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Finitary algebras as non-flat Scott information systems

» An algebra ¢ is given by its constructors.
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Finitary algebras as non-flat Scott information systems

» An algebra ¢ is given by its constructors.

» Examples:

oV SN=N " for N (unary natural numbers),
1",5(';*", SP=P for P of (binary positive numbers),

0P (axiom) and CP—~P=D (yule) for D (derivations).
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» An algebra ¢ is given by its constructors.

» Examples:

oV SN=N " for N (unary natural numbers),
1",5(';*", SP=P for P of (binary positive numbers),
0P (axiom) and CP—~P=D (yule) for D (derivations).

» Examples of “information tokens’: S"0 (n > 0), S?+ (in N),
C(CO0%)(C%0) (in D) (*: special symbol; no information).
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Finitary algebras as non-flat Scott information systems

» An algebra ¢ is given by its constructors.

» Examples:

oV SN=N " for N (unary natural numbers),
1",5(';*", SP=P for P of (binary positive numbers),
0P (axiom) and CP—~P=D (yule) for D (derivations).
» Examples of “information tokens’: S"0 (n > 0), S?+ (in N),
C(CO0%)(C%0) (in D) (*: special symbol; no information).

» An information token is total if it contains no .
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Finitary algebras as non-flat Scott information systems

v

An algebra ¢ is given by its constructors.

v

Examples:

oV SN=N " for N (unary natural numbers),
1",5(';*", SP=P for P of (binary positive numbers),

0P (axiom) and CP—~P=D (yule) for D (derivations).

v

Examples of “information tokens’: S"0 (n > 0), S%* (in N),
C(CO0%)(C%0) (in D) (*: special symbol; no information).

An information token is total if it contains no .

v

v

In D: total token ~ finite (well-founded) derivation.
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Finitary algebras: consistency, entailment, ideals

For D (derivations):
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Finitary algebras: consistency, entailment, ideals

For D (derivations):
» {COx,Cx0} is “consistent”, written COx T Cx0.
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Finitary algebras: consistency, entailment, ideals

For D (derivations):
» {COx,Cx0} is “consistent”, written COx T Cx0.
> {CO0x,Cx0} - CO0 (“entails™).
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For D (derivations):

» {COx,Cx0} is “consistent”, written COx T Cx0.
> {CO0x,Cx0} - CO0 (“entails™).

» lIdeals: consistent and “deductively closed” sets of tokens.
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Finitary algebras: consistency, entailment, ideals

For D (derivations):
» {COx,Cx0} is “consistent”, written COx T Cx0.
> {CO0x,Cx0} - CO0 (“entails™).

» lIdeals: consistent and “deductively closed” sets of tokens.
Examples of ideals:

> {COx, Cxx}.
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Finitary algebras: consistency, entailment, ideals

For D (derivations):

» {COx,Cx0} is “consistent”, written COx T Cx0.

» {COx,Cx0} F CO0O0 ( “entails").

» lIdeals: consistent and “deductively closed” sets of tokens.
Examples of ideals:

> {COx*, Cxx}.

» {C00, COx, Cx0, Cxx}.
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Finitary algebras: consistency, entailment, ideals

For D (derivations):

» {COx,Cx0} is “consistent”, written COx T Cx0.

» {COx,Cx0} F CO0O0 ( “entails").

» lIdeals: consistent and “deductively closed” sets of tokens.
Examples of ideals:

> {COx*, Cxx}.

» {C00, COx, Cx0, Cskox}.

» The deductive closure of a finite (well-founded) derivation.
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Finitary algebras: consistency, entailment, ideals

For D (derivations):

» {COx,Cx0} is “consistent”, written COx T Cx0.

» {COx,Cx0} F CO0O0 ( “entails").

» lIdeals: consistent and “deductively closed” sets of tokens.
Examples of ideals:

> {COx*, Cxx}.

» {C00, COx, Cx0, Cskox}.

» The deductive closure of a finite (well-founded) derivation.

> {Csxx, C(Cxx)x, Cx(Cxx), C(Cxx)(Cxx), ... } ("cototal™).
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Finitary algebras: consistency, entailment, ideals

For D (derivations):

» {COx,Cx0} is “consistent”, written COx T Cx0.

» {COx,Cx0} F CO0O0 ( “entails").

» lIdeals: consistent and “deductively closed” sets of tokens.
Examples of ideals:

> {COx*, Cxx}.

» {C00, COx, Cx0, Cskox}.

» The deductive closure of a finite (well-founded) derivation.

> {Csxx, C(Cxx)x, Cx(Cxx), C(Cxx)(Cxx), ... } ("cototal™).

» Locally correct, but possibly non well-founded derivations
(Mints 1978).

Helmut Schwichtenberg (j.w.w. Simon Huber, Basil Karadais) Formal computability



Tokens and entailment for N
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Constructors as continuous functions

» Continuous maps f: [N| — |N| (see below) are monotone:
xCy—fixCiy.
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Constructors as continuous functions

» Continuous maps f: [N| — |N| (see below) are monotone:
xCy—fixCiy.

