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In September 2018 there will be a summer school and a
workshop on proof theory in Ghent. Interested (master, PhD)
students or other interested people are welcome.
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Godel: (3A € Lpa)[N = A& PA ¥ A]

Problem: Find natural examples for A

One possible solution: Goodstein principles

Challenge: What do Goodstein principles say about natural well
orderings?
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Let kK > 2 be fixed. Let m > 0.
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Let kK > 2 be fixed. Let m > 0.
Then either m < k or

m=k-p+q
where g < kand p > 0.
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A SIMPLE EXAMPLE FOR PRA

Let kK > 2 be fixed. Let m > 0.
Then either m < k or

m=k-p+q

where g < kand p > 0.
This representation of m is unique. Write

m=k-nfK-p+q.
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A SIMPLE EXAMPLE FOR PRA

Let kK > 2 be fixed. Let m > 0.
Then either m < k or

m=k-p+q

where g < kand p > 0.
This representation of m is unique. Write
m=k-nfK-p+q.

If m < kthen mk < k+1] :=m.
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A SIMPLE EXAMPLE FOR PRA

Let kK > 2 be fixed. Let m > 0.
Then either m < k or

m=k-p+q

where g < kand p > 0.
This representation of m is unique. Write

m=k-nfK-p+q.

If m < k then mlk < k + 1] :== m. For m =,_nr k - p+ q define
recursively

mk < k+1]:=(k+1)-plk <~ k+1]+q.
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The appropriate Goodstein sequence is defined as follows.
Let mg:=m
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GOODSTEIN PRINCIPLE FOR PRA

The appropriate Goodstein sequence is defined as follows.
Let my := m and recursively

My = mk[k<—k+1]—1

if me > 0.
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GOODSTEIN PRINCIPLE FOR PRA

The appropriate Goodstein sequence is defined as follows.
Let my := m and recursively

My = mk[k<—k+1]—1

if me > 0.
If my =0 then let my,1 :=0.
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GOODSTEIN PRINCIPLE FOR PRA

The appropriate Goodstein sequence is defined as follows.
Let my := m and recursively

My = mk[k<—k+1]—1

if me > 0.
If my =0 then let my,1 :=0.

Theorem
N E (vm)(3l)m, = 0.
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GOODSTEIN PRINCIPLE FOR PRA

The appropriate Goodstein sequence is defined as follows.
Let my := m and recursively

My = mk[k<—k+1]—1

if me > 0.
If my =0 then let my,1 :=0.

Theorem
N E (vm)(3l)m, = 0.

Theorem
PRA ¥ (Vm)(3/)m; = 0.
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If m < k then ¢ym := m.




An example for PRA
Another example for PRA
An example for PA

An abstract approach

PROOFS

If m < k then ¢xm := m. Moreover, for m =,_ng k - p + q define
recursively

VM = w - PP+ q € w*.
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If m < k then ¢xm := m. Moreover, for m =,_ng k - p + q define
recursively

PROOFS

VM = w - PP+ q € w*.
Theorem

m < m[k < k + 1]. (Property C1)
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PROOFS

If m < k then ¢ym := m. Moreover, for m =,_nge k - p + q define
recursively

VM = w - PP+ q € w*.

Theorem

m < m[k < k + 1]. (Property C1)
If m < nthen mik < k + 1] < n[k « k + 1]. (Property C2)
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If m < k then ¢ym := m. Moreover, for m =,_nge k - p + q define
recursively

VM = w - PP+ q € w*.

Theorem

m < m[k < k + 1]. (Property C1)
If m < nthen mlk < k+ 1] < n[k < k + 1]. (Property C2)
If m=k_ne k-p+ gthen

mlk < k +1] =s1)-nr (K +1) - p[k < k+ 1]+ q. (P. C3)
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PROOFS

If m < k then ¢ym := m. Moreover, for m =,_nge k - p + q define
recursively

VM = w - PP+ q € w*.

Theorem
m < m[k < k + 1]. (Property C1)
If m < nthen mik < k + 1] < n[k « k + 1]. (Property C2)

Ifm:k_NFk-p+qthen
mlk < k + 1] =gi1)-ne (K +1) - plk < k+ 1]+ q. (P. C3)
em = Y 1m[k < k + 1]. (Property C4)
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PROOFS

If m < k then ¢ym := m. Moreover, for m =,_nge k - p + q define
recursively

VM = w - PP+ q € w*.

Theorem
m < m[k < k + 1]. (Property C1)
If m < nthen mlk < k+ 1] < n[k < k + 1]. (Property C2)
If m=x_nr k-p+ qgthen
mlk < k + 1] =gi1)-ne (K +1) - plk < k+ 1]+ q. (P. C3)
em = Y 1m[k < k + 1]. (Property C4)
If m < nthen ¢m < yxn. (Property C5)
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PROOFS

Let ord(m, 1) := v¢0(my).




PROOFS

Let ord(m, 1) := v.2(my). If m; > 0 then

o(m,I+1) = tp3(myq)

(1)
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PROOFS

Let ord(m, 1) := v.2(my). If m; > 0 then

o(m,l+1) Yi3(Mis)

(1)
()

¢,+3(m/[l-|—2 — /+3] — 1)

[m]

=

DA



An example for PRA
Another example for PRA
An example for PA
An abstract approach

'

Let ord(m, 1) := v.2(my). If m; > 0 then

o(m,I+1) = tp3(myq) (1)
= Yua(mll +2«1+3]-1) (2)
< Yra(ml +2 « 1+ 3]) 3)
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Let ord(m, 1) := v.2(my). If m; > 0 then

o(mI+1) = tuys(my4) (1)
= ¢,+3(m/[l—|— 2+ |+ 3] — 1) (2)
< Ys(ml+2 <« 1+ 3)]) (3)
= ry2(m) (4)
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Let ord(m, 1) := v.2(my). If m; > 0 then

o(mI+1) = tuys(my4) (1)
= ¢,+3(m/[l—|— 2+ |+ 3] — 1) (2)
< na(mll+2 « 1+3]) (3)
= ry2(m) (4)
= o(m,l). (5)

[m] = =
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PROOFS

Let ord(m, /) := v¢2(my). If m; > 0 then

o(m[+1) = tha(My1)
= Ys(ml+2++ 1+3]—-1)
< Ya(mfl +2 < 1+ 3])
= ry2(m)

= o(m,I).

This yields a primitive recursive descending chain of ordinals
which cannot be infinitely long.
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Let (WK + 1+ 1)[m] := wk + 1




Proofs
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Proofs

Let (wX + 1+ 1)[m] :=wk + land
(W [m] == wk - m.
Let a(k,0) := wX and
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Proofs

Let (wX + 1+ 1)[m] :=wk + land
(W [m] == wk - m.
Let a(k,0) := wX and a(k, m + 1) := a(k, m)[m].

[m] = -
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'

Let (wX + 1+ 1)[m] :=wk + land

(W [m] == wk - m.

