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Outline

© Overview
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Summer School 2012: Modern statistical methods in machine learning
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VIASM School on Statistical machine learning (2015)
@ Picture taken with students from HCMC

@ Lectures on Bayesian nonparametrics
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ed Study in Mathematics

MINI-COURSE
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INTRODUCTION TO-DATA SCIENCE
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Chti dé& n3m nay 13 Data Science
Chiing t6i da doi thay?
Diéu gi khién ching téi thay déi?
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(Berkeley, 2003)
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Trong khi d6 ...

2009: Hal Varian, chief economist at Google, famously said: "I keep saying

that the sexy job in the next 10 years will be statisticians" — New York
Times

2012: a Harvard Business Review's article thinks of data scientists

2017: continued rosy job forecast for
experts in data science, statistics, machine =~

learnin rtificial intelliecen Data Scientist: The Sexiest Job of
ea g, artiticial intelligence the 21st Century

by Thomas H. Davenport and D.dJ. Patil

FROM THE OCTOBER 2012 ISSUE

CHsave % suane wH rexrsize $8.950uv cosics

hen Jonathan Goldman arrived for work in June 2006 at
LinkedIn, the business networking site, the place still felt like
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Institutional changes

. N ~ N 4 A R LA 50 years of Data Science
David Donoho la mgt nha thong ké ndi tiéng
David Donoho

clia DH Stanford (wavelet, compressed Sept. 15, 2015
. A A ~ A A . Version 1.00

sensing). Ong ay d& viét vé "Data Science

Moment", trong mét bai bdo gdy xon xao du

Abstract

s ago, John Tukey called for a reformation of acaderr
A A < 2 N rsis’, he pointed to the existence of an as-yet unrecog
|uan hdn mOt nam trudc day 1s learning from data, or ‘data analysis’. Ten to twi
land and Leo Breiman independently once again urge

ries beyond the classical domain of theoretical statist
| data preparation and presentation rather than stat:
sphasis on prediction rather than inference. Clevelan

sience” for his envisioned field.
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‘s ago, John Tukey called for a reformation of acaderr
N N o Z A rsis’, he pointed to the existence of an as-yet unrecog
|uan hdn mOt nam trudc day 1s learning from data, or ‘data analysis’. Ten to twi
land and Leo Breiman independently once again urge
ries beyond the classical domain of theoretical statist
| data preparation and presentation rather than stat
1phasis on prediction rather than inference. Clevelan
sience” for his envisioned field.

Khoanh khic gi vay?

" .. Théng 9 n3m 2015, DH Michigan vira dua ra thong bdo vé mot
chuong trinh "Data Science Initiative" (DSI) tri gia 100 triéu USD:

"Data science has become a fourth approach to scientific discovery, in
addition to experimentation, modeling, and computation"
— Provost Martha Pollack.
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Trang web clia Chuong trinh DSI cho ta (GS Donoho) biét mét biic tranh
cta KHDL:

This coupling of scientific discovery and practice involves the collection,
management, processing, analysis, visualization, and interpretation of vast
amounts of heterogeneous data associated with a diverse array of
scientific, translational, and interdisciplinary applications.
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More university initiatives and degrees in US

@ similar initiatives at NYU, Columbia, MIT, UC Berkeley,...

@ new undergraduate majors and Master's program in Data Science
mushrooming in major universities, including Columbia, Carnegie
Mellon University, Cornell, New York University, Northwestern U,
Stanford, UC Berkeley, U of Michigan, U of lllinois, U of Wisconsin,...
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U Michigan's Statistics Department Website

AboutUs  People  Research  News and Events

Undergraduate Students  Graduate Students  Alumni and Friends

“l | |

Major in Data Science

Data Science is a rapicly growing field providing students with exciting career
Advising paths, and opportunities for advanced study. The Data Science major gives
students a foundation in those aspects of computer science, satistics, and
mathematics that are relevant for analyzing and manipulating voluminous

Undergraduate Programs

M veiorinsatistics and/or complex data. Students majoring in Data Science willlear computer
. Major in Data Science programming, data analysis and database systems, and will learn to think.
crically about the process of undrstanding data, Students wil alo take a
Il ol ntormatcs apsone cprenc e ot s o &yt he ol ana nowleioe
Minorin Applied Iearned nthe verious discilines that encompass data science. The Data
Statistics Science major is a rigorous program that covers the practical use of Data
Science methods e well s the theortice properties underpinning the
[l vivorin statisics performance of the methods and sigorihms
I ovrs rosam The Dsto e mris oenostuderts i h Coleges f LSA o

Engineering. This document is intended for students pursuing the Data Science

Undergraduate FAQs
9 major in LSA. Students in the College of Engineering who are interested in

Recent News

Professor Liza Levinainvitedto Professor Moullnath Baneriee. Statistics Courses Dats Science should visit Undergraduate Program in Data Science site
speakat the 2018 International  named IMS Fellow
‘Congress of Mathematicians Tutors [ J—

m T

"Data Science is a rapidly growing field providing students with exciting career
paths, and opportunities for advanced study. The Data Science major gives
students a foundation in those aspects of computer science, statistics, and
mathematics that are relevant for analyzing and manipulating voluminous
and/or complex data. Students majoring in Data Science will learn computer
programming, data analysis and database systems, and will learn to think
critically about the process of understanding data..."
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data, data and data

"data is fuel of the future" — Economist article, May 6, 2017
> it is becoming so easy to collect and generate data, anytime, anywhere

it is also becoming easy to process, even manipulate, data

powerful computing helps handling bigger and more complex data

more data, more need and ambition
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data and ambitions

@ molecular biologists gain better understanding of the relationship
between gene expression levels and cancer tumors, leading to new
treatments for cancer patients
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data and ambitions

@ molecular biologists gain better understanding of the relationship
between gene expression levels and cancer tumors, leading to new
treatments for cancer patients

@ astronomers gain new understanding of cosmos from signals collected
by improved telescope and communication technologies

@ engineers make automated car driving possible by utilizing more
sensory data types

@ bank analysts make more accurate prediction of loan performances,
thereby earning more profits

@ political operatives make more accurate voting pattern forecast and
improve winning chance for candidate’s campaign
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data and ambitions

@ molecular biologists gain better understanding of the relationship
between gene expression levels and cancer tumors, leading to new
treatments for cancer patients

@ astronomers gain new understanding of cosmos from signals collected
by improved telescope and communication technologies

@ engineers make automated car driving possible by utilizing more
sensory data types

@ bank analysts make more accurate prediction of loan performances,
thereby earning more profits

@ political operatives make more accurate voting pattern forecast and
improve winning chance for candidate’s campaign

@ top companies such as Google, Facebook, Amazon,... make money by
learning about and exploiting our Internet browsing patterns
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is data science for real?

understood differently by different communities
(business, industry, researchers, academic scientists)

all agreed on its growing roles and vast impacts on all facets of society

much hypes are commercially driven

but an intellectual core of data science is also emerging
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opportunities and risks

e trong thdi dai "big data", I3m co hdi song ciing nhiéu cam b3y
> dif lidu c6 thé danh lira
» dif liéu thu thap dugc d& dang ciing d& lam ta lusi di: ludi trong suy
nght, hdi hot trong cach thic t8 chifc va ciu tha trong phan tich
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opportunities and risks

e trong thdi dai "big data", I3m co hdi song ciing nhiéu cam b3y
> dif liéu c6 thé danh lia
» dif liéu thu thap dugc d& dang ciing d& lam ta lusi di: ludi trong suy
nght, h&i hot trong cach thifc t8 chic va cau tha trong phan tich

e trong cac dia hat nghién ctiu: d& bj lod m3t bdi nhiing phuong phép
néng va dang hgp thdi thugng
» dé thanh cbng bén viing, phai di vo nhitng vin dé nén tang

o Diéu nay c6 nghia: phai xay dung trén nén tang viing chic cla toén,
thong k&, khoa hoc mdy tinh, néu ta mudn phat triéen KHDL mét
cach vitng vang
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lies, damned lies and statistics

This small data set is scientific (not fake), but what can we make of it?