» Easy: every constructor gives rise to a continuous function.
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Constructors as continuous functions

» Continuous maps f: [N| — |N| (see below) are monotone:
xCy—fixCiy.
» Easy: every constructor gives rise to a continuous function.

» Want: constructors have disjoint ranges and are injective
(cf. the Peano axioms Sx # 0 and Sx = Sy — x = y).
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Constructors as continuous functions

» Continuous maps f: [N| — |N| (see below) are monotone:
xCy—fixCiy.
» Easy: every constructor gives rise to a continuous function.

» Want: constructors have disjoint ranges and are injective
(cf. the Peano axioms Sx # 0 and Sx = Sy — x = y).

» This holds for non-flat algebras, but not for flat ones:

0 S0 S(S0)
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Constructors as continuous functions

» Continuous maps f: [N| — |N| (see below) are monotone:
xCy—fixCiy.

» Easy: every constructor gives rise to a continuous function.

» Want: constructors have disjoint ranges and are injective
(cf. the Peano axioms Sx # 0 and Sx = Sy — x = y).

» This holds for non-flat algebras, but not for flat ones:

0 S0 S(S0)

There constructors must be strict (i.e., CX(}y = ), hence

In P: S10 =0 = S,0,
In D:  C({0} =0 = C{0}0.
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Types

» Every mathematical object has a type.
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» Every mathematical object has a type.

» Types: built from base types (i.e., algebras) by p — o, p X 0.
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Types

» Every mathematical object has a type.
» Types: built from base types (i.e., algebras) by p — o, p X 0.

> p X o can be seen as finitary algebra with two parameters.
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Types

» Every mathematical object has a type.
» Types: built from base types (i.e., algebras) by p — o, p X 0.
> p X o can be seen as finitary algebra with two parameters.

» Types and propositions are kept separate.
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Types

Every mathematical object has a type.
Types: built from base types (i.e., algebras) by p — o, p X 0.
p X o can be seen as finitary algebra with two parameters.

Types and propositions are kept separate.

vV v.v. v Y

Non-dependent types suffice.
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The Scott-Ershov model of partial continuous functionals

» Let A = (A,Cona,Fa), B=(B,Cong,tg) be information
systems (Scott). Function space: A — B :=(C, Con, ),
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» Let A = (A,Cona,Fa), B=(B,Cong,tg) be information
systems (Scott). Function space: A — B := (C, Con, ), with

C :=Congy x B,
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The Scott-Ershov model of partial continuous functionals

» Let A =(A,Congp,a), B=(B,Cong,Fpg) be information
systems (Scott). Function space: A — B := (C, Con, ), with
C :=Congy x B,

{(U,', b,')},'e/ € Con := VJg/(U UJ S COHA — {bj}je_j S COHB),
jed

Helmut Schwichtenberg (j.w.w. Simon Huber, Basil Karidais) Formal computability



The Scott-Ershov model of partial continuous functionals

» Let A =(A,Congp,a), B=(B,Cong,Fpg) be information
systems (Scott). Function space: A — B := (C, Con, ), with
C :=Congy x B,

{(U,', b,')},'e/ € Con := VJg/(U UJ S COHA — {bj}je_j S COHB),
Jjed
{(Ui, bi)}ietr FU:=({bi | UFa Ui} Fg U).
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The Scott-Ershov model of partial continuous functionals
» Let A =(A,Congp,a), B=(B,Cong,Fpg) be information
systems (Scott). Function space: A — B := (C, Con, ), with
C :=Congy x B,
{(U,', b,')},'e/ € Con := VJg/(U UJ S COHA — {bj}je_j S COHB),
Jjed
{(Ui, bi)}ietr FU:=({bi | UFa Ui} Fg U).

» Partial continuous functionals of type p: the ideals in C,.

CL = (Tok“ COIlL, |_L)) Cpﬂg = Cp I CU'
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The Scott-Ershov model of partial continuous functionals

> Let A= (A, Cong,ta), B=(B,Cong,tg) be information
systems (Scott). Function space: A — B := (C, Con, ), with
C :=Congy x B,
{(U,', b,')},'e/ € Con := VJg/(U UJ S COHA — {bj}je_j € COHB),

Jjed

{(Ui, bi)}ietr FU:=({bi | UFa Ui} Fg U).

» Partial continuous functionals of type p: the ideals in C,,.

CL = (Tok“ COIlL, |_L)) Cpﬂg = Cp I CU'

» f € |C,|: limit of formal neighborhoods U € Con,_.,.
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The Scott-Ershov model of partial continuous functionals
» Let A = (A,Cona,Fa), B=(B,Cong,tg) be information
systems (Scott). Function space: A — B := (C, Con, ), with

C :=Congy x B,
{(U,', b,')},'e/ € Con := VJg/(U UJ S COHA — {bj}je_j € COHB),
JjeJ
{(Ui, bi)Yier HU=({bi | UFa Ui} g U).
» Partial continuous functionals of type p: the ideals in C,,.

