natural Deduction.
Since their inception, both systems have been the basis for many investigations
in various fields ranging from proof theory and artificial intelligence, to formal
methods for system design, see [T'S00,GTL89,Geu09] for further information and
pointers to relevant literature.

One of the most astonishing discoveries related to Natural Deduction, which
had a significant impact on proof theory and Computer Science, is the Curry-
Howard isomorphism between intuitionistic Natural Deduction proofs and typed
A-terms. The Curry-Howard isomorphism identifies a formula with a set (or
rather — type) of its proofs, and a proof of an implication A — B with a com-
putable function that given a proof of A returns a proof of B, that is a computable
function of type A — B — in the context of A-calculus, this computation step
is called B-conversion, in the context of normalisation —-conversion. This cor-
respondence is also used to design tools like theorem provers with the ability to
extract programs from proofs, as done in Coq, Minlog and Nuprl [SW12]. Many
approaches have been made to extend Curry-Howard correspondences to other
logics [Gri89,Par92,GDQ92,Kri09] and concurrent programming [KY95,CPT12].

Following Gentzen’s approach, Avron [Avr91] introduced the Hypersequent
Calculus as an extension of Gentzen’s Sequent Calculus [Gen35], providing a uni-
form framework for capturing intermediate logics, that is logics which are strictly
between intuitionistic and classical logic. In particular he devised a Hypersequent
Calculus which is sound and complete for one important intermediate logic called

* Accepted for publication in JLC. This research has been supported by the Royal So-
ciety Daiwa Anglo-Japanese Foundation International Exchanges Award #I1E130639,
and the FP7 Marie Curie International Research Project Correctness by Construc-
tion, CORCON, PIRSES-GA-2013-612638. The authors would like to thank Michel
Parigot for initial discussions.



Dummett’s LC [Dum59] or (infinite-valued propositional) Gédel Logic — when
speaking about Hypersequent Calculus we mean this formalism in the following.
Avron’s approach has been very successful, and nowadays Hypersequent Cal-
culi for a wide variety of non-classical logics as well as modal logics have been
discovered [MMO07,Lah13,CGT08].

A second motivation for Avron was “to contribute towards a better under-
standing of the notion of logical consequence in general, and especially its possi-
ble relations with parallel computations” [Avr91]. Avron conjectured that it may
be possible to interpret his formalism with multiprocesses exchanging informa-
tion, and stated “It seems to us extremely important to determine the exact
computational content of [related logics]” [Avr91]. We claim that so far this aim
has not been achieved: Previous approaches to explore this conjecture can be
distinguished into either semantical (computational) or syntactic (proof theo-
retic) ones. Examples of the first category are game theoretic interpretation
[Fer08] and extensions of the A-calculus to work with Gédel logics [Hir12]. While
these semantical approaches look tempting, they either fail to connect to the
proof-theoretic side, or do not provide a computational interpretation. On the
syntactical side, Baaz et al. [BCF01] introduced an extension of Natural Deduc-
tion to the hyper-level, which operates on sequences of derivations. Their system
lacks a normalization procedure via conversions — normalization is shown by
translation into Hypersequent Calculus, followed by cut-elimination and finally
translation back into their system. Consequently, they do not obtain a com-
putational interpretation via a Curry-Howard correspondence. Aschieri [Asc16]
extends Natural Deduction by a rule modelling Dummett’s axiom and proves
a Curry-Howard correspondence for the resulting system. However, that system
resembles a different logic and has no direct relation to Avron’s Hypersequent
Calculus. Aschieri et. al. [ACG17] refines the previous result by providing a
system which captures Gddel logic. The normalization procedure for the latter
system does not provide an extension of the usual one for Natural Deduction
in the sense that —-conversions can only be applied after communications have
been permuted down, thus missing the opportunity of having an interplay be-
tween f-conversions and communication.

Our approach to Avron’s conjecture is to define a new system of Hyper Nat-
ural Deduction for Gédel Logic related to Natural Deduction which is motivated
by the following guiding principles: The first is that our system should follow
Gentzen’s original aim to reproduce real logical reasoning, so that our system
deserves the attribute natural in the sense of Gentzen.

The second principle is that our system should honestly reflect as directly
as possible Avron’s original Hypersequent Calculus, meaning that the rules of
Hypersequent Calculus should correspond in a direct way to rules in our system,
similar to the correspondence between Gentzen’s Sequent Calculus and Natu-
ral Deduction. The translations between our system and Avron’s Hypersequent
Calculus as given in

The third guiding principle is that our formalism should admit a normaliza-
tion procedure based on conversions extending the normalization procedure for
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Natural Deduction, so that normal deductions enjoy similar structural properties
as normal proofs in Natural Deduction do.

We then show that we achieve the third aim by showing that each deduction
in Hyper Natural Deduction for Godel Logic can be transformed into normal
form via appropriate conversions extending usual ones, including —-conversion.
We also show that normal deductions satisfy the subformula property, namely
that each formula occurring in a normal proof is a subformula of either an
open assumption or conclusion. Our conversions on first sight look much more
involved than those of Natural Deduction, but careful analysis reveals that they
are a natural choice.

Future work will be dedicated to complete the Curry-Howard correspondence
for Hyper Natural Deduction for Gédel Logic, and thus for Avron’s Hypersequent
Calculus, by defining an appropriate parallel A calculus (to use an expression
coined by Avron [Avr91]) by incorporating suitable elements of process calculi,
in particular Milner’s 7 calculus [MPW92], into A calculus to extend the Curry-
Howard isomorphism from Natural Deduction to Hyper Natural Deduction for
Godel Logic.
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The fan theorem for uniform coconvex bars

Helmut Schwichtenberg
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Josef Berger and Gregor Svindland [1] gave a constructive proof of the fan
theorem for coconvex bars. Motivated by the many applications of the fan the-
orem and the related weak Lemma of Konig (WKL), we take a close look at
the construction involved in this proof. In fact, we will modify the underlying
notions, with the goal to make this construction as clear and efficient as possible.