Global Average Temperature vs. Number of Pirates
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Big data give bigger room for propaganda and fake news
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Outline

© Elements of data science
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the major actors according to New York University's DSI Website

Computer
Sclence

DATA
SCIENCE

Applications
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Skill set # Core foundation
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Skill set

A data scientist requires a large skill set that can be overwhelming to learn

e modern programming languages, from C/C++, R, Matlab, Python

@ modern database techniques, from spreadsheets to SQL to ditributed
databases and live data streams

@ algorithms and models: from classical tools such as logistic regression,
linear regression to support vector machines, graphical models, deep
learning, Bayesian nonparametrics

o distributed architecture: Hadoop, Map/Reduce, SPARK, GPU
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Skill set reflects Core foundation
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Elements of the science

... the science of learning from data, with all that it entails

@ elements of data representation

» from data storage to abstract data structures and visualization
» both in a mathematical sense and sense of a computer system

@ elements of statistical learning and inference

» from statistical modeling to prediction and inference
» interplay of algorithmic and statistical efficiency

@ elements offered by real-world data domains in sciences and industry
> fresh challenges in real-world scale and complexity
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Rest of lecture: Elements of statistical learning and inference
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What do we want te-de—with to draw from data?

Leo Breiman la nha thong ké/ hoc mdy 16i lac cia Berkeley, tic gia
decision trees va random forests, viét vé vdan hod trong md hinh suy dién

et Sctence
2001, VUL 16, No. 3, 198231

Statistical Modeling: The Two Cultures

Leo Breiman

Abstract. There are two cultures in the use of statistical modeling to
reach conclusions from data. One assumes that the data are generated
by a given stochastic data model. The other uses algorithmic models and
treats the data mechanism as unknown. The statistical community has
been committed to the almost exclusive use of data models. This commit-
ment has led to irrelevant theory, questionable conclusions, and has kept
statisticians from working on a large range of interesting current prob-
lems. Algorithmic modeling, both in theory and practice, has developed
rapidly in fields outside statistics. It can be used both on large complex
data sets and as a more accurate and informative alternative to data
modeling on smaller data sots. If our goal as a field is to use data to
solve problems, then we need to move away from exclusive dependence
on data models and adopt a more diverse set of tools.

C6 hai muc tiéu suy didn/ hoc théng ké
@ du bdo (to predict)
o thiét 1ap quy ludt, hiéu biét v& mbi quan hé (to infer/ understand)
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Prediction
Moi phuong phéap du bdo d&u b3t dau tir dif liéu X dé uéc luong Y

X —|METHOD | —Y

Vi du: dit lidu X vé dung lugng giao thong cta cic dia diém
Y 13 mét gia tri nhi phan dé du bao dudng c6 bi tic hay khéng

Nguy&n Xuan Long (Univ of Michigan)

limsup [ data - (math A stat A cs A ...)
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Giad du: X va Y dugc lién hé véi nhau bdi mét dai lugng chan ly nao dé
két n6i X va Y, ta tam goi la 6

X+—0+—Y
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X+—0+—Y

Ching ta khéng bao gid biét dugc chinh xac 6 (chi c6 Trdi méi biét!)
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Prediction

Moi phuong phéap du bdo d&u b3t dau tir dif liéu X dé uéc luong Y

X —|METHOD|—Y

Vi du: dit lidu X vé dung lugng giao thong cta cic dia diém
Y 13 mét gia tri nhi phan dé du bao dudng c6 bi tic hay khéng

Giad du: X va Y dugc lién hé véi nhau bdi mét dai lugng chan ly nao dé
két n6i X va Y, ta tam goi la 6

X+—0+—Y

Ching ta khéng bao gid biét dugc chinh xac 6 (chi c6 Trdi méi biét!)
Breiman néi dén hai cach tiép cin khic nhau trong bai to4n prediction
@ Algorithmic Modeling

@ Data Modeling
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ALGORITHMIC MODELING khéng quan tam I3m dén ban chit sy lién hé
gitta dung lugng giao thong véi su tic dudng mé ta bdi 6, né chi mubn
tim ra mot ham du bédo y = f(x)

{X,Y} = | ALGORITHM MODEL|=> f

Chay thudt todan | blackbox | nhu decision tree, kernel machine, neural net
d& hoc f, véi muc tiéu sao cho f(X) cang gin véi Y cang tbt

Vay f ¢6 lién quan gi dén 6?7 J
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DATA MODELING tim cach thiét 1ap mdt chit keo todn hoc két dinh X
véi Y, théng qua mdt mé hinh xac sult lién hé bién ngiu nhién X va bién
ngiu nhién Y

{X,Y} — | DATA MODEL| — P(Y|X, 0)

0 13 mot uéc lugng ctia chan ly 6, théng qua dé ta thiét lap dugc lién hé
gita Y va X théng qua phan bb diéu kién clia Y khi cho X.

Phan bb nay cho ta mét ham sb du bdo goi 13 optimal Bayes classifier

f(x)=1ifP(Y|X,0) >1/2, 0 otherwise
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Ly thuyét hoc théng ké dbi véi bai todn phan 16p cho biét, hai phuong
phap chi 13 hai mit cla mdt vin dé:

Data = || DATA MODEL | <= | ALGORITHM MODEL || = Prediction function f

e DATA MODELING is good only if § approximates well the true 6

@ ALGORITHMIC MODELING is good only if the outcome f approximates
well the optimal Bayes classifier dbi véi true 0
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Ly thuyét hoc théng ké dbi véi bai toan phan 16p cho biét, hai phuong
phap chi la hai mat cha mot van dé:

Data = || DATA MODEL | <= | ALGORITHM MODEL || = Prediction function f

e DATA MODELING is good only if § approximates well the true 6

@ ALGORITHMIC MODELING is good only if the outcome f approximates
well the optimal Bayes classifier dbi véi true 0

@ There is no silver bullet!

@ Distinction between data model and algorithm model may disappear as both
become richer, e.g.:

» Bayesian nonparametric data model may be described algorithmically
» Randomized algorithm entails a stochastic process (e.g., Markov chain)
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Hai van hoa

Machine Learning

@ chii trong dén mé hinh thuat toan nhiéu hon mé hinh dit liéu
(dac biét cho prediction/ supervised learning)

@ cong déng hoc may rat ning dong: hoc mét céng cu todn/ théng ké,
rebranding, va sé hitu né rat nhanh; chay theo mét véi toc dé chéng mat
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Hai van hoa

Machine Learning

@ chi trong dén mé hinh thuat todn nhiéu hon mé hinh dit lidu
(dac biét cho prediction/ supervised learning)

@ cong déng hoc may rat nang déng: hoc mét céng cu todn/ théng ké,
rebranding, va sé hitu né rat nhanh; chay theo mét véi toc dé chéng mat

Statistics
Statistics sdu v& todn hoc va cé bé day vé cic Iy thuyét suy dién
@ prediction, parameter estimation, hypothesis test

@ khdng chi quan tam dén két qua udc luong, ma cd mdc d6 bt dinh cla uéc
lugng (confidence intervals, credible intervals,...)
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Hai van hoa

Machine Learning

@ chii trong dén mé hinh thuat toan nhiéu hon mé hinh dit liéu
(dac biét cho prediction/ supervised learning)

@ cong déng hoc may rat nang déng: hoc mét céng cu todn/ théng ké,
rebranding, va sé hitu né rat nhanh; chay theo mét véi toc dé chéng mat

Statistics
Statistics sdu v& todn hoc va cé bé day vé cic Iy thuyét suy dién
@ prediction, parameter estimation, hypothesis test

@ khdng chi quan tam dén két qua udc luong, ma cd mdc d6 bt dinh cla uéc
lugng (confidence intervals, credible intervals,...)

Machine Learning hoc hdi nhiéu tir nén tang todn théng k& va mé hinh dif lidu.
Ngugc lai, su trudng thanh cia Machine Learning gitp cidc nha théng ké birng
tinh, danh gid ding hon vai tro cla thuit todn va computing architecture.
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Outline

e Topic modeling for text data: an illustration
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Topic modeling
INPUT:

The William Randolph Hearst Foundation will give $1.25 million to Lincoln Center, Metropoli-
tan Opera Co., New York Philharmonic and Juilliard School. “Our board felt that we had a
real opportunity to make a mark on the future of the performing arts with these grants an act
every bit as important as our traditional areas of support in health, medical rescarch. education
and the social services”” Hearst Foundation President Randolph A. Hearst said Monday in
announcing the grants. Lincoln Center’s share will be $200.000 for its new building. which
will house young artists and provide new public facilities. The Metropolitan Opera Co. and
New York Philharmonic will receive $400.000 each. The Juilliard School, where music and
the performing arts are taught, will get $250.000. The Hearst Foundation. aleading supporter
of the Lincoln Center Consolidated Corporate Fund. will make its usual annual $100.000
donation, too.
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Hai bai bao

D. Blei, A. Ng, and M. I. Jordan. Latent Dirichlet allocation. Journal of
Machine Learning Research, 3:993-1022, 2003.

@ (ng dung cho x(r Iy van ban, x& ly dnh trong tri tué nhan tao, cdc nganh
khoa hoc x3 hoi

@ 19000 trich d3n & Google Scholar

J. Pritchard, M. Stephens, and P. Donnelly. Inference of population
structure using multilocus genotype data. Genetics, 155:945-959, 2000.