CL = (Tok“ COIlL, |_L)) Cpﬂg = Cp I CU'

» f € |C,|: limit of formal neighborhoods U € Con,_.,.
» f € |C,| computable: r.e. limit.
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Terms

» Terms are built from (typed) variables and (typed) constants
(constructors C or defined constants D, see below):

/\//, N = xP | (ol ’ DP | ()\XpMa)pHa ’ (MpHaNp)a_
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Terms

» Terms are built from (typed) variables and (typed) constants
(constructors C or defined constants D, see below):

M, N ::=xP | C* | D? | (Awe M?)P™7 | (MP™7 NP)°.

» Every defined constant D comes with a system of
computation rules DP;(y;) = M; with FV(M;) C y;.
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Terms

» Terms are built from (typed) variables and (typed) constants
(constructors C or defined constants D, see below):

M, N ::=xP | C* | D? | (Awe M?)P™7 | (MP™7 NP)°.

» Every defined constant D comes with a system of
computation rules DP;(;) = M; with FV(M;) C ;.

> 13,()7,) “constructor patterns”, i.e., lists of applicative terms
built from constructors and distinct variables, with each
constructor C occurring in a context CP (of base type). We

assume that P; and ,E’j for i # j are non-unifiable.
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Terms

» Terms are built from (typed) variables and (typed) constants
(constructors C or defined constants D, see below):

M, N ::=xP | C* | D? | (Awe M?)P™7 | (MP™7 NP)°.

» Every defined constant D comes with a system of
computation rules DP;(;) = M; with FV(M;) C ;.

> 13,()7,) “constructor patterns”, i.e., lists of applicative terms
built from constructors and distinct variables, with each
constructor C occurring in a context CP (of base type). We

assume that P; and ,E’j for i # j are non-unifiable.

Examples:
> Predecessor P: N — N, defined by PO =0, P(Sn) = n,
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Terms

» Terms are built from (typed) variables and (typed) constants
(constructors C or defined constants D, see below):

M, N ::=xP | C* | D? | (Awe M?)P™7 | (MP™7 NP)°.

» Every defined constant D comes with a system of
computation rules DP;(;) = M; with FV(M;) C ;.

> 13,()7,) “constructor patterns”, i.e., lists of applicative terms
built from constructors and distinct variables, with each
constructor C occurring in a context CP (of base type). We

assume that P; and ,E’j for i # j are non-unifiable.

Examples:
> Predecessor P: N — N, defined by PO =0, P(Sn) = n,
» Godel's primitive recursion operators
Ry:N—7— (N —7—7)— 7 with computation rules
ROfg = f, R(Sn)fg = gn(Rnfg),
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Terms

» Terms are built from (typed) variables and (typed) constants
(constructors C or defined constants D, see below):

M, N ::=xP | C* | D? | (Awe M?)P™7 | (MP™7 NP)°.

» Every defined constant D comes with a system of
computation rules DP;(;) = M; with FV(M;) C ;.

> 13,()7,) “constructor patterns”, i.e., lists of applicative terms
built from constructors and distinct variables, with each
constructor C occurring in a context CP (of base type). We

assume that P; and ,E’j for i # j are non-unifiable.

Examples:
> Predecessor P: N — N, defined by PO =0, P(Sn) = n,
» Godel's primitive recursion operators
Ry:N—7— (N —7—7)— 7 with computation rules
ROfg = f, R(Sn)fg = gn(Rnfg), and
> the least-fixed-point operators Y, of type (p — p) — p
defined by the computation rule Y,f = f(Y,f).
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Denotational semantics

For every closed term A\zM of type p'— o we inductively define a
set [AxM] of tokens of type g — o.
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Denotational semantics

For every closed term A\zM of type p'— o we inductively define a
set [AxM] of tokens of type g — o.

U b
(U,b) € [Aexi]
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Denotational semantics

For every closed term A\zM of type p'— o we inductively define a
set [AxM] of tokens of type g — o.

(0,V,c)e[xsM] (U, V) C [A:N]
(U,c) € Pe(MN)]

U kb

P T — V),
(U, b) S |I)\;X,‘]]

(A)-
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Denotational semantics

For every closed term A\zM of type p'— o we inductively define a
set [AxM] of tokens of type g — o.

Uk b y (0,V,c)e[xsM] (U, V) C [A:N]
(U,b) € Pexi] (U,c) € Pe(MN)]

(A).
For every constructor C and defined constant D:

Vb
(U, V,Ch*) € [M+C]

(C)7
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Denotational semantics

For every closed term A\zM of type p'— o we inductively define a
set [AxM] of tokens of type g — o.

Ui+ b y (U, V,c) € [)sM] (U,V)g[[)\;N]]()
(U,b) € Pex] (U, c) € =(MN)] '

For every constructor C and defined constant D:

Vb (©) (U,V,b) e PgyMl  WE ﬁ(V)(D)
(U,V.Ch) e sCT (U, W,b) € [\<D] ’

with one rule (D) for every computation rule DP(¥) = M. Note:

(U, b) denotes (Uy, ... (Upn, b)...),
(U, V) C [AxM] means (U, b) € [AsM] for all b e V.
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Theorem

» For every term M, [AzxM] is an ideal.
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Theorem

» For every term M, [AzxM] is an ideal.

» If a term M converts to M’ by (3n-conversion or application of
a computation rule, then [M] = [M'].
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Theorem
» For every term M, [AzxM] is an ideal.
» If a term M converts to M’ by (3n-conversion or application of

a computation rule, then [M] = [M'].

