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Ba
kground 1

Realizability:A way to extra
t useful information from proofs.De�ne a binary predi
ate t 
 A by indu
tion on formulas:t 
 A) B iff 8u: u 
 A =) tu 
 BProve adequa
y by indu
tion on proofs:.... �` A =) �� 
 A

Related methods: logi
al relations, Tait-Girard redu
ibilityargument, . . . .
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kground 2

Linear impli
ation L�ÆA vs Intuitionisti
 impli
ation A) B.In the Curry-Howard setting,�x:t : L1 �Æ L2 roughly when x o

urs at most on
e in t.Noti
e: In this talk, `linear� a
tually means �af�ne.�

Fundamental question: How do you distinguish( from) inrealizability semanti
s?

Key: When x is linear in t,Cost((�x:t)u) � Cost(�x:t) +Cost(u) + 
:
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kground 3

Resour
e-sensitive realizability (Hofmann-Dal Lago):De�ne a ternary relation t; p 
 At: realizer = program.p: majorizer bounding the 
ost of t.

The adequa
y theorem (or the �basi
 lemma�) states:` t : A =) t; p 
 A for some p.

Based on this, HD prove Ptime soundness for LAL, LFPL, SAL, BLL.
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Ba
kground 4

Lambda-
al
ulus 
hara
terization of Ptime (Leivant-Marion 93):Consider �!;� with 
onstants:� : o; s0; s1; p : o! o; ds
r : o! o3 ! oWe have two representations of binary word 010:First order s0(s1(s0(�))) : oChur
h �f0f1x:f0(f1(f0x)) : W�(�);where W�(�) := (�! �)2 ! (�! �):

Theorem: f : f0; 1g� �! f0; 1g� is Ptime if and only if it is repre-sented by a term of type W�(om)! o for some m.Chur
h) S
ott= Ptime :an appli
ation of resour
e-sensitive realizability � p.5/31
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Chur
h numerals:n� � �fx: f(:::f| {z }n times(x):::) have type N� � 8�(�) �)) (�) �):

Where do they 
ome from?N = \f� : 0 2 �; 8x:(x 2 �) x+ 1 2 �)gn 2 N � 8�:8x:(x 2 �) x+ 1 2 �)) 0 2 �) n 2 �

By extra
ting a �-term from the proof of n 2 N , we obtain n�.n 2 N 
an be simpli�ed to N�:n 2N � 8�:8x:(x 2�) x+ 1 2�)) 0 2�) n 2�N� � 8�(�) �)) (�) �):
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kground 5

S
ott numerals:0Æ � �xy:yn+ 1Æ � �xy:x(nÆ) have type NÆ = 8�:(NÆ�Æ�)�Æ (��Æ�):

Where do they 
ome from?n 2 N 0 � n = 0 _ 9x 2 N 0:n = x+ 1Two solutions: N 0 = N or N 0 = N [ f!g

We do not spe
ify whi
h N 0 is. Still n 2 N 0 is provable.
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Ba
kground 5

By noting A _B � 8�:(A) �)) (B ) �)) �,n 2 N 0 � 8�:(9x 2 N 0:n = x+ 1) �)) (x = 0) �)) �and one extra
ts S
ott numeral nÆ from the proof of n 2 N 0.n 2 N 0 simpli�es to NÆ:n 2N 0 � 8�:(9x 2N 0:n = x+ 1) �)) (x = 0)�)) �N 00 � 8�:(N 00 ) �)) (�) �)NÆ � 8�:(NÆ �Æ �)�Æ (��Æ �):

nÆ is a linear �-term.Does not support re
ursion by itself, but admits a naturalde�nition of prede
essor and dis
riminator.
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Outline

We repla
e the �rst order words of Leivant-Marion by S
ottwords.

For this, we introdu
e a variant of linear logi
 ();�Æ) withse
ond order quanti�er 8 and type �xpoint operator �, bothrestri
ted to linear formulas.We prove: a fun
tion f : f0; 1g� �! f0; 1g� is Ptime if and onlyif it is represented by a term of type Chur
h) S
ott.To prove Ptime soundness we employ resour
e sensitiverealizability (after Hofmann-Dal Lago).