Let a(k,0) := w* and a(k, m+ 1) := a(k, m)[m].
Theorem

PRA ¥ (Vk)(3m)a(k, m) = 0.

[m] = =
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Proofs

Let (WK + 1+ 1)[m] := wk + I and
(WK [m] == k- m.
Let a(k,0) := w* and a(k, m + 1) := a(k, m)[m].

Theorem
PRA ¥ (Vk)(3Im)a(k, m) = 0.

Theorem
If m > 0then Yyp1(mk < k+1] —1) > (Yxem)[k — 1].
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Proofs

Let (WK + 1+ 1)[m] := wk + I and
(WK [m] == k- m.
Let a(k,0) := w* and a(k, m + 1) := a(k, m)[m].

Theorem
PRA ¥ (Vk)(3Im)a(k, m) = 0.

Theorem

If m > 0then Yyp1(mk < k+1] —1) > (Yxem)[k — 1].
a(m,l) < o(2m,l).
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PROOFS

IFPRA - (vm)(3)m, = 0

Qe



PROOFS

If PRA F (Vm)(3/)m; = 0 then PRA + (Ym)(3/)(2™), = 0.
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PROOFS

If PRA F (Vm)(3/)m; = 0 then PRA + (Ym)(3/)(2™), = 0. Thus
PRA = (Vm)(3/)¢1;2(2™), = 0.
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PROOFS

If PRA F (Vm)(3/)m; = 0 then PRA + (Ym)(3/)(2™), = 0. Thus
PRA + (Vm)(3/)¢1:2(2™), = 0. Therefore
PRA + (Vm)(3/)o(2m,l) =0
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PROOFS

If PRA F (Vm)(3/)m, = 0 then PRA + (Vm)(3/)(2™), = 0. Thus
PRA - (VYm) (34 ( ™), = 0. Therefore
PRA - (Vm)(3)o(2m,I) = 0 and thus
3/

)
PRA - (VYm)( ;a(m =
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PROOFS
If PRA F (Vm)(3/)m, = 0 then PRA + (Vm)(3/)(2™), = 0. Thus
PRA - (VYm) (34 ( ™), = 0. Therefore
PRA F (Ym)(3/)o(2m, ) = 0 and thus
PRA I (Vm)(3/)a(m, ) = 0. Contradiction!
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Figure: A temple in Kyoto.
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Letm>1.
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Letm>1. Thenm=k"-p+ gwhere p < k, g < k", and
k"< m< k™.
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ANOTHER EXAMPLE FOR PRA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and
k" < m < k'™'. This representation is unique and can call it the
k-normal form of m and we write m =4_nr k" - p+ Q.
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ANOTHER EXAMPLE FOR PRA

Letm>1. Thenm=k"-p+ gwhere p < k, g < k", and
k" < m < k'™'. This representation is unique and can call it the
k-normal form of m and we write m =,_nr k" - p+ q. For

m=k_nF k"-p+q
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ANOTHER EXAMPLE FOR PRA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k'™'. This representation is unique and can call it the
k-normal form of m and we write m=,_ng k" - p+ q. For
m=_nr K -p+qletmk <« k+1] :=(k+1) -p+qlk + k+1].
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ANOTHER EXAMPLE FOR PRA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k'™'. This representation is unique and can call it the
k-normal form of m and we write m=,_ng k" - p+ q. For
m=_nr K -p+qletmk <« k+1] :=(k+1) -p+qlk + k+1].
The appropriate Goodstein sequence is defined as follows.
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ANOTHER EXAMPLE FOR PRA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k'™'. This representation is unique and can call it the
k-normal form of m and we write m=,_ng k" - p+ q. For
m=_nr K -p+qletmk <« k+1] :=(k+1) -p+qlk + k+1].
The appropriate Goodstein sequence is defined as follows.

Let mg:=m
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ANOTHER EXAMPLE FOR PRA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and
k" < m < k'™'. This representation is unique and can call it the

k-normal form of m and we write m=,_ng k" - p+ q. For
m=x_nrF K"-p+qletmk < k+1] :=(k+1)"-p+qlk « k+1].
The appropriate Goodstein sequence is defined as follows.

Let mg := m and recursively

Mgy = mk[k<—k+1]—1

if m, > 0.
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ANOTHER EXAMPLE FOR PRA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and
k" < m < k'™'. This representation is unique and can call it the

k-normal form of m and we write m=,_ng k" - p+ q. For
m=x_nrF K"-p+qletmk < k+1] :=(k+1)"-p+qlk « k+1].
The appropriate Goodstein sequence is defined as follows.

Let mg := m and recursively

Mgy = mk[k<—k+1]—1

if mg > 0. If my = 0thenlet my, 4 :=0.
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ANOTHER EXAMPLE FOR PRA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k'™'. This representation is unique and can call it the
k-normal form of m and we write m=,_ng k" - p+ q. For
m=x_nrF K"-p+qletmk < k+1] :=(k+1)"-p+qlk « k+1].
The appropriate Goodstein sequence is defined as follows.

Let mg := m and recursively

Mgy = mk[k<— k+1] —1
if mg > 0. If my = 0thenlet my, 4 :=0.

Theorem
N E (vm)(3l)m, = 0.
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ANOTHER EXAMPLE FOR PRA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k'™'. This representation is unique and can call it the
k-normal form of m and we write m=,_ng k" - p+ q. For
m=x_nrF K"-p+qletmk < k+1] :=(k+1)"-p+qlk « k+1].
The appropriate Goodstein sequence is defined as follows.

Let mg := m and recursively

Mgy = mk[k — K+ 1] -1
if mg > 0. If my = 0thenlet my, 4 :=0.
Theorem
N E (Vvm)(3l)m, = 0.

Theorem
PRA ¥ (Vm)(3/)m; = 0.
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Figure: The gate of Myajima.
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AN EXAMPLE FOR PA

Letm>1. Thenm=k"-p+ gwhere p < k, g < k", and
k" < m < k™', This representation is unique (the k-normal form

of m) and we write m =, _ne K" - p+ Q.
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AN EXAMPLE FOR PA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k"', This representation is unique (the k-normal form
of m) and we write m=¢_nr K" - p+q. For m=¢_nr K" - p+ q let
mlk < k +1] := (k + 1)k p 4 glk < k +1].
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AN EXAMPLE FOR PA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k"', This representation is unique (the k-normal form
of m) and we write m=¢_nr K" - p+q. For m=¢_nr K" - p+ q let
mlk « k +1] := (k + 1)k<k+11. p 1 g[k + k +1]. The
appropriate Goodstein sequence is defined as follows.
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AN EXAMPLE FOR PA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and
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appropriate Goodstein sequence is defined as follows.