Let
with [M]Y == {b | (U,b) € [\sM] }.

V15 = UM

Formal computability
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Theorem
» For every term M, [AzxM] is an ideal.
» If a term M converts to M’ by (3n-conversion or application of

a computation rule, then [M] = [M'].

Let
with [M]Y == {b | (U,b) € [\sM] }.

X1y

V15 = UM

ci

A consequence of (A) is continuity of application:

C

¢ € [MN]E < 3ycquz((V, €) € [MI).

Formal computability
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Total functionals

The total ideals x of type p (notation x € G,) and an equivalence
relation x; =~ x» between them are defined inductively.
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Total functionals

The total ideals x of type p (notation x € G,) and an equivalence
relation x; =~ x» between them are defined inductively.

» For an algebra ¢, the total ideals x are those of the form CZ
with C a constructor of ¢ and Z total.
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Total functionals

The total ideals x of type p (notation x € G,) and an equivalence
relation x; =~ x» between them are defined inductively.
» For an algebra ¢, the total ideals x are those of the form CZ
with C a constructor of ¢ and Z total.
> x1 ~, x> iff both are of the form CZ; with the same
constructor C of ¢, and z;; =, z; for all j.
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Total functionals

The total ideals x of type p (notation x € G,) and an equivalence
relation x; =~ x» between them are defined inductively.
» For an algebra ¢, the total ideals x are those of the form CZ
with C a constructor of ¢ and Z total.
> x1 ~, x> iff both are of the form CZ; with the same
constructor C of ¢, and z;; =, z; for all j.

> f € Gpp iff Voeq, (2 € Gy).

Formal computability
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Total functionals

The total ideals x of type p (notation x € G,) and an equivalence
relation x; =~ x» between them are defined inductively.

» For an algebra ¢, the total ideals x are those of the form CZ
with C a constructor of ¢ and Z total.

> x1 ~, x> iff both are of the form CZ; with the same
constructor C of ¢, and z;; =, z; for all j.

> f € Gpp iff Voeq, (2 € Gy).
> For f,g € Gy define f =, ., g by Vxeq,(fx =5 gx).
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Total functionals

The total ideals x of type p (notation x € G,) and an equivalence
relation x; =~ x» between them are defined inductively.

» For an algebra ¢, the total ideals x are those of the form CZ
with C a constructor of ¢ and Z total.

> x1 ~, x> iff both are of the form CZ; with the same
constructor C of ¢, and z;; =, z; for all j.

> f € Gpp iff Voeq, (2 € Gy).
> For f,g € Gy define f =, ., g by Vxeq,(fx =5 gx).

Theorem (Ershov 1974, Longo & Moggi 1984)
x =,y implies fx =, fy, for x,y € G, and f € G,—,.
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Density

The total functionals are dense (w.r.t. the Scott topology) in the
space of all partial continuous functionals of type p.
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Density

The total functionals are dense (w.r.t. the Scott topology) in the
space of all partial continuous functionals of type p.

Theorem (Kreisel 1959, Ershov 1974, U. Berger 1993)

For every type p = p1 — ... — pp — L we have decidable formulas
TExt, and Sep,, (i =1,...,p) such that

> Yyecon,(U € {a| TExt,(U,a)} € G,) and
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Density

The total functionals are dense (w.r.t. the Scott topology) in the
space of all partial continuous functionals of type p.

Theorem (Kreisel 1959, Ershov 1974, U. Berger 1993)

For every type p = p1 — ... — pp — L we have decidable formulas
TExt, and Sep,, (i =1,...,p) such that

> Yyecon,(U € {a| TExt,(U,a)} € G,) and
> VYu,vecon, (U J,V —Zyv € GAUZyyv [, VZyv),

where EU,V =ZyVv,a1y---,2U,V,p and ZU,V,i = {a ’ SepL(U, V, a) }
Proof.
By induction on p. [
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Definability

There will be two kinds of (natural) numbers:
> total tokens in N, i.e., S"0 (“index numbers” n € N), and

» total ideals 7 of type N.
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Definability

There will be two kinds of (natural) numbers:
> total tokens in N, i.e., S"0 (“index numbers” n € N), and
» total ideals 7 of type N.
Fix enumerations
> (en)nen of all tokens, and
» (Ep)nen of all formal neighborhoods,

one for each type.
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The parallel conditional pcond: B — p — p — p
It is defined by the clauses
UFt— VFa— (U,V,W,a) € pcond,

Ukff - Wta— (U,V,W,a) € pcond,
VEa— Wka— (U,V,W,a) € pcond.
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The parallel conditional pcond: B — p — p — p
It is defined by the clauses
UFt— VFa— (U,V,W,a) € pcond,
Ukff - Wta— (U,V,W,a) € pcond,
VEa— Wka— (U,V,W,a) € pcond.

We also need the least-fixed-point axiom, which says that any set
of tokens (U, V, W, a) satisfying these is a superset of pcond.
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The parallel conditional pcond: B — p — p — p

It is defined by the clauses

UFt— VFa— (U,V,W,a) € pcond,

Ukff - Wta— (U,V,W,a) € pcond,

VEa— Wka— (U,V,W,a) € pcond.
We also need the least-fixed-point axiom, which says that any set
of tokens (U, V, W, a) satisfying these is a superset of pcond.