As is to be expected, the data types (i.e., free algebras given by their con-
structors) used play a crucial role when analyzing the computation. Here we
deviate from the standard view of “paths” in a binary tree as functions from
the natural numbers to booleans, which are of type level one. Instead, we view
paths as cototal objects in the data type of streams of booleans, and hence as
ground type objects (i.e., of type level zero). The natural way to generate such
objects is corecursion, which corresponds to usage some forms of choice in the
function-based setup.

We will sketch a formal system TCF (an extension of Heyting’s arithmetic
HAY in all finite types), which allows to argue about cototal objects and corecur-
sion. The proof of the fan theorem for uniform coconvex bars can be formalized
in TCF, and from the formalization of the proof we can extract (by realizability)
aterm in TT (an extension of Gédel’s T) representing the construction involved.

References

1. J. Berger and G. Svindland. Constructive convex programming. To appear: Proof-
Computation — Digitalization in Mathematics, Computer Science and Philosophy
(Ed. K. Mainzer, P. Schuster, H. Schwichtenberg) World Scientific, Singapore, 2018.

13



MacNeille completion and Buchholz’ Omega-rule
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Just as the chain of rational numbers can be embedded into the real line,
any lattice can be (regularly) embedded into a complete lattice. This construc-
tion, known as the (Dedekind-)MacNellie completion, frequently appears in the
context of algebraic/nonclassical logics. In particular, there is an intimate (and
formal) connection between the MacNeille completion and algebraic proofs of
cut elimination [3]. As is well known, algebraic proofs are extremely powerful in
that they work for fully impredicative logics [4]. Another significance, in contrast
to Schiitte-style proofs of cut elimination based on exhaustive proof search, is
that algebraic proofs can be seen as a simplified form of Girard’s proof of strong
normalization for System F [5].

The (capital) Omega-rule is an infinitary inference rule that was introduced
by Buchholz in the context of predicative analysis of second order arithmetic.
Though limited in applicability, a strong advantage is that it allows us to give
a syntactic proof of cut elimination that is easily formalizable in arithmetical
theories of iterated inductive definitions. In the context of lambda calculus, it
yields an equivalence between parameter-free System F and iterated System T
(cf. [1,2]).

Interestingly, it turns out that these two technologies are based on essentially
the same idea. In this talk, we will explore the connection between them to
elucidate the Omega-rule from an algebraic perspective, and to give a syntactic
form of the MacNeille completion. This leads us to compare two styles of cut
elimination (strong normalization) proofs: one is algebraic/impredicative and
the other is syntactic/inductive.
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Cantor’s uniqueness theorems and
almost-countable closed sets

Wim Veldman
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Cantor, as a young man, studying Riemann’s work, asked: which subsets X’
of [—m,m| guarantee uniqueness (of trigonometric expansions) in the following
sense: for all by, ay,by,..., if Vo € /’\,’[%" + > a0 Un Sinnx + b, cosnz = 0], then
bp = 0 and Vn > Ola,, = b, = 0]?

Cantor proved that [—, 7] itself guarantees uniqueness, and then that every
co-finite X C [—m, 7] guarantees uniqueness. He further extended his result to
any X C [—m, 7] that is both open and co-enumerable. The proof of this extension
involves some form of transfinite induction and made Cantor invent countable
ordinals.

We show that Cantor’s results may be recovered intuitionistically. One has to
use the Fan Theorem and Brouwer’s Principle of Induction on Monotone Bars. If
one also uses Brouwer’s Continuity Principle, Cantor’s first Uniqueness Theorem
is almost trivial.

It is very important that, constructively, the complement ) of an open and co-
enumerable X' C [—, 7] is, in general, not countable but only almost-countable
in the following sense: there exists f : IN — ) such that Vo € YVa € ININEIon—
f(n)| < 5567 The latter condition is much weaker than: Vo € Y3n[z = f(n)].

The key result is that a closed and located subset Y C [—m, 7] is almost-
countable if and only if Y is reducible (in Cantor’s sense). The latter notion is
defined inductively: Y is reducible if and only if either ) = @) or there exists x
in Y such that, for each n, the set {y € Y||y — z| > 2%} is reducible.

One actually needs a slightly stronger statement: an open subset X’ of [—, 7]
such that its complement Y = [m, 7]\ X is located and almost-enumerable is what
we call eventually full and guarantees uniqueness.

Forty years after Cantor, F. Bernstein and W. Young saw that all
co-enumerable X C [—7, 7], not just the open ones, guarantee uniqueness. Also
this result holds intuitionistically. The Fan Theorem now suffices, and the Prin-
ciple of Bar Induction is not needed.
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Generalized Goodstein principles

Andreas Weiermann
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The Goodstein principle [1] is (besides some recent principles suggested by
Harvey M. Friedman) arguably the most elementary statement about the natural
numbers which is true but not provable from the Peano axioms [1,3]. We are
going to consider strong extensions of Goodstein’s principle [2] which are defined
relative to the Ackermann function and the Schwichtenberg Wainer hierarchy
of fast growing functions [4]. These principles lead to canonical independence
results for ATRo and (II} — CA), . (This is in part joint work with T. Arai
and S. Wainer.) We single out canonical properties of the underlying systems of
notations for natural numbers and relate them to properties of ordinal notations
for the proof-theoretic ordinals in question.
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Cubical type theory and informal type theory

Bruno Bentzen

Institute of Logic and Cognition, Sun Yat-sen University, Xingang W Rd, China,
b.bentzenChotmail.com

Following a project of developing conventions and notations for an informal
style of doing type theory initially proposed by Peter Aczel and carried out in the
homotopy type theory book for a foundational theory based on an augmentation
of Martin-Lof dependent type theory with axioms for univalence and higher
inductive types [3], the aim of this talk is to propose a way of doing informal
type theory with a cubical type theory as the underlying foundation. To that
end, we adopt the cubical type theory introduced by Angiuli and Harper in [1, 2],
a dependent type theory with instances of higher inductive types and univalence
that has the canonicity property, as the implicit basis of our informal reasoning.
In the present talk we shall confine ourselves to cubical proofs of elementary
theorems concerning the (weak) higher groupoid structure of ground types [4].
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Spatial semantics and characterization of
non-classical logics (to come)

Shimpei Endo!