@ (ing dung trong sinh hoc phan tk, di truyén hoc

@ 20000 trich d3n & Google Scholar
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"Beauty and the Beast"

Dir liéu thé:

The William Randolph Hearst Foundation will give $1.25 million to Lincoln Center, Metropoli-
tan Opera Co.,New York Philharmonic and Juilliard School. “Our board felt that we had a
real opportunity to make a mark on the future of the performing arts with these grants an act
every bit as important as our traditional areas of support in health, medical research. education
and the social services.” Hearst Foundation President Randolph A. Hearst said Monday in
announcing the grants. Lincoln Center’s share will be $200.000 for its new building. which
X = will house young artists and provide new public facilities. The Metropolitan Opera Co. and
New York Philharmonic will receive $400.000 each. The Juilliard School, where music and
the performing arts are taught, will get $250.000. The Hearst Foundation. aleading supporter
of the Lincoln Center Consolidated Corporate und. will make its usual annual $100.000
donation, too.

“Arts” Budgets “Children” “Education”

NEW MILLION CHILDREN

MOVIE
AY

guyn Xuan Lon iv of Michigan limsup [ data ath A stat A cs A



@ x lam ky hiéu cho dau vao cia mdt thuat toan. l.e., x 13 biéu dién cla
tip cac van ban

@ O |3 dau ra thuit toan; né |3 biéu dién cho cac chi dé chiing ta mubn
chat loc tir ndi dung cla di liéu x

o x ldy gia tri & trong mét khéng gian ma chiing ta s& dinh nghia mét

cach hinh thic. Tuong tu nhu vay véi 0

D& c6 thé suy dién dugc cha dé 6 tir dif lidu thd x, ching ta cn phai thiét
l8p dugc mot su lién hé giita 6 va x.
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Mb hinh xac suit P(x|0)

o dii liéu dugc xem |a hién sinh (realization) cda mot bién ngiu nhién
X, con chi dé 6 1a mét tham s6 cho phan phdi cha dir liéu

o diing ngdn ngil xac suit dé& x4c 13p mé hinh toadn hoc cho dif lidu
dugc xem la hét stc tu nhién, vi di liéu thudng cb yéu to bat dinh:

» mdi I13n thu thép dir liéu méi ta thudng nhdn mot gia tri khac nhau,
cho du quy luat sinh ra dir liéu c6 thé duoc xac dinh bai cung mét
phan bd “chan Iy

» d3u ta khdng bao gis biét chic chidn dugc phan bb chan ly, bing
nhiing hiu biét tir dit lidu thuc té chdng ta c6 thé tim mot [6p phan
b x4p xi kha di cho phan bd chan ly

» 16p phan bd 4y s& duoc tham s hos bsi 0

° b5ng dir liéu thuc, chlng ta s€ tim gia tri tbt nhit c6 thé cho 0
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D>,
c
S
DN

n cho mé hinh sinh dii liéu P(x|0)

The William Randolph Hearst Foundation will give $1.25 million to Lincoln Center, Metropoli-

tan Opera Co., New York Philharmonic and Juilliard School. “Our board felt that we had a . o

real opportunity to make a mark on the future of the performing arts with thes nls an act o o P oo
every bil as important as our traditional areas of support in health, medical rescarch, education Siow  rhoGmAM  PEOPE  ScHOOLS.
and the social ces” Hearst Foundation President Randolph A. Hearst said Monday in

P | x = [|womecine the

Lincoln Center’s share will be $200.000 for its new building

whih | | @ = B B B g

Wil oot youn s and poi mew e e The Metropolin Opers Co. and L e W
New York Philharmonic will receive $400.000 each. The Juilliard School, where music and B N e

the performing arts are taught, will get $ 00. The Hearst Foundation. aleading supporter S Mive Cane ELEME Y
of the Lincoln Center Consolidated Corporate Fund. will make its usual annual $100.000 e e e
donation, too.

e Cho V I3 bd tir dién gdm c6 d phan tir (tir vung) dugc dénh sb bing
V=A{1,...,d}

» v6i vin ban dai n tU, ta vidt x = (X1y.--yXxp) € V.
o Gi3 st ring c6 k chli dé 3n khac nhau 6 = (01,...,0), tuong Gng
v6i k phan ti n3m trong don hinh xac suit

A= {ue[0,1])u + ...+ ug = 1}.
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M3i cha dé 6; € A1 tuong dng véi mdt tan sult xult hién nhit dinh
cla cdc tur trong V.

@ Vi du: mét chi dé vé “gido duc” sé c6 nhiéu tir v6i tan suat xuat hién cao,

nhu “truong”, “I6p”, “hoc sinh”, “hoc phi”, v.v.

@ Mot chii dé vé "dang” sé ¢ nhiing tir khac véi tan sult cao, nhu “nghi

quyét , “quén triét", "ti&n l&n", "to 1&n", v.v.
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@ That khé tudng tugng mot van ban chi dé cap dén mét cha dé duy
nhit. Thuc t& hon, m&i vin ban bao gom su pha tron clia nhiéu chi
dé cting mét lic, diu mic d6 pha trén cé thé nhiéu it khac nhau.
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@ That khé tudng tugng mot van ban chi dé cap dén mét cha dé duy
nhit. Thuc t& hon, m&i vin ban bao gébm su pha trén clia nhiéu chi
dé cting mét lic, diu mic d6 pha trén cé thé nhiéu it khac nhau.

e Con & ting dung trong sinh hoc phan t&, m3i c4 thé trong mét cong
dong c6 thé |3 két qua cha su pha trén cdc ngudn goc khic nhau vé
ma di truyén, ttr chau Phi, A hay Au.
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@ Truc quan trén ggi ra mot khai niém hinh hoc rAt tu nhién: diém
ng3u nhién n3m trong tap bao Ii clia cic chi dé:

G :=conv{fy,...,0k} C AL
Diém ngau nhién ndy, véi ky hiéu 1, dugc xac 1ap bdi cong thic

n = p161+ ...+ Bib,

trong d6 B = (B1, ..., Bk) 13 mot bién nglu nhién I3y gi tri trong
don hinh xac sudt Ak-1.
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@ Truc quan trén ggi ra mot khai niém hinh hoc rAt tu nhién: diém
ngdu nhién n3m trong tip bao 16i cta cic chi dé:

G :=conv{ly,...,0} c A9L,
Diém ngau nhién ndy, véi ky hiéu 1, dugc xac 1ap bdi cong thic
n = B101+ ... + Bk,

trong d6 B = (B1, ..., Bk) 13 mot bién nglu nhién I3y gi tri trong
don hinh xac sudt A1,

> ta sé gid du ring B tudn theo phan phdi Dirichlet trong A1

k
r(Zj:1 ) : v-1

PO = Hf:l () j=1 !

trén day, [ biéu thi ham s& Gamma, cdn 71, . .., 7« |3 nhitng tham sb
cla mat dé Dirichlet.
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Probability distribution on topic polytope G

o Dinh nghia trén day cho (gian tiép) mét phan phéi dbi véi bién ngiu
nhién n 14y gia tri & trong da dién 16i G, ky hiéu bsi dP(n|6,~)

> 6 thé viét ra tudng minh bing céng thifc chuyén bién
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Tham s& 71, ..., v« diéu khién mat dé cha bién ngiu nhién 5 € G.

@ néuvy =... =, =1, p(-]7) tré thanh hing sb. Do d6 khi k < d, néu 6y,..., 06,
la k dmh cla da dién 15i G, bién ngiu nhién n s& tuan theo phan bb déng nhit
trong long da dién G.

@ néu v =... = < 1, phan phdi clia 77 tap trung phan 16n khéi (mass) & sat cic
mit bién cta G.

@ ngudc lai ndu Nn=..=%>1 phan 16n kh&i tap trung & siu bén trong G.
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Chiing ta d3 gan xong viéc dinh nghia cho phan b cta dit lidu x:
@ mdi vin ban s& c6 tuong tng mdt tan subt n ké trén.

@ khi biét 7, vdn ban x = (x1,...,x,) € V" dugc coi la mot ddy cac tir vung
trong V.