Lemma (Properties of pcond)
pcond is an ideal, and

tt € z — pcond(z, x,y) = x,
ff € z — peond(z, x,y) =y,
aEx—acy— acpcond(z,x,y).
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A continuous variant of the union for N

For ideals in N, the union (~ maximum) is not continuous.
Continuous variant: U#N#: N — N — N, defined by the clauses

Ubey,—VEn—UFa— (U,V,a)eUt,
{en}Fa— VEn—(U,V,a) e Uk,

plus the least-fixed-point axiom.
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A continuous variant of the union for N

For ideals in N, the union (~ maximum) is not continuous.

Continuous variant: U#N#: N — N — N, defined by the clauses
Ubey,—VEn—UFa— (U,V,a)eUt,
{en}Fa— VEn—(U,V,a) e Uk,

plus the least-fixed-point axiom.

Lemma (Properties of U )

Uy /s an ideal, and

Vaex(a T €n) — x Ul i = x U {en},
e, € x Ul 7.
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A continuous variant of consistency

Define Tf of type p — N — B by the clauses

Uk E,— VEn— (U,V, 1) el?,
acU—beE,—»VEn—ajb— (U V,fFer.

Again we require the least-fixed-point axiom.
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A continuous variant of consistency

Define Tf of type p — N — B by the clauses

Uk E,— VEn— (U,V, 1) el?,
acU—beE,—»VEn—ajb— (U V,fFer.

Again we require the least-fixed-point axiom.
Lemma (Properties of Tﬁ)

T# is an ideal, and

t€x#ne xDE,
ff € x Tﬁé N < Jaexbee,(a 1 b).
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A continuous variant of existence

Define 3 of type (N — B) — B by the clauses

U ({870}, 1) — (U, ) € 3,
Uk ({8"}, ) — Vica(U F ({80}, 7)) — (U, ) € 3,

plus the least-fixed-point axiom.
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A continuous variant of existence

Define 3 of type (N — B) — B by the clauses

U ({870}, 1) — (U, ) € 3,
Uk ({8"}, ) — Vica(U F ({80}, 7)) — (U, ) € 3,

plus the least-fixed-point axiom.

Lemma (Properties of 3)
3 is an ideal, and

tt € 3x < 3,(({S"0}, &t) € x),
ff € Ix — F,(({S™*}, ) € x AV, (({S0}, ff) € x).
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Definability

®: p — ¢ is called “recursive in Uﬁ, pcond and 17" if it can be
defined by a term involving the constructors for ¢ and N, the fixed
point operators Y), and predecessor, Uﬁ, pcond and Tf.
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Definability

®: p — ¢ is called “recursive in Uﬁ, pcond and 17" if it can be
defined by a term involving the constructors for ¢ and N, the fixed
point operators Y), and predecessor, Uﬁ, pcond and Tf.

Theorem (Plotkin 1977)

For an algebra v with at most unary constructors (e.g., N, B or P)
and ®: p — 1 a partial continuous functional , the following are
equivalent.

(a) ® is computable.

(b) @ is recursive in Uﬁ, pcond and T#.

(c) & is recursive in Uﬁ, pcond and 3.
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Proof of the definability theorem

(a) — (b). Let ®: p — ¢ be computable:
® = {(Em,egn) | n €N} with f,g prim. rec. functions

f: continuous extension of f to ideals, such that fn = fa. Show:
¢ definable by ®p = Yw,,0 with w,, of type (N — ¢) = N — &

w,1px 1= pcond(y Tf x,h(x +1) Uﬁ gx,P(x +1)).
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Proof of the definability theorem (continued)

Write w for w,,. Prove
Vo(a € w0R — Jpcicnin(p 2 En N {egt Fa)). (1)
by induction on k. Step k +— k + 1:
ae wkt?gn = W(Wk+1®)ﬁ = pcond(yp T# fn,v Uﬁ gn,v),
with v := wkT1((n+1). Then either a € v (— done by IH) or else
0 D Em N{egn} a.

Now ®¢ O YwO follows easily. Assume a € Yw0. Then
a € wkt1(0 for some k. By (1) there is an / with 0 < / < k such
that ¢ O Eg and {ey} - a. But this implies a € ®p.
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Proof of the definability theorem (continued)

Converse: assume a € ®p. Then (U, a) € ¢ for some U C ¢. By
assumption on ®: U = Eg, and a = ¢4, for some n. We show

acwp(n—k) for k <n.
by induction on k. Step k — k + 1: by definition of w (:= w,)

vi= wk20(n —k - 1)
= w(w*P)(n—k - 1)
= pcond(yp Tf f(n—k—1),v Uﬁ gln—k—1),v)

with v := w**(n — k). By IH: a € v; we show a € V' If a and
€g(n—k—1) are inconsistent, a € ®p and (Ef(n_k_1), €g(n—k—1)) € P
imply that ¢ U E¢(,_k_1) is inconsistent, hence

ffeop T# f(n— k —1) and therefore v/ = v.
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Proof of the definability theorem (continued)