Master of Logic, Institute for Logic, Language and Computation, University of
Amsterdam, The Netherlands, endoshimpeiendo@gmail.com

For semantics of propositional modal logics, the dominant one is, without
question, Kripke’s relational structure. Recently, some logicians adopt alterna-
tives such as semantics with spatial flavor such as topological semantics [3] or
neighborhood semantics [2] for varied purposes (e.g. better modeling epistemic
phenomena). This talk presents a further novel semantics for (propositional)
modal logics named spatial semantics. This new semantics features several spa-
tial concepts. In particular, we employ regions, instead of mere points or sets of
propositions to express possible worlds and dimensions to capture modal oper-
ator O and <.

Upon introducing the formal definition of spatial semantics, this talk ad-
vertises a formal benefit of this brand-new framework: expressive power. The
existing schemes cannot fit into some non-classical logics (e.g. weaker than K
for Kripke semantics and weaker than S4 for topological semantics) since their
frameworks exclude such classically speaking ill behavior from the very begin-
ning. Nevertheless, spatial semantics has space for modeling many more logical
systems in a uniform and less ad-hoc manner. I will demonstrate some partic-
ular models for several popular non-classical logics (e.g. intuitionistic, paracon-
sistent).

Moreover, as much as time permits, this talk addresses an issue of axiomati-
zation: how can we find what are exact topological properties determining (and
characterizing) a logical system, if any? It asks a further challenge for spatial
semantics: does our semantics have its counterpart to Sahlqvist method (cf. [1]),
which guides us to find such?
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Quantitative Analysis of Reduction Length

Ken-etsu Fujita
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We analyze quantitative properties of witnesses of the Church—Rosser Theo-
rem [1] for beta-equality in terms of Takahashi translation and by means of the
notion of parallel reduction. We show that the proof method developed here can
be applied to other reduction systems such as lambda-calculus with beta-eta-
reduction, Girard’s system F, and Gddel’s system T as well.

For a reduction system with one-step reduction relation — and term size | |,
we suppose the following two conditions (A) for the existence of reduction =
and translation *, and (B) for the existence of measure functions f, g

(A) (a) If M — N then M = N.
b) If M = N then M — N.
(c) If M = N then N = M*.
(B) If M = N then |N| < f(|M|) and M —! N with [ < g(|M]).

Then the following enriched form of the Church-Rosser theorem holds by [2].

—~—

Theorem 1 (Quantitative Church—Rosser Theorem). If M “ I N then
there exists a term P such that M —™ P** and N —" P** where

1. k= tiL[O r] < min{l,r},

2. m<Zg (1M]|,3)), n<Zg (IN],4)), and

3. \Pk*l < min{f*(lMl,T),f*(INIJ)}-
As an instance of the theorem, we can take A-calculus with gn-reduction, Girard’s
system F, and Godel’s system T. For example, write —¢ (respectively T) for
one-step reduction (respectively convertibility) of system F for both extensional

and non-extensional ones. For (A), take the parallel reduction = and Takahashi
translation « in [3], and take f(z) = v2" with z > 4, g(z) = 37 (z — 1) for (B).

Corollary 1 (Girard’s system F). If M l<?>r N then there exists a term P

such that M —§ P* and N —3 P where k = £L[0,7], m < V2,_,(|M]),
n < V2,_1(IN]), and |P**| < min{v/2,(|M|),vV2;(|N|)} provided |M|,|N| > 4.
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On a computational interpretation of
sequent calculus for modal logic S4

Yosuke Fukuda
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It has been discovered [1][2][3] that modal logic S4 and its related logic can be
applied to the theory of programming language as a basis of “meta-programming,”
which allows us to manipulate “computation” itself as a programmable object.

Our on-going work aims to create yet another computational interpretation of
S4. Its prominent feature is to rely on sequent calculus, though it is usual to use
a natural deduction (i.e., a typed A-calculus via the Curry—Howard correspon-
dence) as others did; and compared to the various work for modal sequent calculi
studied so far (cf., a survey in [4]), our work has the following characteristics:

— A proposed system is defined by the so-called “higher-arity” sequent so as
to formulate minimal/intuitionistic/classical S4 uniformly.

— The system is formalized in a “purely syntactic” way, not depending, at least
explicitly, on semantic properties like transition relation on possible worlds.

— The cut-elimination theorem is established by “local reduction” on cuts.

Thanks to these fine-grained proof structures, we can obtain a new understanding
of constructive semantics of S4 from the sequent-style viewpoint. We believe that
this can be extended to the computational counterpart, along the lines with the
work for modal natural deduction and the corresponding typed A-calculus [1][2].

In this talk, we propose a higher-arity sequent calculus for S4 and show the
cut-elimination theorem by using G3-style sequent calculus. We then describe
how the characteristics of our system work to establish the equivalence between
our calculus and the S4 natural deduction in [1] in a setting of minimal logic.
Finally, we argue a computational model of our framework and discuss that
the model seems to work as “sequent calculus as a programming language,” as
Mackie did [5] for a sequent calculus of linear logic.
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Units without degeneracy, from polycategories
to sequent calculi

Amar Hadzihasanovic
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Divisibility properties of cells in a polycategory or multicategory have a deep
connection to the rules of sequent calculi for multiplicative linear logic, as first
evidenced by Cockett and Seely [1,2]: the left and right introduction rules for
each connective correspond either to composition with a divisible cell, or the use
of its divisibility property.

Hermida relied on the same notions to devise an abstract proof of strictifiabil-
ity for monoidal categories [3], a classic theorem of category theory. The obvious
generalisation of this theorem to higher-dimensional variants, such as braided
monoidal categories, fails, and weaker versions are mostly still open problems
[4].

An analysis of the failure of Hermida’s proof to generalise indicates that the
modelling of units with divisible cells that have a degenerate (0-ary) boundary
may be responsible. We show that it is possible to recover units from the existence
of certain divisible cells of lower dimension, even when degenerate boundaries are
disallowed. This leads to a weaker semi-strictification theorem, which, however,
we hope to extend to arbitrary dimensions.