@ mdi x; 13 mét bién nggu nhién doc 1ap tuin theo phan phéi phan loai
(categorical distribution): tung mét con xiic xic d mit sao cho xac suit ciia
x;i ldy gid trimdt js€lan;, j=1,...,d.

@ cong thitc ham khéi xac suit cho x, khi biét n:
1(xi=
p(x|n) = HHU Co=i)
i=1j=1

G trén, 1(A) =1 néu biéu hién A didng, va 0 néu A sai.
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Chiing ta d3 gan xong viéc dinh nghia cho phan b cta dit lidu x:
@ mdi vin ban s& c6 tuong tng mdt tan subt n ké trén.

@ khi biét 7, vdn ban x = (x1,...,x,) € V" dugc coi la mot ddy cac tir vung
trong V.

@ mdi x; 13 mét bién nggu nhién doc 1ap tuin theo phan phéi phan loai
(categorical distribution): tung mét con xiic xic d mit sao cho xac suit ciia
x;i ldy gid trimdt js€lan;, j=1,...,d.

@ cong thitc ham khéi xac suit cho x, khi biét n:
n d
1(xi=j
p(xln) = [T T
i=1j=1
G trén, 1(A) =1 néu biéu hién A didng, va 0 néu A sai.

Tém lai, néu d3 biét gia tri cac tham sb 01,. .., 0y, ciing nhu 71, ..., vk
dugc cho trudc, md hinh sinh dit liéu duge dinh nghia bdi ham mit dé sau

p(x|6) = / p(x|m) dP(n]6, 7).
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Statistical inference of topic polytope
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e Cho m vin ban x(M), ... x(M m3i vin ban cé ding n ti.
» nhu vay, lugng dit liéu thé 13 mn tir trong m van ban
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e Cho m vin ban x(M), ... x(M m3i vin ban cé ding n ti.
» nhu vay, lugng dit liéu thé 13 mn tir trong m van ban

Bai toan hoc cha dé

Cho trudc sb chi dé k va cic tham sb ~1,...,vx > 0. Gid st
x L x(M < p(x|6).

Hay tim cic chi dé 6 = (A1, ..., 6)) dé x4c dinh phan b sinh ra tap m
van ban. )
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Remarks

Ching ta khéng thé tim ra chinh xac cac cha dé @, chi c6 thé wéc
lugng ching.

o Nhung ta ky vong ring néu sb luong dif liéu m, n cang I6n thi cac uéc
lugng doi véi @ cang tién gan dén gia tri “chan ly" cla ching.

o Mit khac, day ciing khéng phai 13 vin dé don gidn vé& mit tinh toan,
ma phai can nhitng hd trg vé thuit toan di manh

@ D4 1a cac thuit todn “hoc may” |y dau vao |1a tdp m vin ban, va dau
ra chinh 1a cac udc lugng vé “chl dé'!
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Convex geometry

Mbt bai toan kinh dién trong hinh hoc 1i: lam thé ndo d€ udc luong duoc
cdc dinh ctia mét da dién 16i G néu nhu ching ta quan sat dugc m hién
sinh doc 14p rit ra theo phan bo dong nhat tir trong long cia G?
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Convex geometry

M6t bai todn kinh dién trong hinh hoc 15i: 13am thé nao dé udc lugng dugc
cdc dinh ctia mét da dién 16i G néu nhu ching ta quan sat dugc m hién
sinh doc 14p rit ra theo phan bo dong nhat tir trong long cia G?

Khii quat hon cho mdt phan b Dirichlet trén mét da dién 1i:

Uéc luong dinh cia mdt da dién 16i

Cho truéc v € Rﬁ. Gid st 77(1), ... ,17(’") I3 m hién sinh d6c |ap cia mét
bién ngu nhién 7 |4y gia tri trong G nhu d3 dinh nghia & muc trudc.
Hay dua ra mét udc lugng tbt nhit cho da dién G.

“Tét nhat” dugc do bing mét metric cu thé, nhu Hausdorff: véi hai da dién G va G’ bAt ky trong mét khong gian chung RY

dy(G,G’) = min{e > 0/G C G/,G’ C G}

trong d6 Ge = {6 + v|0 € G,v € RY, ||v|» < €}.
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Luat so I16n trong xac suat

Cé mét udc lugng rat tu nhién va kinh dién: 13y hinh bao 13i clia cic hién
sinh nM, ... p(m),

A

G = conv(n®, ... M.
Theorem

If m — oo, then dy(G, G) — 0 in probability. J

o Mot sb két qua tinh hon vé téc d6 hdi tu, va vé phan bd tiém can
(Reitzner, 2005; Barany & Vu, 2007)

o Bii toan suy didn chli dé cda ta phic tap hon bai toan kinh diém &
mét sb khia canh

» Thd nhit, & Bai toan 1 ta khdng c6 trong tay cic hién sinh cla vector
tan sut 7™, ... n(™ thay vao dé I3 cic hién sinh x() ... x(m (x 1a
c4c van ban (tap hop cac tur)

» Thit hai, vector tham sb v cb thé bao gém cac gia tri khac véi 1, va
khac nhau (dé phan dnh xc thuc hon dit liéu thyc té). Néi cich khac,
phan phbi trong ldong da dién 16i G thudng khéng bao gid 13 ddng nhit,
tuy dé 13 mét gia thuyét kha phd bién trong hinh hoc 15i ¢8 dién.
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Maximum Likelihood Estimation
(Uéc lugng bang cuc dai kha di)

Trong théng ké todn cé mdbt phuong phap udc lugng rAt manh v hitu
dung, dua vao phép Iéy cuc dai cta ham kh3 di cta Fisher.

Ham kh3 di (likelihood function) 13 mét ham s& d&i véi tham sé 6 clia
(mat do) phan bb p(x|6).

Uéc luong cuc dai clia ham kha di, viét tit bing MLE, khi d3 dugc cho
cac dir liéu x(l), . ,x(’") dugc dinh nghia nhu sau:

. (7
0: argmé'ax;Iogp(x |0).
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M6t bio dadm quan trong dbi véi uéc lugng MLE cho 16p md hinh chi dé:
Theorem (Nguyen, 2015)

V6i @ = (01, ...,0,) I3 udc luong MLE. Viét G = conv(fs, ... ,0). Néu
m va n cing tién tdi vé cung, trong dé loglog m < log n = o(m), ta cé

lo | | 1/(2(q+a))
gm  logn  log n) .
m n m

du(G, G) = op<

Trén day, g = min{(k —1),(d — 1)}, a 13 mét hing sb duong phu thudc

vao v, Op c6 nghia I3 “hing sb can trén trong xdc sudt” duoc xdc dinh
doi vdi phan phdi p(x|0).

Né&u sb luong vin ban cang ting, thi suy din cla ta cang chinh xac!
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Man dao dAu:
Bayesian inference vs Frequentist inference
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o Ching ta tam dirng mét chéc 14t, d& quay lai véi th3o luan v& su can
thiét cia md hinh xdc suat p(x|@), mét chat keo todn hoc két néi dir
liéu quan sat dugc x, véi khai niém “chan ly" an sau dé, 6
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o Ching ta tam dirng mét chéc 14t, d& quay lai véi th3o luan v& su can
thiét cia md hinh xac suat p(x|@), mét chat keo todn hoc két ndi dit
liéu quan sat dugc x, véi khai niém “chan ly" an sau dé, 6

o Cac nha théng ké déu déng y véi nhau ring dit liéu phai dugc xem 13
hién sinh cia moét bién ngau nhién, do su bat dinh cla quan sat.
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o Ching ta tam dirng mét chéc 14t, d& quay lai véi th3o luan v& su can
thiét cia md hinh xac suat p(x|@), mét chat keo todn hoc két ndi dit
liéu quan sat dugc x, véi khai niém “chan ly" an sau dé, 6

o Cac nha théng ké déu déng y véi nhau ring dit liéu phai dugc xem 13
hién sinh cia moét bién ngau nhién, do su bat dinh cla quan sat.

o Nhung cé mét su tranh c3i quyét liét vé& y nghia clia khai niém 6: né
c6 b4t dinh hay khéng?
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o Ching ta tam dirng mét chéc 14t, d& quay lai véi th3o luan v& su can
thiét cia md hinh xac suat p(x|@), mét chat keo todn hoc két ndi dit
liéu quan sat dugc x, véi khai niém “chan ly" an sau dé, 6

o Cac nha théng ké déu déng y véi nhau ring dit liéu phai dugc xem 13
hién sinh cia moét bién ngau nhién, do su bat dinh cla quan sat.