Let mg :=m

Andreas Weiermann Generalized Goodstein sequences



Introduction An example for PRA

The Ackermann function example Another example for PRA
Extension to ATRq An example for PA
Extension to the Schwichtenberg Wainer hierarchy An abstract approach

AN EXAMPLE FOR PA
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AN EXAMPLE FOR PA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k"', This representation is unique (the k-normal form
of m) and we write m=¢_nr K" - p+q. For m=¢_nr K" - p+ q let
mlk « k +1] := (k + 1)k<k+11. p 1 g[k + k +1]. The
appropriate Goodstein sequence is defined as follows.

Let mg := m and recursively

Mgy = mk[k<— k+1] —1
if mg > 0. If my = 0thenlet my, 4 :=0.
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AN EXAMPLE FOR PA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k"', This representation is unique (the k-normal form
of m) and we write m=¢_nr K" - p+q. For m=¢_nr K" - p+ q let
mlk « k +1] := (k + 1)k<k+11. p 1 g[k + k +1]. The
appropriate Goodstein sequence is defined as follows.

Let mg := m and recursively

Mgy = mk[k<— k+1] —1
if mg > 0. If my = 0thenlet my, 4 :=0.

Theorem
N E (vm)(3l)m, = 0.
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AN EXAMPLE FOR PA

Letm>1. Thenm= k" - p+ qwhere p < k, g < k", and

k" < m < k"', This representation is unique (the k-normal form
of m) and we write m=¢_nr K" - p+q. For m=¢_nr K" - p+ q let
mlk « k +1] := (k + 1)k<k+11. p 1 g[k + k +1]. The
appropriate Goodstein sequence is defined as follows.

Let mg := m and recursively

Mgy = mk[k — K+ 1] -1
if mg > 0. If my = 0thenlet my, 4 :=0.
Theorem
N E (Vvm)(3l)m, = 0.

Theorem
PA ¥ (Ym)(3l)m, = 0.
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Figure: The atomic bomb ruin in Hiroshima.
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We can prove the results using properties (C1)-(C5).
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WHAT IS COMMON IN THESE EXAMPLES?

We can prove the results using properties (C1)-(C5). What
makes the normal forms so specific?
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WHAT IS COMMON IN THESE EXAMPLES?

We can prove the results using properties (C1)-(C5). What
makes the normal forms so specific?
The normal forms produce terms of minimal lengths.
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The Ackermann function example Another example for PRA
Extension to ATRg An example for PA
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WHAT IS COMMON IN THESE EXAMPLES?

We can prove the results using properties (C1)-(C5). What
makes the normal forms so specific?

The normal forms produce terms of minimal lengths. Moreover
they become maximal under base change.
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NORM MINIMAL

Letm>1.1f m< kthen Nm:= m.
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NORM MINIMALITY

Letm>1.lf m< kthen Nm:=m. If m=xr k- p+ q where
g < kand p>0then Nm:=1+ Np+q.

[m] = =
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NORM MINIMALITY

Letm>1.lf m< kthen Nm:=m. If m=xr k- p+ q where
g < kand p>0then Nm:=1+ Np+q.

Lemma

B N(m+1) < Nm+1.

[m] = -
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NORM MINIMALITY

Letm>1.l1f m< kthen Nm:=m. If m=nr k- p+ q where
g< kandp>0then Nm:=1+ Np+ q.

Lemma

N(m+1) < Nm+1.
N(m+n) < Nm-+n.
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NORM MINIMALITY

Letm>1.l1f m< kthen Nm:=m. If m=nr k- p+ q where
g< kandp>0then Nm:=1+ Np+ q.

Lemma
N(m+1) < Nm+1.
N(m+n) < Nm-+n.

If m= k- I+ nnot necessarily a normal form then
Nm <1+ NI+ n.
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Definition

Definition of a set of terms T, and a norm function M : T, — w
and a valuation function val : Tx — w.
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Definition

Definition of a set of terms T, and a norm function M : Ty — w
and a valuation function val : Tx — w. (We suppress depencies
on K.)
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Definition

Definition of a set of terms T, and a norm function M : Ty — w
and a valuation function val : Tx — w. (We suppress depencies
on K.)

If m < kthen m e T, and M(m) := mand val(m) := m.
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Definition
Definition of a set of terms T, and a norm function M : Ty — w
and a valuation function val : Tx — w. (We suppress depencies
on K.)
If m < kthen m e T, and M(m) := mand val(m) := m.
lfle Txandn<wthenk-/+ne T, and
M(k -1+ n) =1+ M(l)+ nand val(t) = k - val(l) + n.
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Every t € Ty has thus a standard value val(t) € w.
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Another example for PRA
An example for PA

An abstract approach

Every t € Ty has thus a standard value val(t) € w. Moreover for
m < k we define t((m) := m

[m] = = =
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Every t € Ty has thus a standard value val(t) € w. Moreover for
m < k we define {(m) := m and for m =,_nr k - p + g we define
t(m) =k -t(p)+q € Tk.
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Introduction An example for PRA

The Ackermann function example Another example for PRA
Extension to ATRg An example for PA
Extension to the Schwichtenberg Wainer hierarchy An abstract approach

Every t € Ty has thus a standard value val(t) € w. Moreover for
m < k we define {(m) := m and for m =,_nr k - p + g we define
t(m) := k - t(p) + q € Tx. Every mis denoted by a canonical
term t(m) € Tk.
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The Ackermann function example Another example for PRA
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Every t € Ty has thus a standard value val(t) € w. Moreover for
m < k we define {(m) := m and for m =,_nr k - p + g we define
t(m) := k - t(p) + q € Tx. Every mis denoted by a canonical
term t(m) € Tk.

Theorem
If t € Tx and val(t) = mthen Nm = M(t(m)) < Mt.
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Introduction An example for PRA

The Ackermann function example Another example for PRA
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Every t € Ty has thus a standard value val(t) € w. Moreover for
m < k we define {(m) := m and for m =,_nr k - p + g we define
t(m) := k- t(p) + g € Tx. Every mis denoted by a canonical
term t(m) € Tk.

Theorem

If t € Tx and val(t) = mthen Nm = M(t(m)) < Mt. So among all
representations of m the normal form representation has the
smallest M norm. (Property C6)
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Recap: mlk <— k+ 1] := mif m < k and that

mk<«—k+1]:=(k+1)-plk <~ k+1]+qifm=c_n k-p+q
where g < kand p > 0.

[m] = = =
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Recap: mlk <~ k + 1] :== mif m < k and that
mk«— k+1]:=(k+1)-plk < k+1]+qifm=nrk-p+q
where g < kand p > 0.

Theorem
If m=k-p + q (not necessarily in normal form) then
mk<«— k+1]>(k+1)-plk<+— k+1]+q".
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Recap: mlk <~ k + 1] :== mif m < k and that
mk«— k+1]:=(k+1)-plk < k+1]+qifm=nrk-p+q
where g < kand p > 0.

Theorem

If m=k-p + q (not necessarily in normal form) then
mk<«— k+1]>(k+1)-plk<+— k+1]+q".