While the polycategorical units so obtained are equivalent to the usual ones
at the level of the induced monoidal category structure, they behave very differ-
ently at the level of sequent calculus: most notably, their polarity as connectives
changes. We pose some questions on the logical and computational aspects of
our notion of unit, in the light, also, of the increase in the complexity of proof
equivalence brought by the usual notion [5].

This talk is based on still unpublished results in the author’s PhD thesis [6].
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Termination analysis under leftmost outermost
strategy

Nao Hirokawa
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Term rewriting is a simple but powerful computational model, which under-
lies functional programming and theorem proving. For its effective computation
rewrite strategies are often specified to control the order of computation. The
leftmost outermost strategy is one of the most popular strategies, and it is suited
for evaluating terms in a lazy fashion. In this talk we investigate how to prove
leftmost outermost termination of rewrite systems. Our approach reduces the
problem into the innermost termination problem of transformed rewrite systems.
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Ordinal ranks on the Baire and non-Baire class
functions

Takayuki Kihara
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The notion of Wadge degrees provides us an ultimate measure to analyze
the topological complexity of subsets of a zero-dimensional Polish space. Under
AD, the induced structure forms a semi-well-order of the height ©, and thus it
enables us to assign an ordinal rank to each subset of such a space. Our main
question is whether one can introduce a similar ultimate measure which induces
a semi-well-ordering of real-valued functions on a Polish space.

Recently, Day-Downey-Westrick [1] introduced an ordering <, on real-valued
functions on Cantor space. One of their main results is to connect their notion of
the <p,-degrees to the Bourgain rank of Baire-one functions (a.k.a. the a-rank,
which estimates how discontinuous a given function is; see Kechris-Louveau [3]).
In particular, their result completely characterizes the structure of the <j,-
degrees of the Baire-one functions, that is, the <p,-degrees of rank below w; .

The Bourgain rank is defined only for Baire-one functions, while the <p,-
degree is assigned to any real-valued function. Elekes-Kiss-Vidnyanszky [2] re-
cently introduced, via the method of changing the topology, a reasonable rank ag
of a Baire class £ function. It is easy to see that the ag-rank is much coarser than
the <p-degree. Then it is natural to ask whether one can define a reducibility
notion which characterizes the modified Bourgain rank ag.

In this talk, under AD, we give a full description of the structure of the <;,-
degrees of all real-valued functions (including non-Baire-class functions). We will
see that the <,,-degrees behave like a Wadge ordering, and thus, it semi-well-
orders real-valued functions, and the height of the resulting order is ©.

Moreover, we point out that Day-Downey-Westrick’s characterization of the
Bourgain rank of a Baire-one function of compact Polish domain can be extended
to non-compact Polish domain, and then, with the help of this non-compact
version, we relate the notion of Ag—reducibility to Elekes-Kiss-Vidnyanszky’s
modified Bourgain rank for Baire class £ functions.
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This talk gives a decision procedure of the validity of entailment of symbolic
heaps of separation logic with Presburger arithmetic, arrays and lists. The main
idea of our decision procedure is to eliminate lists from a given entailment. In
order to eliminate lists in the antecedent of the entailment, we extend unroll
collapsing technique by O’Hearn et.al. [1,2]. After eliminating lists in the an-
tecedent, lists in the succedent can also be eliminated by proof searching method.
Finally we apply our previous decision procedure [3] to entailments without lists.
By these steps we obtain a new decision procedure for a system with arithmetic,
arrays and lists.
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Martin-Lof’s type theory distinguishes the identity judgement @ = b : o from
the identity proposition @ =4 b, which can be formed whenever A : set and a,b :
A. With the strong (‘extensional’) elimination rule, the judgements a = b : A and
refl(a) : @ =4 b are equi-assertable. But the weaker (‘intensional’) elimination
rule renders judgemental identity stronger than propositional identity.

The two forms of identity statement differ in particular with regard to what
we may call eta-equalities. Thus, whereas one can derive a judgement of the form

z2: Ax Bbp:(fstz,sndz) =4«p 2
one cannot derive the judgemental eta-equality
z:Ax BF (fstz,sndz)=2: Ax B

The question therefore arises whether to add such equalities as axioms. Doing so
seems warranted for at least two reasons. Firstly, judgemental eta-equalities ap-
pear to be justified by Martin-Lo6f’s meaning explanations. Secondly, the higher-
order judgemental eta-equality

fi@:a)ptz]f(x)=f:(x:a)B (n)

does hold in the higher-order formulation of type theory.

Nevertheless, there are conceptual reasons for not accepting judgemental eta-
equalities as axioms. Firstly, doing so would seem to conflict with the interpre-
tation of @ = b : « as definitional equality. The eta-equality (fstz,sndz) = z :
A x B, for instance, would have to be regarded as determining the meaning of
fst and snd. But also the x-equality rules are meant to determine the meaning,
to serve as definitions, of these symbols. Thus we should get two definitions of
each of these symbols, which is quite undesirable. Secondly, a judgemental eta-
equality’s appearing as an axiom would seem to conflict with the idea that the
canonical objects of a set are of constructor-form, such as {(a, b). According to the
meaning explanations, a canonical object evaluates to itself, but an eta-equality
is in effect a rule for evaluating a canonical object to something other than itself.

The same considerations do not apply to the higher-type rule (7). Firstly,
abstraction, [z]a, and application, f(a), are not constants in the theory, but
rather syncategorematic notions that by themselves have no meaning. Secondly,
at higher types we have no notion of canonical object. Note, moreover, that (7)
accords well with definitional practice: a mathematician may well define, say,
f(x) = 2% + 1, and thereafter talk about ‘the function f’.

Eta-equalities are not the only principles justified by the meaning explana-
tions but nevertheless not accepted in the canonical formulation of type theory.
Also the strong identity elimination rule is such a principle.
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Let T be a recursively axiomatized consistent extension of Peano Arithmetic
PA in the language L4 of first-order arithmetic. We say an £ 4-formula Prp(z)
is a provability predicate of T if Prp(z) weakly represents the set of all theorems
of T in PA. A mapping f from propositional modal formulas to L 4-sentences
is said to be an arithmetical interpretation based on Prp(z) if f commutes with
each propositional connective and f(0A) is Prp("f(A)7). Let

PL(Pry) :={A: T+ f(A) for all arithmetical interpretations based on Pry(z)}.