o Nhung cé mét su tranh c3i quyét liét vé& y nghia clia khai niém 6: né
c6 b4t dinh hay khéng?

o C6 hai trudng phai déi v6i cau hdi ndy: Cac nha théng ké tan sudt
cho ring 6 hoan toan c6 thé xac dinh dugc. Phucng phip udc luong
cuc dai cia ham kh3 di (MLE) chinh 13 mét san phém cla cic nha
tan suit.
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o Ching ta tam dirng mét chéc 14t, d& quay lai véi th3o luan v& su can
thiét cia md hinh xac suat p(x|@), mét chat keo todn hoc két ndi dit
liéu quan sat dugc x, véi khai niém “chan ly" an sau dé, 6

o Cac nha théng ké déu déng y véi nhau ring dit liéu phai dugc xem 13
hién sinh cia moét bién ngau nhién, do su bat dinh cla quan sat.

o Nhung cé mét su tranh c3i quyét liét vé& y nghia clia khai niém 6: né
c6 bat dinh hay khéng?

o C6 hai trudng phai déi v6i cau hdi ndy: Cac nha théng ké tan sudt
cho rang @ hoan toan c6 thé xac dinh dugc. Phuong phap uéc lugng
cuc dai ca ham kh3 di (MLE) chinh 13 m&t sdn phdm cda cac nha
tan suat.

o Nguoc lai, trudng phéi Bayes cho ring tri thirc vé 6 ciing bat dinh, va
do dé vé mit toan hoc, né ciing phai dudc bién dién bdi mét bién
ngiu nhién.
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o Ching ta tam dirng mét chéc 14t, d& quay lai véi th3o luan v& su can
thiét cia md hinh xac suat p(x|@), mét chat keo todn hoc két ndi dit
liéu quan sat dugc x, véi khai niém “chan ly" an sau dé, 6

o Cac nha théng ké déu déng y véi nhau ring dit liéu phai dugc xem 13
hién sinh clia mét bién ngiu nhién, do sy bit dinh clia quan sat.

o Nhung cé mét su tranh c3i quyét liét vé& y nghia clia khai niém 6: né
c6 bat dinh hay khéng?

o C6 hai trudng phai déi v6i cau hdi ndy: Cac nha théng ké tan sudt
cho rang @ hoan toan c6 thé xac dinh dugc. Phuong phap uéc lugng
cuc dai ca ham kh3 di (MLE) chinh 13 m&t sdn phdm cda cac nha
tan suat.

o Nguoc lai, trudng phéi Bayes cho ring tri thirc vé 6 ciing bat dinh, va
do dé vé mit toan hoc, né ciing phai dudc bién dién bdi mét bién
ngiu nhién.

@ Vi chlng ta khéng thé quan sat dugc khai niém triru tugng 6, ching
ta khéng thé xdc quyét diang sai trong tranh c3i nay.
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e Mot uu thé cha phuong phap suy dién Bayes 13 né khéng chi cung
cAp cho ta mét diém uéc lugng cho @, n6 con cho ta biét mdc do6
(khdng) chic chin clia uéc lugng d6, dua trén nhiing dif liéu ta thu
thap dugc.
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e Mot uu thé cha phuong phap suy dién Bayes 13 né khéng chi cung
cAp cho ta mét diém uéc lugng cho 6, né con cho ta biét mic dé
(khdng) chic chin clia uéc lugng d6, dua trén nhiing dif liéu ta thu
thap dugc.

o D& ap dung phuong phép Bayes, tham sb 0, bdi duoc xem 13 bién
ng3u nhién, phai dugc gan cho mdt phan bd trudc khi c6 dit lidu.
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e Mot uu thé cha phuong phap suy dién Bayes 13 né khéng chi cung
cAp cho ta mét diém uéc lugng cho 6, né con cho ta biét mic dé
(khdng) chic chin clia uéc lugng d6, dua trén nhiing dif liéu ta thu
thap dugc.

o D& 4p dung phuong phap Bayes, tham sb 6, bdi dugc xem I3 bién
ng3u nhién, phai dugc gan cho mdt phan bd trudc khi c6 dit lidu.

> Phﬁn,phéi nay dudc goi 13 phan bg‘ tién nghiém, ky hiéu bdi MN(0), né
la chat loc cda tri thiic ma nha thong ké cé dugc trudc khi anh ta
quan sat.
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o Mot uu thé coa phu’dng phéap suy dién Bayes I3 né khéng chi cung
cAp cho ta mét diém uéc lugng cho 6, né con cho ta biét mic dé
khéng) chic chin cla udc lugng dd, dua trén nhitng dir liéu ta thu

thap dugc.
o D& ép dung phuong phap Bayes, tham sb 0, bdi duoc xem |3 bién
ng3u nhién, phai dugc gén cho mdt phan bb truéc khi cé dit lidu.
> Phﬁn,phéi nay dudc goi 13 phan bg‘ tién nghiém, ky hiéu bdi MN(0), né
la chat loc cda tri thiic ma nha thong ké cé dugc trudc khi anh ta

quan sat.
» Sau khi d3 thu thap dif liéu, m vin ban x(I), ... x(™ kién thic cla
nha thong ké vé 0 dugc tong két thanh phan bé hdu nghiém.

—~~
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o Mot uu thé coa phuong phéap suy dién Bayes I3 né khéng chi cung
cAp cho ta mét diém uéc lugng cho 6, né con cho ta biét mic dé
khéng) chic chin cla udc lugng dd, dua trén nhitng dir liéu ta thu
thap dugc.
o D& 3  ap dung phuong phap Bayes, tham sb 0, bdi duoc xem |3 bién
ng3u nhién, phai dugc gén cho mdt phan bb truéc khi cé dit lidu.
> Phﬁn,phéi nay dugc goi la phan bé tién nghiém, ky hiéu bdi 1N(0), né
la chat loc cda tri thiic ma nha thong ké cé dugc trudc khi anh ta

quan sat.
» Sau khi d3 thu thap dif liéu, m vin ban x(I), ... x(™ kién thic cla
nha thong ké vé 0 dugc tong két thanh phan bé hdu nghiém.

o Phan b hiu nghiém dugc x4c dinh bing céng thiic Bayes néi tiéng:
p(x6) - d”( )
J p(x|6) - d11(6)

—~~

dn(é|x) =
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e Mot uu thé cha phuong phap suy dién Bayes 13 né khéng chi cung
cAp cho ta mét diém uéc lugng cho 6, né con cho ta biét mic dé
(khdng) chic chin clia uéc lugng d6, dua trén nhiing dif liéu ta thu
thap dugc.

o D& 4p dung phuong phap Bayes, tham sb 6, bdi dugc xem I3 bién
ng3u nhién, phai dugc gan cho mdt phan bd trudc khi c6 dit lidu.

> Phﬁn/phéi nay dudc goi 13 phan bg‘ tién nghiém, ky hiéu bdi MN(0), né
la chat loc cda tri thiic ma nha thong ké cé dugc trudc khi anh ta
quan sat.

> Sau khi da thu thap di liéu, m vin ban x x(M | kién thic cla
nha thong ké vé 0 dugc tong két thanh phan bé hdu nghiém.

o Phan b hiu nghiém dugc x4c dinh bing céng thiic Bayes néi tiéng:

~ p(x[6)-dn(e)
ANk = 76y~ dn(e)

o C6 thé chiing minh dugc ring khi sb lugng dif liéu cang nhiéu thi
phan bd hiu nghiém tap trung cang gin vé gia tri “chan Iy cla 0
(Nguyen, 2015): niém tin clia cic nha théng k& Bayes ciing tiém can
dan téi chan Iy!
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Differentiation vs Integration

@ MLE, a popular estimation approach of the Frequentist school,
requires taking differentiation of information given by data (via
likelihood function)

@ Bayesian inference requires integration with respect to prior and
likelihood over the domain of parameter (possible truth)

@ In this way, the two schools can be seen as complementary, but there
are other distinctions that are technically fascinating and can
sometimes be philosophically difficult to reconcile

> topic of the second part of lecture
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Thu3t todn hoc cha dé

@ Théach thdc cho Théng ké hién dai va hoc mdy: muc tiéu tinh todn
hiéu qua nhitng dai lugng trong yéu nhu udc lugng MLE, hay phan bo
hau nghiém.

» d& c6 db tin c3y cao cic thuat todn phai quét qua mét sb 16n cac vin
ban cé d6 dai khic nhau, con s6 dé c6 thé dén hang van, hang triéu,
thdm chi hang ty

» thoi gian chay thuit todn c6é thé mat hang ngay hodc hang tuan dé cé
dugc két qua tuong doi chinh xac clia bai todn tim cuc dai cho ham
kha di.