Lemma

val(tlk < k + 1]) < (val(t))[k «+ k + 1] where the right hand
side refers to the k-normal form.
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Recap: mlk <~ k + 1] :== mif m < k and that
mk«— k+1]:=(k+1)-plk < k+1]+qifm=nrk-p+q
where g < kand p > 0.

Theorem
If m=k-p + q (not necessarily in normal form) then
mk<«k+1]1>(k+1)-plk+~ k+1]+ 4.

Lemma

val(tlk < k +1]) < (val(t))[k < k + 1] where the right hand
side refers to the k-normal form. So the k normal form produces
maximal possible values after the base change. (Property C7)
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Recap: mlk <~ k + 1] :== mif m < k and that
mk«— k+1]:=(k+1)-plk < k+1]+qifm=nrk-p+q
where g < kand p > 0.

Theorem
If m=k-p + q (not necessarily in normal form) then
mk<«k+1]1>(k+1)-plk+~ k+1]+ 4.

Lemma

val(tlk < k +1]) < (val(t))[k < k + 1] where the right hand
side refers to the k-normal form. So the kK normal form produces
maximal possible values after the base change. (Property C7)
Property (C7) is the intrinsic reason for the monotonicity
property (C2).
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Properties (C6) and (C7) hold for the other examples as well.
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Properties (C6) and (C7) hold for the other examples as well. In
general we may look for representations of numbers based on a
ternary monotone function f(k, /, m).
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Properties (C6) and (C7) hold for the other examples as well. In
general we may look for representations of numbers based on a
ternary monotone function f(k, I, m). Since monotone binary
ordinal functions when iteratively applied to {0} produce
maximal order type (at most) ¢ we conjecture that there will be
a general independence result for PRA + PRWO(gy) for
monotone ternary functions under some mild extra conditions.
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Properties (C6) and (C7) hold for the other examples as well. In
general we may look for representations of numbers based on a
ternary monotone function f(k, I, m). Since monotone binary
ordinal functions when iteratively applied to {0} produce
maximal order type (at most) ¢ we conjecture that there will be
a general independence result for PRA + PRWO(g,) for
monotone ternary functions under some mild extra conditions.
But it seems that we have to drop the norm minimality property
(C6) in the general case.
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Introduction An example for PRA
The Ackermann function example Another example for PRA
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Properties (C6) and (C7) hold for the other examples as well. In
general we may look for representations of numbers based on a
ternary monotone function f(k, I, m). Since monotone binary
ordinal functions when iteratively applied to {0} produce
maximal order type (at most) ¢ we conjecture that there will be
a general independence result for PRA + PRWO(g,) for
monotone ternary functions under some mild extra conditions.
But it seems that we have to drop the norm minimality property
(C6) in the general case. In our examples the notations are so
called weakly finite dilators where parameters smaller than k
serve as indiscernibles.
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Introduction An example for PRA
The Ackermann function example Another example for PRA
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Properties (C6) and (C7) hold for the other examples as well. In
general we may look for representations of numbers based on a
ternary monotone function f(k, I, m). Since monotone binary
ordinal functions when iteratively applied to {0} produce
maximal order type (at most) ¢ we conjecture that there will be
a general independence result for PRA + PRWO(g,) for
monotone ternary functions under some mild extra conditions.
But it seems that we have to drop the norm minimality property
(C6) in the general case. In our examples the notations are so
called weakly finite dilators where parameters smaller than k
serve as indiscernibles. But it seems that this does not easily
generalise to the more complex examples.
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Figure: A flower.
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Let kK > 0. We define an Ackermannian function as follows.
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The sandwiching procedure
Examples

Let kK > 0. We define an Ackermannian function as follows.
Definition

B Ao(k,b)=b+1.
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The sandwiching procedure
Examples

Let kK > 0. We define an Ackermannian function as follows.
Definition

B Ao(k,b)=b+1.

Aari(k,0) = Aq(k, ) (1).

[m]
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Let kK > 0. We define an Ackermannian function as follows.
Definition

Ao(k,b) =b+1.

Aaii(k,0) = Aq(k, ) (1).

Aaii(k,b+1) = Ax(k, )(Aar1(k, b)).
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The sandwiching procedure
Examples

Let m > 0. We define m =ng Aa(k, b) via recursive sandwiching.
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Let m > 0. We define m =ng Aa(k, b) via recursive sandwiching.
For simplicity write A4(b) for Aa(k, b).
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Let m > 0. We define m =ng Aa(k, b) via recursive sandwiching.
For simplicity write A4(b) for Aa(k, b).
Fix the unique a such that A,(0) < m < A,,1(0) and let g, := a.
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Introduction
The Ackermann function example The sandwiching procedure
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Let m > 0. We define m =ng Aa(k, b) via recursive sandwiching.
For simplicity write A4(b) for Aa(k, b).
Fix the unique a such that A,(0) < m < A,,1(0) and let g, := a.
Fix the unique by such that

Aao(bo) S m < Aao(bo + 1)

Andreas Weiermann Generalized Goodstein sequences



Introduction
The Ackermann function example The sandwiching procedure
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Let m > 0. We define m =ng Aa(k, b) via recursive sandwiching.
For simplicity write A4(b) for Aa(k, b).
Fix the unique a such that A,(0) < m < A,,1(0) and let g, := a.
Fix the unique by such that

Aao(bo) S m < Aao(bo + 1)

Assume recursively

Aa(by) < m < A (b, +1).
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Let m > 0. We define m =ng Aa(k, b) via recursive sandwiching.
For simplicity write A4(b) for Aa(k, b).
Fix the unique a such that A,(0) < m < A,,1(0) and let g, := a.
Fix the unique by such that

Aao(bo) S m < Aao(bo + 1)

Assume recursively

Aa(by) < m < A (b, +1).

If Az, (br) = mthen m=y_nr Aa (br).
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Otherwise A, (by) < m < A, (b, + 1).
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Otherwise A, (b;) < m < Ag (b + 1).
Then a, > 0.




The sandwiching procedure
Examples

Otherwise A, (b;) < m < Ag (b + 1).
Then a, > 0.

If Aar_‘] (Aar(br)) S m < Aar(br + 1) Iet ar+1 — ar - 1-

o F
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Otherwise A, (by) < m < A (br + 1).

Then a, > 0.

If As,_1(Ag (b)) < m< A, (br+1)leta,:=a —1. Fixthe
unique b, 1 such that

Aay, (Bris) < M < Ag,(Bris +1)

such that
br+1 Z Aar(br)

and then we can sandwich recursively.
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The sandwiching procedure
Examples

If As (br) < m < As_1(As(br)) then there exists a minimal a*
such that Az (br) < m < Az (Aa(br)).
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If Aa(br) < m < As_1(As(br)) then there exists a minimal a*
such that Az (br) < m < Az (Aa(br)).
Then g > 0.
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If As,(br) < m < As—1(As(br)) then there exists a minimal a*
such that A, (b,) < m < Az (Aa (br)).

Then a* > 0.