If a and ey(,_k_1) are consistent, a and eg(,_x_1) are comparable,
since the underlying algebra ¢ has at most unary constructors.
> {eg(nk_1)} - a Then vUY g(n—k — 1) 2 {egnr_1)} I a,
and hence a € v/ because of a € v.
> {a} - eg(n—k—1). Then eg(,_x_1) € v because of a € v, hence
v Uﬁm = v and therefore again a € v'.
Now the converse inclusion ®p C waﬁ can be seen easily. Since
a € O, the claim just proved for k := n gives a € W£+1@6, and

this implies a € Yw,,0.
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TCF™

» Theory of Computable Functionals plus their finite
approximations, i.e., tokens and formal neighborhoods.
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TCF™

» Theory of Computable Functionals plus their finite
approximations, i.e., tokens and formal neighborhoods.

» Since continuous functionals (i.e., ideals) are possibly infinite
sets of tokens, TCF™ contains set variables x”.
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TCF™

» Theory of Computable Functionals plus their finite
approximations, i.e., tokens and formal neighborhoods.

» Since continuous functionals (i.e., ideals) are possibly infinite
sets of tokens, TCF™ contains set variables x”.

» The only existence axiom for sets will be X-comprehension.
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Types and token types

Recall that (object) types are built from base types ¢ by p — o.
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Types and token types

Recall that (object) types are built from base types ¢ by p — 0. In
addition for every (object) type p we have token types (named 7):

» Tokj, (extended tokens of type p),

» Tokj, (tokens of type p),

» LTok, (lists of tokens of type p),

» LTokj, (lists of extended tokens of type p).
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Types and token types

Recall that (object) types are built from base types ¢ by p — 0. In
addition for every (object) type p we have token types (named 7):

» Tokj, (extended tokens of type p),

» Tokj, (tokens of type p),

» LTok, (lists of tokens of type p),

» LTokj, (lists of extended tokens of type p).

We inductively define the extended tokens of D, given by the
constructors 0P (axiom) and CP—~P=P (rule). The clauses are

Tokp(x), Tokp(0°),

Tok (a}) — Tokp(ah) — Tokiy(CP~P~Paral).
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Types and token types

Recall that (object) types are built from base types ¢ by p — 0. In
addition for every (object) type p we have token types (named 7):

» Tokj, (extended tokens of type p),

» Tokj, (tokens of type p),

» LTok, (lists of tokens of type p),

» LTokj, (lists of extended tokens of type p).

We inductively define the extended tokens of D, given by the
constructors 0P (axiom) and CP—~P=P (rule). The clauses are

Tokp(x), Tokp(0°),

Tok (a}) — Tokp(ah) — Tokiy(CP~P~Paral).

Similarly for Tok}, LTok,, LTok;‘).
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Functions of token-valued types 7 — 7

Example: €p: Tokp — LTokp — Tokg. Recursion equations:

(a* €p nil) := ff,
(2" €p (b" ::ip U)) :==(a* =p b*) Vg a* € U,
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Functions of token-valued types 7 — 7

Example: €p: Tokp — LTokp — Tokg. Recursion equations:

(a* €p nil) := ff,
(2" €p (b" ::ip U)) :==(a* =p b*) Vg a* € U,

where equality =p: Tokp — Tokp — Tokg is defined by

(*=p ) :=(0=p 0) :=

(*x=p0):=(x=p Cala2) ff,

(0 =p *) := (0 =p Cajajy) := ff,

(Caja; =p ) := (Caja; =p 0) :=ff,

(Caja; =p Cbib;) := (a] =p b1) Ns (33 =D b3),

and Vg, Ag: Tokg — Tokg — Tokpg are defined by tt Vg b := tt,
ffvgb:=b, ff Agb:=ff and tt Ag b := b.
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Functions of token-valued types 7 — 7

Example: €p: Tokp — LTokp — Tokg. Recursion equations:

(a* €p nil) := ff,
(2" €p (b" ::ip U)) :==(a* =p b*) Vg a* € U,

where equality =p: Tokp — Tokp — Tokg is defined by

(*=p*):=(0=p0):=
(*x=p0):=(x=p Cala2) ff,
(0 =p *) := (0 =p Caja;) :=ff,
(Caja; =p ) := (Caja; =p 0) :=ff,
(Caya; =p Cbib;) := (ay =p b1) M (a2 =D b3),
and Vg, Ag: Tokg — Tokg — Tokpg are defined by tt Vg b := tt,

ffvgb:=b, ff Agb:=ff and tt Ag b:= b.
Similarly: F: LTokp — Tokp — Tokg, Con: LTokp — Tokg etc.
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Tokens of higher type

Tokens of a function type p — o are pairs (U, a) of lists of tokens
of type p and tokens of type o.
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Tokens of higher type

Tokens of a function type p — o are pairs (U, a) of lists of tokens
of type p and tokens of type o. Both projections are given by
functions 71, mo>.
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Tokens of higher type

Tokens of a function type p — o are pairs (U, a) of lists of tokens
of type p and tokens of type o. Both projections are given by
functions 7y, mp. Consistency of lists of tokens, application WU
and entailment W t (U, a) can be defined as described as above.
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Tokens of higher type

Tokens of a function type p — o are pairs (U, a) of lists of tokens
of type p and tokens of type o. Both projections are given by
functions 7y, mp. Consistency of lists of tokens, application WU
and entailment W t (U, a) can be defined as described as above.