@ Thudng chi can tim céc gidi phap xap xi

» phép suy dién bién phan (variational inference) (Blei et al, 2003).

» phuong phép suy dién Bayes xap xi dua vao Markov Chain Monte Carlo
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Thu3t todn hoc cha dé

@ Théach thdc cho Théng ké hién dai va hoc mdy: muc tiéu tinh todn
hiéu qua nhitng dai lugng trong yéu nhu udc lugng MLE, hay phan bo
hau nghiém.

» d& c6 db tin c3y cao cic thuat todn phai quét qua mét sb 16n cac vin
ban cé d6 dai khic nhau, con s6 dé c6 thé dén hang van, hang triéu,
thdm chi hang ty

» thoi gian chay thuit todn c6é thé mat hang ngay hodc hang tuan dé cé
dugc két qua tuong doi chinh xac clia bai todn tim cuc dai cho ham
kha di.

@ Thudng chi can tim céc gidi phap xap xi

» phép suy dién bién phan (variational inference) (Blei et al, 2003).

» phuong phép suy dién Bayes xap xi dua vao Markov Chain Monte Carlo

C6 mét thuc trang khé chiu: phép bién phan xip xi cho ra két qua rit
nhanh, nhung lai khdng tring. Ngugc lai, thuat todn md phéng chudi
Markov dua ra dugc uéc lugng kha tring, nhung lai khéng nhanh.
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What have we illustrated?
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Elements of the science

... the science of learning from data, with all that it entails

@ elements of data representation

» from data storage to abstract data structures and visualization
» both in a mathematical sense and sense of a computer system

@ elements of statistical learning and inference

» from statistical modeling to prediction and inference
» interplay of algorithmic and statistical efficiency

@ elements offered by real-world data domains in sciences and industry
> fresh challenges in data scale and complexity
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What kind of math?

For an undergraduate:

@ probability and statistics (and real and functional analysis):
how to think about uncertainty and inference

o linear algebra and matrix/tensor analysis: how to represent

@ continuous and discrete optimization: how to optimize

More math in advanced data science research:
@ combinatorics: random discrete structures
o differential geometry: for statistical theory and algorithm analysis

@ topology: topological data analysis

@ and so on
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Két luan: | data science > | data- (math A stat A cs)
Q

o Cbdng nghé théng tin mang cho ta ngudn dif lieu ddi dao, lam nay
sinh mét nhu cAu can suy didn véi nhing dit lidu Ay.
o Théng ké va toin hoc cho ta mét nén méng va cdng cu dé suy dién
mot céch hop ly.
> Nguoc lai sy phét trién clia khoa hoc suy din tir dif liéu, dif lidu 16n, ciing dua toan hoc t6i gin véi cic ting
dung ciia x3 hi hién dai hon bao gid h&t. VAn dé suy di&n véi cac chu triic phiic tap ciing c6 tac dung thic diy

sy phat trién ndi tai cla todn hoc.

@ Khong chi doi hoi su chuan bi t&t vé& todn hoc, mét chuyén gia vé
KHDL phai ¢6 su td mo dbi véi thuc tidn, c6 kha ning dién dat thanh
thuc bing ngdn ngif clia toan, ¢ su lidu linh dé st dung ngdn ngi 4y
vao dir liéu thuc.
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Outline

@ Bayesian and frequentist schools in statistical inference

Nguyén Xuan Long (Univ of Michigan) limsup [ data - (math A stat A cs A ...)



Frequentist Bayesian

Bernoulli, Gauss, Kolmogorov

Pearson, Wald, Stein, Lehmann Bayes, Laplace, Borel

Good, Jeffreys, Savage, Lindley

Ronald Fisher (1890-1962) Thomas Bayes (1702-1761)

a

Jerzy Neyman (1894—1981)

Brad Efron (1936-) David Blackwell (1919-2010)
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A simple question

Néu trong n3m vira qua ban tdi trudng 200 ngdy, va téi tré mit 102 ngay.
Hoi: ngdy mai xac suit ban di tré 13 bao nhiéu?
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A simple question

Néu trong n3m vira qua ban tdi trudng 200 ngdy, va téi tré mit 102 ngay.
Hoi: ngdy mai xac suit ban di tré 13 bao nhiéu?

“Qué d& khéng can nghi! Téi khéng cin phai hoc théng ké dé tr3 I1i cau
hdi nay. Kha ning tré x4p xi bing 1/2 (chinh xac 13 0.51)!".
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Another question
8/11/2016 13 ngay nuéc My di bdu cir téng théng.

Trén trang FiveThirtyEight.com Nate Silver (ngudi d3 du bdo chinh xac
két qua bau c téng théng vai 1an trudc) c6 ghi, lac 9 gis sang:

“Xac sult Hillary Clinton thing ct 13 71%"

T6i hém d6, Donald Trump dugc tuyén bd thing ci trong su kinh ngac
cla rat nhiéu ngudi.
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a familiar mathematician’s question

11/23/2016 2:21PM

Just before the election day, | have been thinking
quite hard what the prediction means exactly.

When you toss a coin with probability 1/2, that
means something when you toss the coin 1000
times.

Elction happens only once, so what does the
@ probability of winning mean?

11/23/2016 7:50PM

1/2 is the frequentist probability
sense only if you can run an experiment many

times. The prbbability' of winning an election should
be interpreted as the Bayesian probability
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In 1950, an economist preparing a report asked statistician David
Blackwell (not yet a Bayesian) to estimate the probability of another world
war in the next five years.

Blackwell answered: "Oh, that question just doesn’t make sense.
Probability applies to a long sequence of repeatable events, and this is
clearly a unique situation. The probability is either 0 or 1, but we won't
know for five years."

The economist replied,

"I was afraid you were going to say that. I've spoken to several other
statisticians, and they all told me the same thing."

Excerpt from “A theory that would not die” — Sharon McGrayne
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We use probability to quantify uncertainty of our knowledge given data, in
our life (often instinctively) and in our work

There are two interpretations of probabilities: frequentist probability and
Bayesian probability

@ the mathematical concept of probability is the same, it is how to use
probability to quantify knowledge that is different!
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We use probability to quantify uncertainty of our knowledge given data, in
our life (often instinctively) and in our work

There are two interpretations of probabilities: frequentist probability and
Bayesian probability

@ the mathematical concept of probability is the same, it is how to use
probability to quantify knowledge that is different!

Mathematical Statistics provides the mathematical foundation to resolving
the question of (inductive) inference.

The two different interretations correspond to two distinct approaches to
statistical inference
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In a nutshelf

Frequentist approach is natural when data can be obtained by repeated
experiments

Bayesian approach is more appropriate when one needs to draw conclusion
based on only the data available

Nguy&n Xuan Long (Univ of Michigan) limsup [ data - (math A stat A cs A ...) VIASM, 2017 67 / 118



Statistical Learning/Inference
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Vague definition: statistical inference is about making sense of data.

Operational definition: a computational process of turning data to
statistics, prediction and understanding.
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Vague definition: statistical inference is about making sense of data.

Operational definition: a computational process of turning data to
statistics, prediction and understanding.

Mathematical representation of data and knowledge

@ the data are represented by a variable x taking values in X

@ the inference is made regarding some notion of true knowledge
(truth) represented by parameter 6 € ©.
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x the records of your lateness in past year; 8 the probability you will be
late tomorrow.

x a collection of heights sampled from a population; 6 the typical height of
nation.

x is the blinking cursor on radar screen; § € R3 the actual location of
airplane.

x represents poll numbers; 6§ =1 or 0, whether you will become president
or not.

x the weird dream you have tonight; 6 the winning lottery number
tomorrow.

x your birth date; 8 your future life event.
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A less obvious example, x is the collection of data pair of the form (y, z),
where z is the binary class label representing the "class" of y. # is a
classification function

@ 0 maps y to prediction 6(y) of true label z
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A clustering problem involves subdividing a collection of data points
represented by x into "clusters", which can be represented by 6.
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point of departure:

data is random
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Statisticians universally agree to take x to be random.
Moreover, there has to be some sort of link between x and 6 that allows us
to draw inference about 6 given the information we have based on x.

Nguy&n Xuan Long (Univ of Michigan) limsup [ data - (math A stat A cs A ...) VIASM, 2017 74 / 118



Statisticians universally agree to take x to be random.
Moreover, there has to be some sort of link between x and 6 that allows us
to draw inference about 6 given the information we have based on x.