Moreover, Az _1(Aa (br)) < m < Az (As (br)).
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If As,(br) < m < As—1(As(br)) then there exists a minimal a*
such that A, (b,) < m < Az (Aa (br)).

Then a* > 0.

Moreover, Az _1(Az (b)) < m < Ax(Ag (br)). Let arpq :=a* — 1.
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If As,(br) < m < As—1(As(br)) then there exists a minimal a*
such that A, (b,) < m < Az (Aa (br)).

Then a* > 0.

Moreover, Az _1(Az (b)) < m < Ax(Ag (br)). Let arpq :=a* — 1.
Fix the unique b, ¢ such that

A (br+1) S m < Aar+1 (br+1 + 1)

ar 41

such that
br+1 > Aa,(br)

and we can sandwich recursively.
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Definition
If m =Kk—NF Aa(k, b)
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Definition
If m=x_nr Aa(k, b) then

m[k — K+ 1] = Aa[k<—k+1](k+ 1,b[k — K+ 1])
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Definition

Iif m=x_nF Aa(k, b) then

mlk < k +1] := Agkers1)(k + 1, b[k < k + 1]).

The modified Goodstein sequences are defined as follows.
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Definition

Iif m=x_nF Aa(k, b) then

mlk < k +1] := Agkers1)(k + 1, b[k < k + 1]).

The modified Goodstein sequences are defined as follows. Let
m > 0.
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Definition

Iif m=x_nF Aa(k, b) then

mlk < k +1] := Agkers1)(k + 1, b[k < k + 1]).

The modified Goodstein sequences are defined as follows. Let
m > 0. Let my := m and define recursively

migq = m,[/+2e /+3] —1ifm, > 0.
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Definition

If m =Kk_NF Aa(k, b) then

mlk < k +1] := Agkers1)(k + 1, b[k < k + 1]).

The modified Goodstein sequences are defined as follows. Let
m > 0. Let my := m and define recursively

myq :=m[l+2«+ 1+3]—1if m > 0. Also put m.y =0 if

m; = 0.
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Theorem
PA + PRWO(go) F (Vm)(3/)m; = 0.
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Examples

Theorem

PA + PRWO(¢g) = (Vm)(3/)m; = 0.
PA t/ (Vm)(3)m; = 0.

[m]
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The sandwiching procedure
Examples

Theorem

PA + PRWO(¢g) = (Vm)(3/)m; = 0.
PA t/ (Vm)(3)m; = 0.

Our normal form satisfies (C1)-(C5).
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Theorem

If m= Ay(k, q) then

m[k — K+ 1] > Ap[k<—k+1](k+ 1,Q[k — k+ 1])
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Definition

Definition of a set of terms T, and a valuation function
val : Ty — w.

0 € Tx and val(0) := 0.
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Definition
Definition of a set of terms T, and a valuation function
val : Tk — W.

0 € Tx and val(0) := 0.

If p,g € Tx then Ay(k,q) € T and
val(Ao(k, G)) := Avao)(k, val()).
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Definition
Definition of a set of terms T, and a valuation function
val : Tk — W.
0 € Tx and val(0) := 0.
If p,g € Tx then Ay(k,q) € T and
val(Ag(k. ) == Avaiie) (k. val(q)).

Lemma

val(tlk < k + 1]) < (val(t))[k «+ k + 1] where the right hand
side refers to the k-normal form.
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Definition
Definition of a set of terms T, and a valuation function
val : Tk — W.
0 € Tx and val(0) := 0.
If p,g € Tx then Ay(k,q) € T and
val(Ap(k, q)) = Avap) (K, val(q)).

Lemma

val(tlk < k +1]) < (val(t))[k < k + 1] where the right hand
side refers to the k-normal form. So the k normal form produces
maximal possible values after the base change. (Property C7)
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Examples

Definition

Definition of a norm function M : Ty — w.

[m]

=

DA



The sandwiching procedure
Examples

Definition

Definition of a norm function M : Ty — w.
M(0) := 0.

[m]

=

DA



The sandwiching procedure
Examples

Definition

Definition of a norm function M : Ty — w.
M(0) := 0.

M(As(k,q) == 1+ M(p) + M(q).

[m]

=

DA
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Definition

Definition of a norm function M : T, — w.
M(0) := 0.
M(Ao(k,q) := 1+ M(p) + M(q).

Example
Let my = A1 (AQ(O)) —1.
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Definition
Definition of a norm function M : T, — w.
M(0) := 0.

M(Ao(k. q) :== 1+ M(p) + M(q).
Example

Let my = A;(A2(0)) — 1. Then my has k normal form A (A(0))
with a large / of size about k*.
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Definition
Definition of a norm function M : T, — w.
M(0) := 0.

M(As(k,q) :== 1+ M(p) + M(q).

Example

Let my = A;(A2(0)) — 1. Then my has k normal form A (A(0))
with a large / of size about k*. But

my = ASTTAVAS T AL ASTTALASTT (1) has term norm about
(k+1)-(k+1).
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Example

We say that a number m is in Wainer k normal form if
m = Ay(k, b) and mis not in the range of b — A, 1(k, b).
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Example

We say that a number m is in Wainer k normal form if
m = Aa(k, b) and mis not in the range of b — A,.1(k, b). Let
mo = A1 A0A§_1A2Ag_1 (1 )

Andreas Weiermann Generalized Goodstein sequences



Introduction
The Ackermann function example The sandwiching procedure
Extension to ATRq Examples
Extension to the Schwichtenberg Wainer hierarchy

Example

We say that a number m is in Wainer k normal form if
m = Aa(k, b) and mis not in the range of b — A,.1(k, b). Let
my = AjAcAN A, AS71(1). Then my is in Wainer k normal form.
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Example

We say that a number m is in Wainer k normal form if

m = Aa(k, b) and mis not in the range of b — A,.1(k, b). Let
my = AjAcAN A, AS71(1). Then my is in Wainer k normal form.
m, has norm about 2k.