This set is said to be the provability logic of Prr(x).

Solovay [5] proved that for Goédel’s provability predicate Prp(z) of T, the
provability logic PL(Prr) of Prp(z) is exactly the propositional modal logic GL,
provided T is X;-sound. This is Solovay’s arithmetical completeness theorem. On
the other hand, Feferman [1] gave an example of a nonstandard Yy provability
predicate Pr? (z) of T whose provability logic is an extension of the normal modal
logic KD = K+ —=0O_. That is, the second incompleteness theorem does not hold
for Prf(z). Then the provability logic PL(Pr%) is completely different from GL.
The problem of exact axiomatization of PL(Prk) has not been settled yet.

We are interested in the following general problem.

Problem 1. Which normal modal logic L is a provability logic PL(Prr) of some
provability predicate Prr(x) of T7

In this talk, we prove that several normal modal logics such as K and KD
can be of the form PL(Prr) for some provability predicate Prr(x) of T. Also we
prove that several normal modal logics such as B and K5 cannot be of the form
PL(Prr) for any provability predicate Prp(z) of T. These results are contained
in our papers [2-4].
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This talk is based on a recent joint paper with Albert Visser [1]. C. I. Lewis
invented modern modal logic as a theory of “strict implication” 3 [2,3]. Over
the classical propositional calculus, however, one can as well work with [J, which
became the standard modal connective. Intuitionistically, however, 3 has greater
expressive power than [J and allows to make distinctions invisible in the ordinary
syntax. In particular, the logic determined by the most popular semantics of K,
i.e., the intuitionistic minimal normal logic of [J, becomes a proper extension of
the minimal normal logic of 3. Apart from discussing completeness, axiomati-
zation and correspondence results, we illustrate its various appearances, ranging
from schematic logics of arithmetical theories—more specifically, in terms of
preservativity in extensions of Heyting Arithmetic (HA, [7,8])—to functional
programming. Indeed, a strong variant of 3 has been also discovered by the
functional programming community in their study of “arrows” [4] as contrasted
with “idioms/applicative functors” [5, 6]. If time, I will also report on our present
work extending the results of Visser [9] to 3-logics with Lob-style axioms.
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Moschovakis [3, 4] initiated development of a new approach to the mathemat-
ical notion of algorithm with full, untyped recursion. Moschovakis [5] extended
these formal languages to a higher order, type theory of algorithms, in a version
L), restricted to acyclic algorithms. The formal languages of Moschovakis algo-
rithms include a new kind of recursion variables, and distinctively new, recursion
terms formed by a recursion operator, in addition to the ones for application and
A-abstraction. Via reduction calculi, the theories provide powerful formalization
of the mathematical notion of algorithm. The versions with full recursion can lead
to calculations without termination. On the other hand, the class of languages
LQT, with their corresponding theories, is more manageable for applications, in
the sense that it restricts algorithms to computations that terminate after finite
number of steps. We find that the class L}, and its extensions are rich regarding
mathematical properties and potentials for applications, e.g., to computational
syntax-semantics interfaces of human language and computational neuroscience.

The formal language L, has two layers of semantics: denotational and algo-
rithmic. The denotational semantics of L7, is by induction on term structure.
The reduction calculi of L7, effectively reduce all terms to canonical forms,
which provide algorithmic semantics. The algorithm for computing the denota-
tion den(A) of a meaningful term A is determined by its canonical form cf(A):
den(A) = den(cf(A)), with cf(A) = Ay where {p1 := Ay,...,p, := A}, for
some terms A;, 0 < i < n, and recursion variables p;, 1 < i < n. Le., den(4;)
are computed via mutual recursion, and saved in p;, according to their rank.

Loukanova [1,2] extended L7, correspondingly, with - and «y*-reductions.
In this talk, at first, we introduce L., by extended reduction calculi that give
better possibilities for applications. Then, we present mathematical relations
between these reduction systems and their applications.
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We present a category, called p€ f f, which can be considered a predicative
variant of Hyland’s Effective Topos £ff in [2]. The construction of pEff is
motivated by the desire of providing a “predicative” categorical universe of re-
alizers to model the Minimalist Foundation MF for constructive mathematics
(see [7,4]). The category p€ f f is built in Feferman’s strictly predicative theory
of non-iterative fixpoints D, in [1] by using the notion of elementary quotient
completion of a Lawvere’s elementary doctrine introduced by M. E. Maietti and
G. Rosolini in [6] and it allows to give an account of the “categorical content”
of the interpretation of the intensional level of MF in [3] and its completion to
a model of the extensional level of MF.

This is a joint work ([5]) with M. E. Maietti.
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Separation logic is successful for software verification in both theory and
practice. Decision procedure for symbolic heaps is one of the key issues.

We proposes a cyclic proof system for symbolic heaps with general form of
inductive definitions, and shows its soundness and completeness. The decision
procedure of entailments of symbolic heaps with inductive definitions is also
given. Decidability of entailments of symbolic heaps with inductive definitions is
an important question. Completeness of cyclic proof systems is also an important
question. Our results answer both questions.
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The acceptance of the law of ex falso quodlibet (or [EFQ]) (AA—-A) — B in
intuitionistic logic has been contentious for its assumed lack of intuitive justifi-
cation. Already in 1937, Johansson [3] formulated an alternative called minimal
logic, in which EFQ no longer holds. It is not completely free from the inference,
however; a weaker version of EFQ, [NeF] (A A —=A) — —B is still a theorem of
minimal logic. This perhaps unexpected result solicits the enquiry into weaker
negative inferences, in order to uncover what lies beneath this novel fact.

Subminimal logics, proposed in Colacito [1] and Colacito et al. [2], offer a
framework for this enquiry. They are subsystems of minimal logic with weaker
negation axioms. One of their characteristics is that the negation symbol — is
always taken as primitive, rather than taking the contradiction symbol L as
primitive and define =A as A — 1. This is because no axiom for | exist in
minimal logic with primitive 1; weakening is impossible in the formulation.