@ using the language of probability, it is assumed that x is a random
variable distributed according to a distribution function parameterized
by 6. We write

x ~ f(x|0)
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meaning of f(x|6)

f(x|0) is called a probability model for data x.

It means: if | know the true 6, f gives me a probabilistic mechanism for
obtaining the random x.

The statistical inference problem can be reduced to this: given the data
(which is a realization of random variable x), what can we say about 67
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the distribution-free appearance

Most statisticians agree up to this point. Moreover, the distribution-teller
f is assumed known, so the remaining issue left is with 6.

It is worth noting that there are many problems especially those tacked in
machine learning, distribution-free approaches may be prefered. This
means that the probability model f is implicit rather than being explicit.
Nonetheless, it is still extremely useful to think that such an underlying
model f exists, if one is to understand and analyze the properties of the
inference approaches, even if such approaches do not overtly make use of
any probability assumption.
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the Great Debate:

unknown @ is random, or is this not?
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Having said that data x is a realization of some probability model f(x|6),
statisticians may not agree about the nature of 6: Bayesians say that 0 is
random; frequentists insist that it is not. This leads to the famous

frequentist-Bayesian divide.

VIASM, 2017 78 / 118
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in some settings, the distinction is quite superficial, but in some other
settings, the difference is fundamental. In some other settings they are
quite complementary.

it appears that the span of Bayes and frequentist axes do not cover all of
statistical inference. With the increased interest in large scale inference,
computational considerations represent another formidable dimension that
promises to rewrite the entire landscape of modern statistics.

Nguy&n Xuan Long (Univ of Michigan) limsup [ data - (math A stat A cs A ...) VIASM, 2017 79 / 118



no longer does the frequentist vs Bayes debate excite as much passion as
it did half a century ago.

pragmatic viewpoints seem to prevail these days: anything goes if it
"solves" a problem.

an increasingly accepted view now is that we should continue to honor the
distinction between the two approaches, while recognizing that with
computational axis now becoming a major player, a complete story of
statistical inference may yet to be written.
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Bayesian inference
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basic concepts

Since the Bayesian approach posits that parameter 6 is random, it needs
to be endowed with a probability distribution 7 on the parameter space ©,
namely 7(6).

o 7 shall be called “prior distribution”

The conditional distribution of 6 given data x can now be obtained via the
law of probability — this is famously called the Bayes’ rule

m(0)f(x|6)

m(0lx) = T (0)f(x]0)do

This conditional distribution is called posterior distribution. Bayesian
inference is drawn on the basis of the posterior distribution, conditionally
on the data x.
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Note that the denominator is equal to the marginal distribution of x which
is induced by the joint distribution of # and x. Because the marginal of x
does not depend on 6, we may write that

w(0|x) oc w(0)F(x]6),

or

‘ posterior o prior x likelihood ‘
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Posterior

Likelihood

(llustration of Kim Larsen)
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posterior o prior x likelihood

This is one of the most influential equations in the history of development
of human thoughts. The equation makes it clear that the information on 6
given observation x must come from a combination of both the model and
the prior knowledge about the model.

What is more striking is that it puts both the causes () and effects (x) on

the same conceptual level, because both of them have probability
distributions.
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A robot’s Bayesian analysis to self-localize

Sample of possible locations from prior distribution

[Source: Choset et al, 2005]
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Sample from posterior distribution after 10 data points (via sensor scans)
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Sample from posterior distribution after 65 data points
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criticism of Bayesian viewpoint

First, what if 0 is deterministic?

Second, where does this prior come from? Requiring the priors means
inference is no longer objective. Moreover, the business of putting priors on
things seems treacherous.

Third, computationally expensive to calculate the posterior distribution.
All these questions are legitimate and can be addressed.
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advantages of Bayesian viewpoint

First, at the conceptual level, the Bayesian choice simplifies inference
greatly, by equating statistical inference to the inverse problem in
probability.

@ in fact, at the time of Bayes and Laplace (all the way up to the

advent of modern statistics in the 20th century), Statistics was often
called inverse probability.

Second, at a more pragmatic level, by being explicit about the prior
distribution as another source of inference, the Bayesian choice does not
shy away from subjectivity.

Third, prior distribution is the best way of summarizing our available prior
knowledge (or the lack of such knowledge) as well as the residual of
uncertainty, thus allowing for the incorporation of this imperfect
information about the decision making process.
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Bayes vs Frequentist
via lense of decision-theoretic framework
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Abraham Wald (1902-1950)
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basic decision-theoretic concepts

To evaluate the quality of an inference procedure, in this framework we
need a notion of loss, a function £: © x D — [0, +00).

@ O is the space of parameters representing the state of nature,
D is called a decision space.

Thus the value £(6, 6) represents the quality of action § regarding the state
of nature 6.
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parameter estimation

In parameter estimation, the goal is to simply estimate 6 given data x.
Then, § is a function of data x, and D = ©, while ¢ represents some sort
of estimation error.

The squared loss function is given by £(0,0) := (6 — §)?, for real-valued
0,9.

For classification problem, a zero-one loss function is defined as

00,5) :=1(6 # 6).
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frequentist risk

A frequentist is interested in the following notion, frequentist risk, the
expected loss that one incurs by averaging over all data realizations

[R(0.) = Eqt(0,5(x)) |

where 6 is fixed, and the expectation is taken with respect to the
distribution of x, namely, some (x|6).

Clearly one would prefer a procedure/decision § which yields smallest risk.
But the frequentist risk is a function of 6.
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This raises some difficulty: how do we compare between different
procedures?

Given two procedures 01 and d2, if R(0,91) < R(6,9,) for all 0, i.e., 61
dominates 0, everywhere, we say that J, is inadmissible — we should
always opt for §; instead.

More commonly, there are ranges of the parameter space in which d;
dominates d,, and then ranges where §, dominates d;. Moreover, we do
not know which range does the true 9 lie in.
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unbiased procedures

A way to get around it, from a frequentist viewpoint, is to restrict the
class of procedures to a subset with a sensible property, such as classes of
unbiased procedures.

e that is, those ¢ such that Ed(x) = #.

Within the unbiased class one may look for the procedure with a minimum
risk (e.g., minimum variance).
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Example
For squared loss, we have (6, (x)) = (8 — 6(x))?. Then,

R(6,6) = TEg(0 — 5(x))?
= (6 —Epd(x))? + Eg(d(x) — Egd(x))?
= Bias® + Variance.

This motivated minimum variance unbiased (MVU) estimators.
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Example
For squared loss, we have (6, (x)) = (8 — 6(x))?. Then,

R(6,6) = TEg(0 — 5(x))?
(6 — Egd(x))? 4 Eg(6(x) — Egd(x))?
= Bias® + Variance.

This motivated minimum variance unbiased (MVU) estimators.

Critique: Bayesian statisticians do not find this criterion appealing,
because it involves averaging over all possible data realizations x, leaving
no particular attention to the actual data x available at hand. Finally, it
must be noted that insisting on unbiasedness would leave out good
procedures. In fact, Bayesian procedures are generally unbiased.
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Example

We want to estimate the height of a daughter, denoted 6, given the
height of the mother, denoted by x.

Assume that (x,6) ~ Na(u, ), where 1 := (p1, 2) = (160,160)7 (in
centimeters). ¥ has equal variances, ¥1; = Y = o2, and correlation
p = 212/02 = 0.5.

The Bayesian approach takes the conditional mean of # given x:

E(01x) = pi2 + p(x — jiz) = 160 + p(x — 160).

Verify that this is unbiased. Given fixed 6, E(x|0) = p1 + p(0 — p2), so

Eg(p2 + p(x — p1)) = 160 + p(Egx — 160)
= 160 + p(160 + p(# — 160) — 160)
= 160 + p?(0 — 160) # 6.
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Example (continued...)

Consider instead a linear estimator of the form
d(x) := 160 + n(x — 160),

then Egd(x) = 160 + 7(160 + p(6 — 160) — 160) = 4 iff we set n = 2.
Is this a good estimator?

Suppose that the mother is observed to measure at 170 cm, then the
Bayesian estimate for the daughter would be 160.25, while the unbiased
estimator gives 180cm. This contradicts our common sense, that
exceptionally tall people are flunctuation, where most people would be
concentrated near the mean.
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Example (continued...)

Consider instead a linear estimator of the form
d(x) := 160 + n(x — 160),

then Epd(x) = 160 + 1(160 + p(6# — 160) — 160) = 6 iff we set n = 2.
Is this a good estimator?