Andreas Weiermann Generalized Goodstein sequences



Introduction
The Ackermann function example The sandwiching procedure
Extension to ATRq Examples
Extension to the Schwichtenberg Wainer hierarchy

Example

We say that a number m is in Wainer k normal form if

m = Aa(k, b) and mis not in the range of b — A,.1(k, b). Let
my = AjAcAS A, AS71(1). Then my is in Wainer k normal form.
m, has norm about 2k. But m, = A§A,A;(0) which has term
norm about k.
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Example

We say that a number m is in Wainer k normal form if

m = Aa(k, b) and mis not in the range of b — A,.1(k, b). Let
my = AjAcAS A, AS71(1). Then my is in Wainer k normal form.
m, has norm about 2k. But m, = A§A,A;(0) which has term
norm about k. Moreover the Wainer normal form does not
satisfy (C6) and (C2).
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Example

We say that a number m is in Wainer k normal form if

m = Aa(k, b) and mis not in the range of b — A,.1(k, b). Let
my = AjAcAS A, AS71(1). Then my is in Wainer k normal form.
m, has norm about 2k. But m, = A§A,A;(0) which has term
norm about k. Moreover the Wainer normal form does not
satisfy (C6) and (C2). Let my := A "(Ax(A1(1))). Then using
the Wainer normal form we obtain

(mz —1)[k + k+1] > ma[k + k +1].
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Example

We say that a number m is in Wainer k normal form if

m = Aa(k, b) and mis not in the range of b — A,.1(k, b). Let
my = AjAcAS A, AS71(1). Then my is in Wainer k normal form.
m, has norm about 2k. But m, = A§A,A;(0) which has term
norm about k. Moreover the Wainer normal form does not
satisfy (C6) and (C2). Let my := A "(Ax(A1(1))). Then using
the Wainer normal form we obtain

(mg — 1)[k < k + 1] > ms[k «+ k + 1]. ltis currently open
whether the resulting Goodstein sequences terminate.
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Example

Let =«_nrF Aa(k, b). If we would define

mlk < k + 1] := Aa(k + 1, blk < k + 1]) then we would obtain a
resulting independence result for /¥,.
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Example

Let =«_nrF Aa(k, b). If we would define

mlk < k + 1] := Aa(k + 1, blk < k + 1]) then we would obtain a
resulting independence result for /X,. If we would define

mlk < k + 1] := Agkek+1)(k + 1, b) then we would presumably
obtain
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Example

Let =«x_nr Aa(k, b). If we would define

mlk < k + 1] := Aa(k + 1, blk < k + 1]) then we would obtain a
resulting independence result for /X,. If we would define

mlk < k + 1] := Agkek+1)(k + 1, b) then we would presumably
obtain non terminating resulting Goodstein sequences.
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Figure: An impression from Scheldevelde.
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The Ackermann function example

Extension to ATRq

Extension to the Schwichtenberg Wainer hierarchy

EXTENSION TO ATRg

To obtain an independence result for ATRy we just have to
define Ao(k, b) := k® instead of Aq(k, b) := b+ 1. Then
(C1)-(C5) and (C7) hold and one obtains a sharp independence
result for ATRg.
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Figure: The open sea.

=} =
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Sumimasen.
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EXTENSION TO THE SCHWICHTENBERG WAINER
HIERARCHY

Sumimasen. (Things are now becoming messy.)
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EXTENSION TO THE SCHWICHTENBERG WAINER
HIERARCHY

Sumimasen. (Things are now becoming messy.)
We assume given a canonical assignment of fundamental
sequences for the limits below &q.
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EXTENSION TO THE SCHWICHTENBERG WAINER
HIERARCHY

Sumimasen. (Things are now becoming messy.)

We assume given a canonical assignment of fundamental
sequences for the limits below &q.

Let Ao(k,b) := b+ 1.

Andreas Weiermann Generalized Goodstein sequences



Introduction
The Ackermann function example The sandwiching procedure
Extension to ATRg Applications
Extension to the Schwichtenberg Wainer hierarchy

EXTENSION TO THE SCHWICHTENBERG WAINER
HIERARCHY

Sumimasen. (Things are now becoming messy.)

We assume given a canonical assignment of fundamental
sequences for the limits below &q.

Let Ao(k,b) := b+ 1.

Let A, 1(k,0) := AX(k,-)(1)
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EXTENSION TO THE SCHWICHTENBERG WAINER
HIERARCHY

Sumimasen. (Things are now becoming messy.)

We assume given a canonical assignment of fundamental
sequences for the limits below &q.

Let Ao(k,b) := b+ 1.

Let A, 1(k,0) := A%(k,-)(1) and

Aoi1(k, b+ 1) := A5 (K, )(Aas1(k, b).
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EXTENSION TO THE SCHWICHTENBERG WAINER
HIERARCHY

Sumimasen. (Things are now becoming messy.)

We assume given a canonical assignment of fundamental
sequences for the limits below &q.

Let Ao(k,b) := b+ 1.

Let A..1(k,0) := AX(k,-)(1) and

Acsi(k,b+1) = AL(K, ) (Aasa(K, )

If « is a limit then put A (k,0) := A,,(k,0) where ag = «[0] and
kst = a[Au, (k,O)].
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EXTENSION TO THE SCHWICHTENBERG WAINER
HIERARCHY

Sumimasen. (Things are now becoming messy.)

We assume given a canonical assignment of fundamental
sequences for the limits below &q.

Let Ao(k,b) := b+ 1.

Let A, 1(k,0) := A%(k,-)(1) and

Aoi1(k, b+ 1) := A5 (K, )(Aas1(k, b).

If o is & limit then put A,(k,0) := A,,(k,0) where ag = «[0] and
akt+1 = afAq, (k,0)]. Moreover put A,(k,b+ 1) := A, (k,0)
where ap = af[A.(k, b)] and ax;1 = afA,, (k, 0)].
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Applications

We write A, (b) for A,(k, b). Let m > 0 be given.

[m]

=
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We write A, (b) for A.(k, b). Let m > 0 be given.
Choose oy maximal such that A,,(k,0) < m < A,,+1(0).

Andreas Weiermann Generalized Goodstein sequences



Introduction
The Ackermann function example The sandwiching procedure
Extension to ATRg Applications
Extension to the Schwichtenberg Wainer hierarchy

We write A, (b) for A.(k, b). Let m > 0 be given.
Choose oy maximal such that A,,(k,0) < m < A,,+1(0). Choose
by such that A,,(by) < m < Ay(bo +1).
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We write A, (b) for A.(k, b). Let m > 0 be given.
Choose oy maximal such that A,,(k,0) < m < A,,+1(0). Choose
by such that A,,(by) < m < A,,(bo + 1). Assume recursively that

A, (b)) <m<A,,(b-+1).

Andreas Weiermann Generalized Goodstein sequences



Introduction
The Ackermann function example The sandwiching procedure
Extension to ATRg Applications
Extension to the Schwichtenberg Wainer hierarchy

We write A, (b) for A.(k, b). Let m > 0 be given.
Choose oy maximal such that A,,(k,0) < m < A,,+1(0). Choose
by such that A,,(by) < m < A,,(bo + 1). Assume recursively that

A, (b)) <m<A,,(b-+1).

If A,,(b;) = mthen m=,_nr A,,(br).

Andreas Weiermann Generalized Goodstein sequences



Introduction
The Ackermann function example The sandwiching procedure
Extension to ATRg Applications
Extension to the Schwichtenberg Wainer hierarchy

We write A, (b) for A.(k, b). Let m > 0 be given.
Choose oy maximal such that A,,(k,0) < m < A,,+1(0). Choose
by such that A,,(by) < m < A,,(bo + 1). Assume recursively that

A, (b)) <m<A,,(b-+1).

If A,,(b;) = mthen m=,_nr A,,(br).
We may assume ag > 0.
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Recap: A,,(b;) < m < A, (br +1).
Case 2. a, =~ +1.