Chur
h) S
ott= Ptime :an appli
ation of resour
e-sensitive realizability � p.9/31



Outline

We repla
e the �rst order words of Leivant-Marion by S
ottwords.For this, we introdu
e a variant of linear logi
 ();�Æ) withse
ond order quanti�er 8 and type �xpoint operator �, bothrestri
ted to linear formulas.

We prove: a fun
tion f : f0; 1g� �! f0; 1g� is Ptime if and onlyif it is represented by a term of type Chur
h) S
ott.To prove Ptime soundness we employ resour
e sensitiverealizability (after Hofmann-Dal Lago).

Chur
h) S
ott= Ptime :an appli
ation of resour
e-sensitive realizability � p.9/31



Outline

We repla
e the �rst order words of Leivant-Marion by S
ottwords.For this, we introdu
e a variant of linear logi
 ();�Æ) withse
ond order quanti�er 8 and type �xpoint operator �, bothrestri
ted to linear formulas.We prove: a fun
tion f : f0; 1g� �! f0; 1g� is Ptime if and onlyif it is represented by a term of type Chur
h) S
ott.

To prove Ptime soundness we employ resour
e sensitiverealizability (after Hofmann-Dal Lago).

Chur
h) S
ott= Ptime :an appli
ation of resour
e-sensitive realizability � p.9/31



Outline

We repla
e the �rst order words of Leivant-Marion by S
ottwords.For this, we introdu
e a variant of linear logi
 ();�Æ) withse
ond order quanti�er 8 and type �xpoint operator �, bothrestri
ted to linear formulas.We prove: a fun
tion f : f0; 1g� �! f0; 1g� is Ptime if and onlyif it is represented by a term of type Chur
h) S
ott.To prove Ptime soundness we employ resour
e sensitiverealizability (after Hofmann-Dal Lago).
Chur
h) S
ott= Ptime :an appli
ation of resour
e-sensitive realizability � p.9/31



t; p 
 At: Realizerp: MajorizerA: Formula
: Realizability relation
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CBV lambda 
al
ulus with 
ost model

Consider the untyped CBV lambda 
al
ulus:(�x:t)v ! t[v=x℄where v is a value, i.e. an abstra
tion.

Dif�
ulty: Cost of one-step is not 
onstant.Hen
e we expli
itly mention the 
ost of redu
tion (Dal-Lago, Martini2008): t n! u; if t! u and n = maxfjuj � jtj; 1gFa
t: Suppose that (�x:t)v n! t[v=x℄ and x o

urs 
 times in t.Then n = 1 if 
 � 1n � (
� 1)jvj if 
 > 1.
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CBV lambda 
al
ulus with 
ost model

De�nition: When t!� v,[[t℄℄ = vCost(t) := jtj+ n where t n!! v.Theorem (Dal Lago-Martini 2008): There exists a Turing ma
hineMeval that p-simulates CBV lambda 
al
ulus: given a (
onverging)�-term t with Cost(t) = n, Meval 
omputes [[t℄℄ in time O(n4).
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The dual type systemDIALlin

DIALlin = Dual Intuitionisti
 Af�ne Logi
 
onsists of formulasL�ÆA; A) B; 8�:A; ��:L:The �Æ-fragment is af�ne logi
 (i.e. FLew)The)-fragment is intuitionisti
 logi
) dominates �Æ: L�ÆAL) A8; � are restri
ted to af�ne formulas (i.e. those without)):8�:A(�)�ÆA(L); ��:L(�)Æ�ÆL(��:L(�))(Note: ��:L 
an be any �xed point.)Chur
h) S
ott= Ptime :an appli
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The dual type systemDIALlin

Linear and general formulas:L ::= � j 8�L j ��L(�) j L( L;A ::= L j 8�A j L( A j A) A:(�) : � o

urs only positively in L.Judgment: � ; � ` t : A, where� 
onsists of x : L with L a linear formula, and� 
onsists of x : A with A an arbitrary formula.
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The dual type systemDIALlin