> Variables a* for Tok}, a for Tok,, U for LTok,.
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Tokens of higher type

Tokens of a function type p — o are pairs (U, a) of lists of tokens
of type p and tokens of type o. Both projections are given by
functions 7y, mp. Consistency of lists of tokens, application WU
and entailment W t (U, a) can be defined as described as above.

> Variables a* for Tok}, a for Tok,, U for LTok,.
» From these, the symbols for token-valued functions and
constants for the constructors for tokens, extended tokens and

lists of these we can build terms of token types.
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Tokens of higher type

Tokens of a function type p — o are pairs (U, a) of lists of tokens
of type p and tokens of type o. Both projections are given by
functions 7y, mp. Consistency of lists of tokens, application WU
and entailment W t (U, a) can be defined as described as above.

> Variables a* for Tok}, a for Tok,, U for LTok,.
» From these, the symbols for token-valued functions and
constants for the constructors for tokens, extended tokens and

lists of these we can build terms of token types.

» We identify terms of token type if they have the same normal
form w.r.t. the defining primitive recursion equations for the
token-valued functions involved.
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Formulas

» Prime A-formulas: atom(p), with p term of token type Tokg.
Examples: a1, b, a€, U, U, a (i.e,, atom(a 1, b) etc.)
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Formulas

» Prime A-formulas: atom(p), with p term of token type Tokg.
Examples: a1, b, a€, U, U, a (i.e,, atom(a 1, b) etc.)

» A-formulas: from prime A-formulas by —, A,V, V ey, Jocu.
with a a variable for tokens and U a term for a list of tokens.
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Formulas

» Prime A-formulas: atom(p), with p term of token type Tokg.
Examples: a1, b, a€, U, U, a (i.e,, atom(a 1, b) etc.)

» A-formulas: from prime A-formulas by —, A,V, V ey, Jocu.
with a a variable for tokens and U a term for a list of tokens.

» Variables x” and constants of (object) type p, intended to
denote sets of tokens. Constants: [AzM], Uﬁ, pcond, T#.
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Formulas

» Prime A-formulas: atom(p), with p term of token type Tokg.
Examples: a1, b, a€, U, U, a (i.e,, atom(a 1, b) etc.)

» A-formulas: from prime A-formulas by —, A,V, V ey, Jocu.
with a a variable for tokens and U a term for a list of tokens.

» Variables x” and constants of (object) type p, intended to
denote sets of tokens. Constants: [AzM], Uﬁ, pcond, T#.

» Prime Y-formulas: prime A-formulas or of the form r €, x,
with r: Tok, a term and x a variable or constant of type p.
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Formulas

» Prime A-formulas: atom(p), with p term of token type Tokg.
Examples: a1, b, a€, U, U, a (i.e,, atom(a 1, b) etc.)

» A-formulas: from prime A-formulas by —, A,V, V ey, Jocu.
with a a variable for tokens and U a term for a list of tokens.

» Variables x” and constants of (object) type p, intended to
denote sets of tokens. Constants: [AzM], Uﬁ, pcond, T#.

» Prime Y-formulas: prime A-formulas or of the form r €, x,
with r: Tok, a term and x a variable or constant of type p.

» Y-formulas: (i) prime X-formulas, (ii) Agp — B with Ag a A-
and B a ¥-formula, and (iii) closed under A, V, V,&y, J.eu
and existential quantifiers over variables of a token type.
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Formulas

» Prime A-formulas: atom(p), with p term of token type Tokg.
Examples: a1, b, a€, U, U, a (i.e,, atom(a 1, b) etc.)

» A-formulas: from prime A-formulas by —, A,V, V ey, Jocu.
with a a variable for tokens and U a term for a list of tokens.

» Variables x” and constants of (object) type p, intended to
denote sets of tokens. Constants: [AzM], Uﬁ, pcond, T#.

» Prime Y-formulas: prime A-formulas or of the form r €, x,
with r: Tok, a term and x a variable or constant of type p.

» Y-formulas: (i) prime X-formulas, (ii) Agp — B with Ag a A-
and B a ¥-formula, and (iii) closed under A, V, V,&y, J.eu
and existential quantifiers over variables of a token type.

» Prime formulas: prime X-formulas or G,x (totality of x) or
x =, y (equivalence of x and y); x, y variables or constants.
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Formulas

» Prime A-formulas: atom(p), with p term of token type Tokg.
Examples: a1, b, a€, U, U, a (i.e,, atom(a 1, b) etc.)

» A-formulas: from prime A-formulas by —, A,V, V ey, Jocu.
with a a variable for tokens and U a term for a list of tokens.

» Variables x” and constants of (object) type p, intended to
denote sets of tokens. Constants: [AzM], Uﬁ, pcond, T#.

» Prime Y-formulas: prime A-formulas or of the form r €, x,
with r: Tok, a term and x a variable or constant of type p.