Suppose that the mother is observed to measure at 170 cm, then the
Bayesian estimate for the daughter would be 160.25, while the unbiased
estimator gives 180cm. This contradicts our common sense, that
exceptionally tall people are flunctuation, where most people would be
concentrated near the mean.

v

Mathematically, the Bayesian estimate naturally exercises a technique that
is now known as “shrinkage”, or regularization/penalization. Shrinkage
estimators are now widely accepted as they provide superior performance
both practically and theoretically.
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Minimax optimality in frequentist inference

Another way is to compare the procedure based on the worse case
scenario, supg R(6,9). The procedure that achieves the infimum of the
worse case scenario is called the minimax optimal procedure.

@ that is, §* such that

inf sup R(6,8) = sup R(#, 6%).
5'2@5‘;"(’) sgp(,)
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This is an elegant mathematical solution to the problem of comparison.

But from an inferential standpoint, the minimax criterion picks procedure
that pays attention only at the most difficult range of parameter 6, the
range of values which may never actually happen.

It is possible that the true value of 6 is not within such a range, and that
for the typical true value of 6, there exists procedures ¢’ for which the risk
R(6,6) is far smaller than the risk incurred by the minimax optimal
procedure:

R(6,8') < R(0,5%).
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The minimax criterion is most appropriate in situations when the state of
nature 6 acts in an adversarial manner.

@ for instance, 6 represents a mechanism for generating spam mails.
Then one can expect the spammers to change 6 from time to time to
get around improved spam filters.

Moreover, the minimax risk is in some sense indicative of the difficulty of
an inference problem.
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Bayesians generally ignore the worst case scenarios, though not entirely.
Instead, they look to introduce a “weight function” of # to tell which part
of the parameter deserves more attention, and seek for procedure that
minimizes according to this weight function. This weight does not merely
come from our prior knowledge — it is also driven by the data that we
observe. As one may guess, this weight function will come from the
posterior distribution of § given the data.
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Frequentist is pessimistic

By centering on frequentist risk

[R(6,8) = Eq1(6,5(x))]

a frequentist approach
@ is in favor of procedures that perform well on average among all
possible data realizations, including the data that were not actually
observed.
@ some procedures are also evaluated by averaging over all possible
experiments, including the ones that could have been performed, but
were not.

@ such is the spirit of a frequentist, always seeing the data as just an
instance of a lot more to come, perennially worried about what may
happen far into the future, instead of dwelling on the availability of
the presence.
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Bayesian decision theory

The Bayesian approach integrates on the space © since 6 is unknown,
instead of integrating on the space X, as x is known.

It relies on the posterior expected loss, or posterior risk

p(x,m) = /l(@,d(x))w(éﬂx) do.

The integration is with respect to the posterior distribution 7(68|x)

Definition

(Bayes action). The Bayes action, §*(x) is the value of §(x) that
minimizes the posterior risk.
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If £ is the square loss, then 0*(x) = E(0|x), the posterior mean.

If £ is the absolute error loss, ¢(0,5) = |6 — d|, given that © =D =R,
then §*(x) is the median of the posterior distribution 7(6|x).

The zero-one loss arises in the contexts of binary hypothesis test and
classification problem. Here © = D = {0,1}, and £(0,d) =1( # d). The
two hypotheses Hyp and Hj are to be distinguished. Then, 6*(x) =1 if
m(H1|x) > m(Ho|x) and 0 otherwise.
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Bayes and Frequentist
Bayes perspective: considers expected loss by averaging over parameter 6
Frequentist perspective: considers expected loss by averaging over data x.

These two concepts are linked by Fubini's theorem.

Definition

Let R(0,0) be the frequentist risk, and 7 a distribution over 6. A Bayes
rule is a decision d which minimizes the expected risk, obtained by
averaging the frequentist risk over 6:

r(m, 8) = / R(0,8)dr(0).

The minimum expected risk is called “Bayes risk’.
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By Fubini’s theorem, we can write

H(m,8) = / / 10, 5(x)F(x|0)7 () dOcx = / p(x, 7)p(x) dx.

It can be observed that the Bayes action achieves the Bayes risk.

While this sounds great for a Bayesian, a "hard-core" frequentist might
simply shrug at this result, for she would not care about the Bayes risk in
the first place!

Nguy&n Xuan Long (Univ of Michigan) limsup [ data - (math A stat A cs A ...) VIASM, 2017 109 / 118



Summary

BAYES FREQUENTIST

— parameter 6 is random — parameter 6 is non-random;

— data x is fixed — data x is one of more to come

— overtly subjective and optimistic — overtly pessimistic and aims to be
— suitable when data can't be objective

replicated, and knowledge highly — suitable when data experiments
uncertain replicable

— computationally more expensive — good for evaluation of procedures )
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Summary

BAYES FREQUENTIST

— parameter 6 is random — parameter 6 is non-random;

— data x is fixed — data x is one of more to come

— overtly subjective and optimistic — overtly pessimistic and aims to be
— suitable when data can’t be objective

replicated, and knowledge highly — suitable when data experiments
uncertain replicable

— computationally more expensive — good for evaluation of procedures )

— “Big data” does not always mean data experiments are easily replicable for the
inference question of interest, partly because space of inference questions also

grows quickly

— Sometimes it is not easy to know which setting to put ourselves in; this is a
choice we must make. There is also a computational consideration that
increasingly becomes another central pillar of inference (e.g., what if § cannot be
computed efficiently even if we know in which form it is supposed to be)
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First detection of gravitational waves

@ predicted by Einstein 100 years ago

@ gravitational waves estimated to have travelled for 1 billion years, due to the
merger of two blackholes

@ energy released by the merger reached a level greater than combined power
of light radiated by all the stars in the observable universe

|24 Selected for a Viewpoint in Physics week ending
PRL 116, 061102 (2016) PHYSICAL REVIEW LETTERS 12 FEBRUARY 2016

s

Observation of Gravitational Waves from a Binary Black Hole Merger

B.P. Abbott ef al.”
(LIGO Scientific Collaboration and Virgo Collaboration)
(Received 21 January 2016; published 11 February 2016)

On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 x 107!, It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater
than 5.1. The source lies at a luminosity distance of 41075 Mpc comresponding to a redshift z = 0.0975 5.
In the source frame, the initial black hole masses are 361'2114@ and ‘29::M®, and the final black hole mass is
6214M o, with 3.0103M ;c? radiated in gravitational waves. All uncertainties define 90% credible intervals.
These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
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widely lauded to be the greatest scientific discovery of 21 century,
and a great triump for experimental astrophysics
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@ much work go into statistical analysis to validate the theory
> to make sure signals are not due to noise or other souces of disturbance
» to identify correctly the source of event consistent with physical theory
» to provide accurate estimate of source parameters (about blackholes)

Nguy&n Xuan Long (Univ of Michigan) limsup [ data - (math A stat A cs A ...) VIASM, 2017 113 / 118



|24 Selected for a Viewpoint in Physics week ending
PRL 116, 061102 (2016) PHYSICAL REVIEW LETTERS 12 FEBRUARY 2016

E4

Observation of Gravitational Waves from a Binary Black Hole Merger

B.P. Abbott er al.”
(LIGO Scientific Collaboration and Virgo Collaboration)
(Received 21 January 2016; published 11 February 2016)

On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 x 1072!, It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater
than 5.1¢. The source lies at a luminosity distance of 410:,1}?8 Mpc comresponding to a redshift z = OAUQfg gj .
In the source frame, the initial black hole masses are 3613 M, and 297{M 4, and the final black hole mass is
6214 M o, with 3.07)2M 5¢? radiated in gravitational waves. All uncertainties define 90% credible intervals.
These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOIL: 10.1103/PhysRevLett.116.061102

o first two tasks were achieved by sophisticated physics model based
hypothesis tests (maximum likelihood based tests), i.e., frequentist
approach

@ the last task was achieved by a refined Bayesian analysis
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Frequentist or Bayes, which side are you?

@ understanding this foundation of inference can help us to avoid
pitfalls and abusive practices (e.g., the tendency to draw conclusion
you want to draw a priori, via misuses of p-value, the sensitivity of
model choice)

@ the Bayes vs frequentist divide will always exist due to the unsolvable
nature of inductive inference and the nature of knowledge

@ most of the time it appears that the two approaches actually
complement other rather than contradict

e depending on data/problem, one may choose which approach to
proceed

» if this sounds a bit Bayesian, that is because the author’s outlook
actually is; although neither would a hard-core frequentist nor a
hard-core Bayesian approve of this inconsitency!
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