(ax1)x : A ; ` x : A (ax2); x : L ` x : L� ; � ` t : ��L (�e)� ; � ` t : L[��L=�℄ � ; � ` t : L[��L=�℄ (�i)� ; � ` t : ��L� ; � ` t : A � =2 FV (� ; �) (8i)� ; � ` t : 8�A � ; � ` t : 8�A (8e)� ; � ` t : A[L=�℄

Chur
h) S
ott= Ptime :an appli
ation of resour
e-sensitive realizability � p.16/31



The dual type systemDIALlin

�1 ; � ` t : A) B �2 ; ` u : A ()e)�1;�2 ; � ` tu : B �; z : A ; � ` t : B ()i)� ; � ` �z:t : A) B�1 ; �1 ` t : L( B �2 ; �2 ` u : L ((e)�1;�2 ; �1;�2 ` tu : B � ; �; z : L ` t : B ((i)� ; � ` �z:t : L( B�; x : A; y : A ; � ` t : B (Contr)�; z : A ; � ` t[z=x; z=y℄ : B � ; �; x : L ` t : B (Derel)�; x : L ; � ` t : B

� ; � ` t : B (Weak)�;�0 ; �;�0 ` t : B
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Chur
h and S
ott data types

Chur
h numerals and words :N� � 8�(�( �)) (�( �)n� � �fx: f(:::f| {z }n times(x):::)mult� � �xy�f:x(yf) : N� ) N� ) N�mon�n � �x�f: x(� � � (x| {z }n times f) � � � ) : N� ) N�

W� � 8�(�( �)) (�( �)) (�( �)w� � �f0:�f1:�x:fi1(fi2(:::(fin(x):::)))(w = i1 � � � in)
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Chur
h and S
ott data types

S
ott numerals and words :NÆ � ��8�(�( �)( (�( �)0Æ = �xy:y(n+ 1)Æ � �xy:x(nÆ)su

Æ � �z:�xy:xz : NÆ( NÆpredÆ � �z:z(�x:x)(0Æ) : NÆ( NÆ

WÆ � ��8�(�( �)( (�( �)( (�( �)�Æ � �xyz:z(0w)Æ � �xyz:x(wÆ)(1w)Æ � �xyz:y(wÆ) Chur
h) S
ott= Ptime :an appli
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Chur
h and S
ott data types

Finite sets and tensor produ
t :BÆn � 8�:�( :::�(| {z }n times � L
M � 8�:(L(M ( �)( �bÆi � �x0 � � � xn�1:xi t
 u � �x:xtu (t : L; u : M)De
omposer and iteration :de
Æ = �z:z(�y:bÆ0 
 y)(�y:bÆ1 
 y)(bÆ2 
 �Æ) : WÆ( BÆ3 
WÆiter� = �xfg:xfg : N� ) (L( L)) (L( L)
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FP-
ompleteness

Theorem: Let f : f0; 1g� ! f0; 1g�. T.f.a.e.1. f is a Ptime fun
tion2. There is a �-term f : W� )WÆ in DIALlin su
h thatf(w1) = w2 () fw�1 �!�� wÆ2:(1) 2) is routine.We prove (2) 1) by realizability.
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t; p 
 At: Realizerp: MajorizerA: Formula
: Realizability relation
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Majorizers

Consider simple types over base type o.A higher order additive term p is a �-term built from 
onstantsn : o (for every natural number n)+ : o! o! o:Identi�ed under ���- and arithmeti
al equivalen
es.