The formula [N] (p < q) — (—p < —q) is taken as the basic subimini-
mal axiom. The logic NPC is defined by adding N to the positive fragment of
propositional minimal logic. Logics between NPC and propositional minimal
logic MPC are mainly studied. A known result in [1] is that adding the axiom
[An] (p — —p) — —p converts NPC into MPC. This begs the question of how
much of An we can incorporate into NPC without shooting it up into MPC.

The axiom [An~] (p = —p) = (=g — —p) sheds some light on the question.
The logic An~PC := NPC + An™ is strictly included in MPC, but retains
important inferences as [Co] (p — ¢) — (—¢ — —p) and NeF. This logic is in-
terpretable as a logic where negative inferences hold only relatively, in the sense
that no theorem of the form —A exists. This view allows An~"PC a simpler
semantics than the ones given in [1] and [2] for subminimal logics.

In this talk, I shall present An~PC formulated in different languages, along
with meta-logical results including completeness and cut-elimination. In addi-
tion, I shall also discuss the relationship between An~PC and other subminimal
logics, with an emphasis on the logics between An~PC and MPC.
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Proof-nets were introduced by Girard in [2]. They are graph-theoretic rep-
resentation of proofs in linear logic. Girard proved sequentialization theorem
[1], which says that a proof-structure satisfying some geometrical criterion is
inductively defined by the proof generation grammar. Danos and Regnier intro-
duced the switching criterion in [1] and simplified the sequentialization theorem
of Girard’s criterion. On the other hand, they also introduced generalized (non-
binary) multiplicative connectives in the same paper. They showed that there
exist the generalized connectives which cannot be defined by any combinations of
the conjunction ® and the disjunction *® that satisfy the cut-eliminationability
between two dual connectives.

In this talk, we introduce a new notion of switching and show the sequen-
tialization theorem generalized by n-ary multiplicative connectives. Our result
provides a geometrical characterization of generalized connectives. Our switching
coincides with the original switching in the case of binary connectives. Hence,
our switching can be seen as a generalization of the original switching. This is
joint work with Mitsuhiro Okada.
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Liu and Tanaka studied a probability distribution achieving the distribu-
tional complezity for binary AND-OR tree [2]. They introduced E!-distribution
and showed E'-distribution is the unique distribution which achieves the dis-
tributional complexity for binary AND-OR tree. It is called eigen-distribution.
Suzuki and Nakamura proved that if algorithms are restricted to only directional
algorithms, the equivalence between E'!-distribution and eigen-distribution holds
but the uniqueness fails [3], and Peng et al. extended these results to balanced
multi-branching tree [4].

In Peng’s paper, the uniqueness of the eigen-distribution was only shown for
height 2 case. To show the uniqueness for general height, we introduce weighted
tree and using this models, we give a complete proof of the uniqueness of the
eigen-distribution. More precisely, we introduce E*(a,b)-distribution for reals
a,b > 0, and show that E'(a,b)-distribution is the uniform distribution for bal-
anced multi-branching AND-OR tree. Note that we can easily extend Suzuki
and Nakamura’s results to weighted tree. But it depends on its weight whether
E*(a, b)-distribution is eigen or not. Moreover, The uniqueness of the eigen-
distributon for weighted tree may fail even if we consider all deterministic algo-
rithms.
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The notion of elementary doctrine was introduced by Lawvere and has proved
to be of crucial importance in categorical logic. A doctrine P on a category C is
a functor of the form

P :C°? — Posets

which in this abstract we consider as a generalization of the more familiar con-
travariant powerset functor.

Two relevant properties that a doctrine may have are to validate the com-
prehension schema and to have effective quotients.

A doctrine P on C validates the comprehension schema if for every formula
¢ (expressed in the logic of P) there is an object of C which represents the
collection of those terms for which ¢ holds. There is a construction (introduced
by Grothendieck for different purposes) that takes a doctrine P and produces a
new doctrine P, that validates the comprehension schema.

Concerning quotients, Maietti-Rosolini in [MR13] presented a construction,
called elementary quotient completion (of an elementary doctrine), that takes
a doctrine P and produces a new doctrine P, which is closed under effective
quotients of equivalence relations expressed in the logic P,;. The elementary
quotient completion preserves comprehensions, therefore if P is a doctrine, P,
is a doctrine with effective quotients and validating the comprehension schema.

In this talk we focus on a special class of elementary doctrines called tri-
poses introduced in [HJP80]. They can be thought of those doctrines P where
the logic expressed by P is the first order many sorted predicate calculus which
moreover validate a weak form of powerset axiom. We characterize those tri-
poses P : C°? — Posets which are such that C., is an elementary topos as those
triposes P whose logic is equipped with Hilbert’s e-operator [Pas17,PR17].

This is a joint work with M. E. Maietti (University of Padova) and G. Rosolini
(University of Genova).
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Classically, if o > 0, a o-Lipschitz function f defined on any subspace Y of a
metric metric X is extended to a o-Lipschitz function on X. A first classical proof
of this theorem uses Zorn’s lemma and is similar to the proof of the analytic form
of the Hahn-Banach theorem. A second classical proof is based on the McShane-
Whitney extension of f to two o-Lipschitz functions on X such that every other
o-Lipschitz extension of f on X is between them. For appropriate subsets of X
as a domain of f, the second proof is constructive.

Here we present various results in constructive analysis on extensions of func-
tions that follow the pattern of the McShane-Whitney extension, and relate them
to the Hahn-Banach theorem.

As shown in [2], through a McShane-Whitney construction the uniformly
continuous real-valued functions C, (X) on a totally bounded metric space X are
proved to be the uniform closure of the Lipschitz real-valued functions Lip(X)
on X.

In [3] we studied the subsets Y of a metric space X on which the McShane-
Whitney extension can be carried out constructively and we showed a first
version of a Hahn-Banach theorem for Lipschitz functions. According to it, if
(X,]]-]]) is a normed space, g € X such that ||zg|| > 0, and Rz is a subset
of X for which the McShane-Whitney extension can be carried out, then there
exist a sublinear Lipschitz function f on X such that f(zg) = ||xo|| with Lips-
chitz constant L(f) = 1, and a Lipschitz superlinear function h on X such that
h(zo) = ||xo|| with L(h) = 1.