» Y-formulas: (i) prime X-formulas, (ii) Agp — B with Ag a A-
and B a ¥-formula, and (iii) closed under A, V, V,&y, J.eu
and existential quantifiers over variables of a token type.

» Prime formulas: prime X-formulas or G,x (totality of x) or
x =, y (equivalence of x and y); x, y variables or constants.

» Formulas: from prime formulas by —, A, V,V, 3.
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Axioms of TCF™

» Based on minimal logic. Define F := atom(ff) (“falsum”).
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Axioms of TCF™

» Based on minimal logic. Define F := atom(ff) (“falsum”).
» F — A (“ex-falso-quodlibet”) for prime non-A prime formulas.
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Axioms of TCF™

» Based on minimal logic. Define F := atom(ff) (“falsum”).
» F — A (“ex-falso-quodlibet”) for prime non-A prime formulas.
» Usual axioms of Heyting arithmetic, adapted to token types:

A(tt) — A(fF) — A(a),
A(x) — A(0) — Var 5 (A(2") — A(b*) — A(Ca*b*)) — A(a").
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Axioms of TCF™

» Based on minimal logic. Define F := atom(ff) (“falsum”).
» F — A (“ex-falso-quodlibet”) for prime non-A prime formulas.
» Usual axioms of Heyting arithmetic, adapted to token types:
Att) — Aff) — A(a),
A(x) — A(0) — V= p+(A(a") — A(b") — A(Ca"b*)) — A(a").

> atom(it).
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Axioms of TCF™

» Based on minimal logic. Define F := atom(ff) (“falsum”).
» F — A (“ex-falso-quodlibet”) for prime non-A prime formulas.
» Usual axioms of Heyting arithmetic, adapted to token types:

A(tt) — A(fF) — A(a),
A(x) — A(0) — Var 5 (A(2") — A(b*) — A(Ca*b*)) — A(a").

> atom(it).
> 3,Va(a €y x < A) for A X-formula (p an object type)
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Axioms of TCF™

» Based on minimal logic. Define F := atom(ff) (“falsum”).
» F — A (“ex-falso-quodlibet”) for prime non-A prime formulas.
» Usual axioms of Heyting arithmetic, adapted to token types:

A(tt) — A(fF) — A(a),
A(x) — A(0) — Var 5 (A(2") — A(b*) — A(Ca*b*)) — A(a").

> atom(it).
> 3,Va(a €y x < A) for A X-formula (p an object type)
» For every constant [AzM], (V), (A), (C), (D), + Ifp axioms.
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Axioms of TCF™

» Based on minimal logic. Define F := atom(ff) (“falsum”).
» F — A (“ex-falso-quodlibet”) for prime non-A prime formulas.
» Usual axioms of Heyting arithmetic, adapted to token types:

A(tt) — A(fF) — A(a),
A(x) — A(0) — Var 5 (A(2") — A(b*) — A(Ca*b*)) — A(a").

atom(tt).

3xVa(a €, x < A) for A X-formula (p an object type)

For every constant [AzM], (V), (A), (C), (D), + Ifp axioms.
Defining clauses and Ifp axioms for Uﬁ, pcond, T}J‘f, 3.

vV vyvyy
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Axioms of TCF™

vVvyvVvyVvVyy

Based on minimal logic. Define F := atom(ff) (“falsum”).
F — A (“ex-falso-quodlibet”) for prime non-A prime formulas.
Usual axioms of Heyting arithmetic, adapted to token types:

A(tt) — A(fF) — A(a),
A(x) — A(0) — Var 5 (A(2") — A(b*) — A(Ca*b*)) — A(a").

atom(tt).

3xVa(a €, x < A) for A X-formula (p an object type)

For every constant [AzM], (V), (A), (C), (D), + Ifp axioms.
Defining clauses and Ifp axioms for Uﬁ, pcond, T}J‘f, 3.

The clauses defining the totality predicates G, and the
equivalence relations x; ~, x, together with their Ifp axioms.
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Axioms of TCF™

» Based on minimal logic. Define F := atom(ff) (“falsum”).
» F — A (“ex-falso-quodlibet”) for prime non-A prime formulas.
» Usual axioms of Heyting arithmetic, adapted to token types:

A(tt) — A(fF) — A(a),
A(x) — A(0) — Var 5 (A(2") — A(b*) — A(Ca*b*)) — A(a").

atom(tt).

3xVa(a €, x < A) for A X-formula (p an object type)

For every constant [AzM], (V), (A), (C), (D), + Ifp axioms.
Defining clauses and Ifp axioms for Uﬁ, pcond, T}J‘f, 3.

vVvyvVvyVvVyy

The clauses defining the totality predicates G, and the
equivalence relations x; ~, x, together with their Ifp axioms.

Theorem
TCFE™ proves the density theorem and the definability theorem.
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Conclusion, future work

v

A semantical approach to type theory.

v

TCF™ allows to study the Scott-Ershov model of partial
continuous functionals and their formal neighborhoods.

v

Tested for two basic theorems: density, definability

v

Further case studies are necessary (e.g., adequacy).

v

Program extraction from formalized proofs.
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