The sandwiching procedure
Applications

Recap: A,,(b;) < m < A, (br +1).
Case 2. a, =~ +1.

Then A, (b;) < m < A,(-)*(Aa,(br)).

[m]

=

DA
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Recap: A, (b)) <m < A, (b +1).
Case 2. a, =y + 1.
Then A, (b)) < m < A, (") (A, (br)).

Case 2.1. A,(A. (b)) <m< A (KA, (br)).
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Recap: A, (b)) <m < A, (b +1).
Case 2. a, =y + 1.

Then A, (b)) < m < A, (") (A, (br)).
Case 2.1. A (A, (b))<m<A (V5 (As, (b))

Then choose b’ such that A,(b') < m < A,(b' +1).
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Recap: A, (b)) <m < A, (b +1).

Case 2. a, =y + 1.

Then A, (b)) < m < A, (") (A, (br)).

Case 2.1. A, (A, (b)) < m < A,(-)*(Aa, (b))

Then choose b’ suchthat A, (b') < m < A,(b/ +1). Let a1 =
and b, = b’ and sandwich recursively.
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Recap: A, (b)) <m < A, (b +1).
Case 2. a, =y + 1.

Then A, (b)) < m < A,(-)¥(A, (b,))
Case 2.1. A, (A, (b)) < m < A,(-)*(Aa, (b))

Then choose b’ suchthat A, (b') < m < A,(b/ +1). Let a1 =
and b, = b’ and sandwich recursively.

Case 2.2. A,,(b;) <m < A,(A.(br)).
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Recap: A, (b)) <m < A, (b +1).
Case 2. a, =y + 1.

Then A, (b)) < m < A,(-)¥(A, (b,))
Case 2.1. A, (A, (b)) < m < A,(-)*(Aa, (b))

Then choose b’ suchthat A, (b') < m < A,(b/ +1). Let a1 =
and b, = b’ and sandwich recursively.

Case 2.2. A,,(b;) <m < A,(A.(br)). Then~ > 0.
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Recap: A, (b;) < m< A, (br+1).
Case 2. a, =y + 1.

Then A, (b)) < m < A,(-)¥(A, (b,))
Case 2.1. A, (A, (b)) < m < A,(-)*(Aa, (b))

Then choose b’ suchthat A, (b') < m < A,(b/ +1). Let a1 =
and b, = b’ and sandwich recursively.

Case 2.2. A,,(b;) <m < A,(A.(br)). Then~ > 0.

Choose § be maximal such that As;(A.,(bo)) < m
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Recap: A, (b;) < m< A, (br+1).
Case 2. a, =y + 1.

Then A, (b)) < m < A,(-)¥(A, (b,))
Case 2.1. A, (A, (b)) < m < A,(-)*(Aa, (b))

Then choose b’ suchthat A, (b') < m < A,(b/ +1). Let a1 =
and b, = b’ and sandwich recursively.

Case 2.2. A,,(b;) <m < A,(A.(br)). Then~ > 0.

Choose § be maximal such that A;(A.,(bo)) < m. Then

As(Aag (b)) < M < Asi1(Aq, (bo)).
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Recap: A, (b;) < m< A, (br+1).
Case 2. a, =y + 1.

Then A, (b)) < m < A,(-)¥(A, (b,))
Case 2.1. A, (A, (b)) < m < A,(-)*(Aa, (b))

Then choose b’ suchthat A, (b') < m < A,(b/ +1). Let a1 =
and b, = b’ and sandwich recursively.

Case 2.2. A,,(b;) <m < A,(A.(br)). Then~ > 0.

Choose § be maximal such that A;(A.,(bo)) < m. Then
As(Auy(bo)) < m < Asi1(Aq,(bo)). Choose b” such that

As(b") < m < As(b" +1).
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Recap: A, (b;) < m< A, (br+1).
Case 2. a, =y + 1.

Then A, (b)) < m < A,(-)¥(A, (b,))
Case 2.1. A, (A, (b)) < m < A,(-)*(Aa, (b))

Then choose b’ suchthat A, (b') < m < A,(b/ +1). Let a1 =
and b, = b’ and sandwich recursively.

Case 2.2. A,,(b;) <m < A,(A.(br)). Then~ > 0.

Choose § be maximal such that A;(A.,(bo)) < m. Then
As(Auy(bo)) < m < Asi1(Aq,(bo)). Choose b” such that

As(b") <m< As(b" +1). Let a4 = 0 and b, = b” and
sandwich recursively.
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Case 3. a, =: X € Lim.

«a0)>» «F»r « =)»

a
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The sandwiching procedure
Applications

Case 3. a, =: X € Lim.

Case 3.1. AA[AA(br)](O) <m< AA(br + 1)

[m]

=

DA



The sandwiching procedure
Applications

Case 3. a, =: X € Lim.

Case 3.1. Aya,(6)(0) < m < Ay(b, + 1). Choose £ be maximal
such that A¢(0) < m.

[m]

=
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Case 3. a, =: A € Lim.

Case 3.1. Aya,(6)(0) < m < Ay(b, + 1). Choose £ be maximal
such that A:(0) < m. Then A¢(0) < m < Ac+1(0).
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Case 3. a, =: A € Lim.

Case 3.1. Aya,(6)(0) < m < Ay(b, + 1). Choose £ be maximal
such that A:(0) < m. Then A¢(0) < m < A¢+1(0). Choose b”
such that A:(b") < m < A(b" +1).
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Case 3. a, =: X € Lim.

Case 3.1. Aya,(6)(0) < m < Ay(b, + 1). Choose £ be maximal
such that A:(0) < m. Then A¢(0) < m < A¢+1(0). Choose b”
such that A:(b"”) < m < A:(b” +1). Let a4 := € and

b1 := b" and sandwich recursively.
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Case 3. a, =: A € Lim.

Case 3.1. Aya,(6)(0) < m < Ay(b, + 1). Choose £ be maximal
such that A:(0) < m. Then A¢(0) < m < A¢+1(0). Choose b”
such that A¢(b”) < m < A:(b"” +1). Let a1 := ¢ and

b1 := b" and sandwich recursively.

Case 3.2. A)\(br) <m< AA[A)\(b,)](O)-
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Case 3. a, =: X € Lim.

Case 3.1. Aya,(6)(0) < m < Ay(b, + 1). Choose £ be maximal
such that A:(0) < m. Then A¢(0) < m < A¢+1(0). Choose b”
such that A¢(b”) < m < A:(b"” +1). Let a1 := ¢ and

b1 := b" and sandwich recursively.

Case 3.2. A)\(br) <m< AA[A)\(b,)](O)-

We may assume Ay(Axr(br)) < m.
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Case 3. a, =: X € Lim.

Case 3.1. Aya,(6)(0) < m < Ay(b, + 1). Choose £ be maximal
such that A:(0) < m. Then A¢(0) < m < A¢+1(0). Choose b”
such that A¢(b”) < m < A:(b"” +1). Let a1 := ¢ and

b1 := b" and sandwich recursively.