Mapping of DIALlin formulas to simple types:o(L) = o; o(A) B) = o(A)! o(B); o(8�A) = o(A):t : A will be mojorized by p : o(A).o(N�) = o(8�(�( �)) (�( �)) = o! oo(W�) = o(8�(�( �)) (�( �)) (�( �)) = o! o! o
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Saturated sets

A nonempty set X � �� N is a saturated set (of type o) if(
ost) (t; n) 2 X =) Cost(t) � n;(monotoni
ity) (t; n) 2 X =) (t; m) 2 X for every m � n;(ex
hange) ((�xy:t(x; y))vw; n) 2 X =) ((�yx:t(y; x))wv; n) 2 X;(
ontra
tion) ((�xy:t(x; y))vv; n) 2 X =) ((�z:t(z; z))v; n) 2 X;(identity) (v; n) 2 X =) ((�x:x)v; n+ 3) 2 X;� � �
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Realizability relation

A valuation � maps ea
h propositional variable � to a saturated set�(�).t; p 
� A, where p : o(A), is de�ned by indu
tion on A:� t; n 
� � iff (t; n) 2 �(�).� t; p 
� L( A iff u;m 
� L =) tu; p+m 
� A for every u;m,and Cost(t) �# p.� t; p 
� B ) A iff u; q 
� B =) tu; p(q) 
� A for every u; q,and Cost(t) �# p.
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Adequa
y

� t; p 
� 8�A iff t; p 
�f� Xg A for every saturated set X.� t; n 
� ��L iff (t; n) 2 X for every saturated set X su
h that^L�f� Xg � X, where ^L� = f(t; n) : t; n 
� Lg.

Adequa
y Theorem: If ` t : A, then t; p 
 A for some p : o(A).

Proof: By indu
tion on the length of the proof.

Chur
h) S
ott= Ptime :an appli
ation of resour
e-sensitive realizability � p.27/31



Adequa
y

� t; p 
� 8�A iff t; p 
�f� Xg A for every saturated set X.� t; n 
� ��L iff (t; n) 2 X for every saturated set X su
h that^L�f� Xg � X, where ^L� = f(t; n) : t; n 
� Lg.

Adequa
y Theorem: If ` t : A, then t; p 
 A for some p : o(A).

Proof: By indu
tion on the length of the proof.
Chur
h) S
ott= Ptime :an appli
ation of resour
e-sensitive realizability � p.27/31



Examples

1. �fx:fx; 6 
 (L�ÆM)�Æ (L�ÆM)Suppose v; n 
 L�ÆM and w;m 
 L.(�f:f)v; n+ 3 
 L�ÆM(�x:x)w;m+ 3 
 L(�f:f)v((�x:x)w); n +m+ 6 
M(�fx:fx)vw; n+m+ 6 
M . Hen
e�fx:fx; 6 
 (L�ÆM)�Æ (L�ÆM):

2. (L�Æ L�ÆM)�Æ (L�ÆM) 
annot be realized.

3. �fx:fxx; �fx:fxx+ 9 
 (A) A) B)) A) B
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Ptime soundness

Lemma: For every w 2 f0; 1gn, we have w�; qn 
W� withqn = �z0z1:n(z0 + z1 + 3) + 3 : o2 ! o:

Lemma: If �x:p(x) : (o2 ! o)! o, then p(qn) is a polynomial in n.

Example: When p(x) = (x(x00))(x00),p(qn) = (qn(qn00))(qn00)= (qn(3n+ 3))(3n+ 3)= n(3n+ 3 + 3n+ 3 + 3) + 3= O(n2)
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Ptime soundness

Theorem: Let L be a linear formula. If ` f : W� ) L, then thereexists a polynomial P su
h that for every w 2 f0; 1gn,Cost(fw�) � P (n).

Proof: By adequa
y,f; �x:p(x) 
W� ) L for some �x:p(x) : (o2 ! o)! o.w�; qn 
W� by above. Hen
efw�; p(qn) 
 L, so Cost(fw�) � p(qn) = P (n).

Corollary: Let f : W� ) WÆ. For every w 2 f0; 1g�, the �-normalform of fw� 
an be 
omputed in time polynomial in jwj.
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Final Remark

In resour
e sensitive realizability, L�ÆB and A) B aredistinguished by means of majorizers.L�ÆB majorized by �rst order resour
es

A) B majorized by higher order resour
esS
ott numerals are linear; nÆ; O(n) 
 NÆ.Chur
h numerals are nonlinear; n�; �x:n(x+ 3) + 3 
 N�.It has a multiplying effe
t.
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