We explain how the McShane-Whitney extension works for Holder continuous
functions, for A-continuous functions, where X is a modulus of continuity (see [1],
p.102), and for p-Lipschitz functions, where p is a semi-norm.
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Large parts of mathematics are studied indirectly via countable approxi-
mations, also called codes. Perhaps the most prominent example is Friedman-
Simpson Reverse Mathematics ([3]), which takes place in second-order arith-
metic, i.e. only countable objects are directly available. It is then a natural
question if anything is lost by the restriction to the countable imposed by second-
order arithmetic. We show that this restriction fundamentally distorts mathe-
matics. To this end, consider the folllwing theorems which involve uncountable
objects and cannot be proved in any (higher-type version) of IT}-comprehension.

(i). Cousin’s lemma: any open cover of [0,1] has a finite sub-cover, i.e. full
Heine-Borel compactness ; also provable in intuitionistic mathemaitcs.

(i1). Lindeldf’s lemma: any open cover of R has a countable sub-cover; also prov-

able in recursive and intuitionistic mathematics.

(iii). Besicovitsch and Vitali covering lemmas as in [1, §2].

(iv). Basic properties (e.g. uniqueness) of the gauge integral; the latter is a gener-
alisation of the Lebesgue and the improper Riemann integral, and provides
a formalisation of Feynman’s path integral.

). Neighbourhood Function Principle; also provable in intuitionism.

i). The existence of Lebesgue numbers for any open cover.

(vii). The Banach-Alaoglu theorem for any open cover ([3, X.2.4]).

i). The Heine-Young and Lusin- Young theorems, the tile theorem, and the lat-
ter’s generalisation due to Rademacher.

These theorems are however provable in full (higher-order) second-order arith-
metic and intuitionism, as well as often in (constructive) recursive mathemat-
ics. Finally, the uniform version of Lindel6f’s lemma is acceptable in predica-
tivist mathematics, but it nonetheless yields the impredicative system of IT{-
comprehension when combined with Feferman’s p operator. These results may
be found in [2].
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Bi-Intuitionistic Stable Tense Logics (BIST Logics) [4] are tense logics with a
Kripke semantics where worlds in a frame are equipped with a pre-order as well
as with an accessibility relation which is ‘stable’ with respect to this pre-order.
BIST logics are extensions of a logic, BiSKt, which arose in the semantic context
of hypergraphs, since a special case of the pre-order can represent the incidence
structure of a hypergraph (cf. [3,4]). In this talk we provide a Hilbert-style
axiomatisation of BiSKt and prove the strong completeness of BiSKt. We go
on to prove strong completeness of a class of BIST logics obtained by extending
BiSKt by formulas of a certain form. Moreover we show that the finite model
property and the decidability hold for a class of BIST logics. These contents are
based on a joint work [2] with John G. Stell (Leeds). If time permits, we also go
into the details of an analytic sequent system of BiSKt (cf. [1]), which is based
on discussions with Hiroakira Ono (JAIST). This work is partially supported by
JSPS Core-to-Core Program “Mathematical Logic and its Applications.”
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The A-calculus and combinatory logic are known as two closely related but
different systems used to study the notion of computable functions formally
(see, e.g., the preface of [3]). In this talk, however, we will show that they are
indeed one and the same calculus. To achieve this, we start from the traditional
grammatical definition of the set A of pure A-terms:

M,NeA := z| M| (M N)°

where x are taken from the set of variables. We then analyze the syntactic
structure of these terms by reviewing the methods introduced by Quine [4],
Bourbaki [1] and de Bruijn [2].

Extending the result of the above analysis, we define the datatype M by the
following grammar.

M,NeEM u= z|lp | AdM | AM | (M N)'  (i,k € N)

where (i) I represents the (traditional) A-term AzA:;x (Z being an arbitrarily
chosen sequence of k-variables avoiding the variable ), (ii) AM represents A, M

for any fresh variable z not free in M, and (iii) (M N)° represents application
under the i-fold nested A-bindings. Here, it is to be noted that the ly repre-

sents the | combinator, l; the K combinator and ((ly Alg)® (Al )\)\IO)B)3 the S
combinator.

We next introduce the a-reduction relation on M and define a subset L of
M by collecting all the a-normal forms in M. We conclulde by remarking that IL
can also be generated by the following grammar:

M,NeL == x|l | AM | (M N)  (i,k eN),

and that L can be regarded as a common extenstion of the A-calculus and com-
binatory logic.
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Combinatorial proofs [1] form such a canonical proof presentation that (1) comes
with a polynomial correctness criterion, (2) is independent of the syntax of proof
formalisms (like sequent calculi, tableaux systems, resolution, Frege systems, or
deep inference systems), and (3) can handle cut and substitution, and their
elimination [2,4]. Below is an example showing how a combinatorial proof can
be extracted from a deep inference derivation [3]:

EAbA(avc)A(Eva) EAbA(avC)A(Eva)
awt br(ave)a(eva) crba(ave),cva
QaCTbAbA(avc)A(Eva)
.-sbAbA(av(cAE)va) \, va/
ait ~> ~

baba(ava) ) )

Clra)v(bra) :

m ———

aci(be)A(ava) (bvd)ra

(bvd)ra

In a nutshell, a combinatorial proof consists of a purely linear part (depicted
above in blue/bold) and a part that corresponds to contraction and weaken-
ing (depicted above in purple/regular). Combinatorial proofs can be composed
horizontally and vertically, and can be substituted into each other.

In this presentation, I will discuss the basic definition of combinatorial proofs,
show the differences between the classical and intuitionistic variants, and then
discuss various normalization methods.
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An intermediate predicate logic is said to be a predicate extension of intu-
itionistic logic (PEI), if its propositional part is just the same as intuitionistic
logic. Intuitively, PED’s are logics living near to intuitionistic logic. There are log-
ically interesting PEI’s ones among them. We discuss PEI’s from the viewpoint
of disjunction property (DP) and existence property (EP).