Case 3.2. A)\(br) <m< AA[AA(br)](O)-

We may assume Ay(Axr(br)) < m.

Choose 7 be maximal such that A, (A.(b;)) < m.
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Case 3. a, =: X € Lim.

Case 3.1. Aya,(6)(0) < m < Ay(b, + 1). Choose £ be maximal
such that A:(0) < m. Then A¢(0) < m < A¢+1(0). Choose b”
such that A¢(b”) < m < A:(b"” +1). Let a1 := ¢ and

b1 := b" and sandwich recursively.

Case 3.2. A)\(br) <m< AA[AA(br)](O)-

We may assume Ay(Axr(br)) < m.

Choose 7 be maximal such that A,(Ax(br)) < m. Then

A (Ar(br)) < m < Ay1(Ar(br)).
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Case 3. a, =: A € Lim.

Case 3.1. Aya,(6)(0) < m < Ay(b, + 1). Choose £ be maximal
such that A:(0) < m. Then A¢(0) < m < A¢+1(0). Choose b”
such that A¢(b”) < m < A:(b"” +1). Let a1 := ¢ and

b1 := b" and sandwich recursively.

Case 3.2. A)\(br) <m< AA[AA(br)](O)-

We may assume Ay(Axr(br)) < m.

Choose 7 be maximal such that A,(Ax(br)) < m. Then

A, (Ax(br)) < m < A,+1(Ax(br)). Choose b" such that

A, (") <m<A,b0"+1). Let aryq :=nand b1 := b" and
sandwich recursively.
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Definition
Let O[k «+ k+1]:=0.




Definition
Let 0[k — k+ 1] =0.Let m=x_nF Aa(k, b)




The sandwiching procedure
Applications

Definition

Let O[k < k + 1] := 0. Let m =4_nr An(k, b). Then
mlk < k +1] := Aujkers1)(k + 1, b[k < k +1])

[m]

=

DA



The sandwiching procedure
Applications

Definition
Let O[k < k + 1] := 0. Let m =,_nr An(k, b). Then

mlk < k +1] := Aujkers1)(k + 1, b[k < k +1])
where for o =y w® - My + - -+ + W - My

[m] = -

DA
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Definition

Let O[k < k + 1] := 0. Let m =x_nr An(k, b). Then
m[k — K+ 1] = Aa[k<—k+1](k + 1,b[k — K+ 1])
where for a =yg w* - my + - - - + W% - My we have put

alk — k+1] = wak 1 milk « k+1]
4o kKT my [k k4-1].
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Definition
Let m < w.

«Or < Fr <=

a

fHac



Definition

Let m < w. Put mp := m.

(O ATy =

v

Q>



The sandwiching procedure
Applications

Definition

and my > 0.

Let m < w. Put mg := m. Assume recursively that my is defined

[m]

=

DA
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Definition

Let m < w. Put my := m. Assume recursively that my is defined
and my > 0. Then my1 = my[k +2 < k+ 3] — 1. If m, = 0 then
My = 0.
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Definition

Let m < w. Put my := m. Assume recursively that my is defined
and my > 0. Then my1 = my[k +2 < k+ 3] — 1. If m, = 0 then
My = 0.

Let 9 be the Howard Bachmann ordinal.
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Definition

Let m < w. Put my := m. Assume recursively that my is defined
and my > 0. Then my1 = my[k +2 < k+ 3] — 1. If m, = 0 then
My = 0.

Let 9 be the Howard Bachmann ordinal.

Definition
Let Y0 :=0.
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Definition

Let m < w. Put my := m. Assume recursively that my is defined
and my > 0. Then my1 = my[k +2 < k+ 3] — 1. If m, = 0 then
My = 0.

Let 9 be the Howard Bachmann ordinal.

Definition
Let ¢k0 =0.Letm =Kk_NF Aa(k, b)
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Definition

Let m < w. Put my := m. Assume recursively that my is defined
and my > 0. Then my1 = my[k +2 < k+ 3] — 1. If m, = 0 then
My = 0.

Let 9 be the Howard Bachmann ordinal.

Definition

Let ©x0 := 0. Let m =,_nr Au(k, b). Then

Ym = 19(Q - ko~ T/ka)
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Definition

Let m < w. Put my := m. Assume recursively that my is defined
and my > 0. Then my1 = my[k +2 < k+ 3] — 1. If m, = 0 then
My = 0.

Let 9 be the Howard Bachmann ordinal.

Definition

Let ©x0 := 0. Let m =,_nr Au(k, b). Then

em = 9(Q - Yra + Y b) where for

@ =cNF W My - WS- My
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Definition

Let m < w. Put my := m. Assume recursively that my is defined
and my > 0. Then my1 = my[k +2 < k+ 3] — 1. If m, = 0 then
My = 0.

Let 9 be the Howard Bachmann ordinal.

Definition

Let ©x0 := 0. Let m =,_nr Au(k, b). Then

em = 9(Q - Yra + Y b) where for

a =cnNF W - My + - -+ w* - m, we have put

wk@ — Q¥k . wkm1 4+t Qkok . wkmk-
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We can prove (C1)-(C5) in this context.




The sandwiching procedure
Applications

We can prove (C1)-(C5) in this context.
Theorem

PA -+ PRWO(10) I- (V/)(Zk)my = 0).

[m]

=

DA
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We can prove (C1)-(C5) in this context.

Theorem

PA + PRWO(no) F (V1)(3k)my = 0).

We believe being able to prove (C7) and that
(N} = CA)g 7 (VI)(3k)my = 0).
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We can prove (C1)-(C5) in this context.

Theorem
PA + PRWO(no) F (V1)(3k)my = 0).
We believe being able to prove (C7) and that

(N} — CA)y t# (VI)(3k)my = 0). Moreover we want to go far
beyond 7.
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We can prove (C1)-(C5) in this context.

Theorem

PA + PRWO(no) F (VI)(3k)m, = 0).

We believe being able to prove (C7) and that

(N} — CA)y t# (VI)(3k)my = 0). Moreover we want to go far

beyond 7. This might confront us with a rough sea of
complications.
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We can prove (C1)-(C5) in this context.

Theorem

PA + PRWO(no) F (VI)(3k)m, = 0).

We believe being able to prove (C7) and that

(N} — CA)y t# (VI)(3k)my = 0). Moreover we want to go far
beyond 7. This might confront us with a rough sea of
complications. A longterm goal will be to classify the second
recursively inaccessible ordinal which we conjecture being equal
to 1o(Qq,)-
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Arigato. (Thank you for listening.)
The basics of sub recursion theory will be covered in the
September summer school.
Andreas Weiermann
Andreas.Weiermann@UGent.be
Department of Mathematics
Ghent University

Krijgslaan 281

Building S25

9000 Ghent

Belgium
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