A logic L is said to have DP, if L+ AV B implies that L Aor L+ B. A
logic L is said to have EP, if L - 3z A(x) implies that there is a v such that L -
A(v). These properties are regarded as distinguishing features of constructivity
of intuitionistic logic. There are, however, uncountably many PEI’s having both
of DP and EP (S[4]). In [5], we showed that there are uncountably many PEI’s
having EP but lacking DP. Minari [1] and Nakamura [2] proved that some well-
known PEI’s have DP but lack EP2. Now, natural questions arise:

Do there exist uncountably many PEI’s each of which fails to have DP and EP?
Do there exist uncountably many PEI’s each of which has DP and lacks EP?

We answer these questions affirmatively. Namely, we construct uncountably
many those PEI’s by making use of methods in S [3, 4]. This result suggests that
although PEI’s are near to intuitionistic logic, the diversity of their nature seems
rich. In other words, logics among PEI’s are fascinating from the logical point
of view and yet to be explored.
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A cyclic proof system, called CLKID®, gives us another way of representing
inductive definitions and efficient proof search. The paper [3] showed that the
provability of CLKID® includes the provability of the classical system of Martin-
Lof’s inductive definitions, called LKID, and conjectured the equivalence. By
the last year the equivalence has been left an open question. In general, the
conjecture was proved to be false in [1]. However, if we restrict both systems to
only the natural number inductive predicate and add Peano arithmetic to both
systems, the conjecture is proved to be true in [4]. This talk shows that if we
add arithmetic to both systems, they become equivalent, namely, the conjecture
holds. The result of this talk includes that of the paper by Simpson as a special
case. In order to construct a proof of LKID for a given cyclic proof, this talk
shows every bud in the cyclic proof is provable in LKID, by cutting the cyclic
proof into subproofs such that in each subproof the conclusion is a companion
and the assumptions are buds. The global trace condition gives some induction
principle, by using an extension of Podelski-Rybalchenko termination theorem
from well-foundedness to induction schema. In order to show this extension, this
talk also shows that infinite Ramsey theorem is formalizable in Peano arithmetic.
This talk is based on [2].
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Many processes in nature whose state evolves over time are modeled by
dynamical systems. In many applications one would like to understand the long-
term behaviour of such a system. For time-discrete systems several authors have
recently worked on the computability and computational complexity of statistical
long-term properties in the sense of invariant measures of a system. In general, all
invariant measures of a computable dynamical systems can be non-computable
[3]. On the other hand, introducing a small amount of noise to the system renders
the measures computable and under some mild assumptions on the transition
function even efficiently computable [1,2].

In this talk we examine time-continuous dynamical systems affected by noise.
We model the flow of such a noisy dynamical system by the solution to a stochas-
tic differential equation

dX(t) = f(X(1) dt + e dW

where f : R — R? is a d-dimensional vector field, ¢ > 0 and W denotes a
d-dimensional Wiener process. We discuss which of the results for time-discrete
system can be extended to the time-continuous case and how the extension can
be done.
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A dyadic subbase is a subbase which consists of a list of pairs of non-overlapping
open sets, and we say that a dyadic subbase is proper if the closure and the fi-
nite intersection operations on different subbase components commute. They
were introduced in [6] and further studied for the purpose of obtaining T*-
representations of spaces. Proper dyadic subbases are also used to obtain a
matching representation of a space, which is a T“-representation of the space
of compact sets whose restriction to 2¢ is a representation of X [5]. It is shown
that every separable metrizable space has a proper dyadic subbase in [2, 3], and
a result stronger than this is shown in [7].

In this talk, we show effectivized version of these results. We study properties
of computable proper dyadic subbases based on represented spaces [4], and show
that every computable metric space has a computable proper dyadic subbase by
effectivising the corresponding proof in [7] using a computable version of Baire’s
Category Theorem [1].

Acknowledgements. This work benefited from the Marie Curie Interna-
tional Research Staff Exchange Scheme Computable Analysis (PIRSES-GA-2011-
294962) and the Marie Curie RISE project Computing with Infinite Data (731143).
The first author was partially supported by the ERC inVest project. The second
author was partially supported by the JSPS Core-to-Core Program (A. Advanced
research Networks) and JSPS KAKENHI Grant Number 15K00015.
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A central tenet of constructive mathematics is that the logical symbols carry
computational content. In some cases, a hypothesis is used computationally in one
constructive variant of a classical theorem, but non-computationally in another.
One example is the intermediate value theorem (IVT):

If f:]0,1] — R is continuous with f(0) < 0 and f(1) > 0, then there
exists a point ¢ € [0, 1] such that f(c¢) = 0.

In (many of) its constructive versions, continuity of functions is strengthened to
uniform continuity. In Bishop’s approximate IVT [1], uniform continuity is used
to construct approximate roots of arbitrary precision. In another constructive
IVT due to Bridges and Richman [2], the extra condition “local non-zero” is used
to construct a convergent sequence, while uniform continuity is only needed to
show that the limit of the sequence is a root, which is non-computational.

Working with constructive type theory [4], Voevodsky’s Univalent Founda-
tions (UF) [3] provide a new computational approach to that brings ever closer
mathematics and computer programming. One significant, novel univalent con-
cept is the homotopy levels of types. In particular, a (—1)-type, also called
a proposition, is a type P with at most one element. Together with proposi-
tional truncation, a useful univalent technique that “truncates” a type down to
a proposition, one can properly and precisely formulate properties of mathemati-
cal objects as propositions and structures as higher types (mostly 0-types) within
(certain framework of) UF. For example, uniform continuity in our “univalenti-
sation” of Bishop’s IVT is formulated as a structure (with existence as a X-type)
and in the one of Bridges and Richman’s as a proposition (with existence as the
truncation of a X-type). Now the statements of the theorem explicitly indicate
how the uniform continuity hypothesis is used in the proofs.
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In this talk, we will discuss some reverse mathematical results on homological
algebra. First, under some simple setting, we show that many properties are
proved in RCAy and some exceptional properties such as taking Betti numbers
are equivalent to ACA over RCAg. On the other hand, to develop Tor (M, N)
or Ext (M, N) for modules M, N over a commutative ring R, we require X9-
induction. In connection with this, I also talk about category-theoretic properties
of R-modules. For example, although the existence of inductive limit implies
ACA generally, we will treat some properties within weaker systems.
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