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Abstract. This paper is concerned with the fundamental role of two mathematical theories in some clustering problems. Formal concept analysis provides the algebraic structure and properties of possible concepts from a given
context, and rough set theory provides a mathematical tool to deal with imprecise and incomplete data. Based on these theories, we developed models
and algorithms for solving three clustering problems: conceptual clustering,
approximate conceptual clustering, and text clustering.

1

Formal Concept Analysis and Rough Set
Theory

A theory of concept lattices has been studied under the name formal concept
analysis (FCA) by Wille and his colleagues [1, 11]. Considers a context as
a triple (O, D, R) where O be a set of objects, D be a set of primitive descriptors and R be a binary relation between O and D, i.e., R ⊆ O × D and
(o, d) ∈ R is understood as the fact that object o has the descriptor d. For
any object subset X ⊆ O, the largest tuple common to all objects in X is
denoted by λ(X). For any tuple S ∈ T , the set of all objects satisfying S is
denoted by ρ(S). A tuple S is closed if λ(ρ(S)) = S. Formally, a concept C
in the classical view is a pair (X, S), X ⊆ O and S ⊆ T , satisfying ρ(S) = X
and λ(X) = S. X and S are called extent and intent of C, respectively.
Concept (X2 , S2 ) is a subconcept of concept (X1 , S1 ) if X2 ⊆ X1 which is
equivalent to S2 ⊇ S1 , and (X1 , S1 ) is then a superconcept of (X2 , S2 ).
It was shown that λ and ρ define a Galois connection between the power sets
℘(O) and ℘(D), i.e., they are two order-reversing one-to-one operators. As
a consequence, the following properties hold which will be exploited in the
learning process:

if S1 ⊆ S2 then ρ(S1 ) ⊇ ρ(S2 ) and λρ(S1 ) ⊆ λρ(S2 )
if X1 ⊆ X2 then λ(X1 ) ⊇ λ(X2 ) and ρλ(X1 ) ⊆ ρλ(X2 )
S ⊆ λρ(S), X ⊆ ρλ(X)
ρλρ
=
ρ,
=Tλρ(S)
S
Tλρλ = λ, λρ(λρ(S))
S
ρ( j Sj ) = j ρ(Sj ), λ( j Xj ) = j λ(Xj )
The basic theorem in formal concept analysis [11] states that the set of all
possible concepts from a context (O, D, R) is a complete lattice1 L, called
Galois lattice, in which infimum and supremum can be described as follows:
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Rough set theory, a mathematical tool to deal with uncertainty introduced
by Pawlak in early 1980s [10]. The starting point of this theory is the assumption that our “view” on elements of a set of objects O depends on some
equivalence relation E on O. An approximation space is a pair (O, E) consisting of O and an equivalence relation E ⊆ O × O.
The key notion of the rough set theory is the lower and upper approximations of any subset X ⊆ O which consist of all objects surely and possibly
belonging to X, respectively. The lower approximation E∗ (X) and the upper
approximation E ∗ (X) are defined by
E∗ (X) = {o ∈ O : [o]E ⊆ X}

(3)

E ∗ (X) = {o ∈ O : [o]E ∩ X 6= ∅}

(4)

where [o]E denotes the equivalence class of objects indiscernible with o with
respect to the equivalence relation E.

2

FCA-based Conceptual Clustering

Conceptual clustering concerns mainly with symbolic data [9]. It does simultaneously two tasks: (i) hierarchical clustering (i.e., finding a hierarchy of
useful subsets of unlabelled instances); and (ii) characterization (i.e., finding
an intensional definition for each of these instance subsets). An important
feature of conceptual clustering is that a partitioning of data is viewed as
1A

lattice L is complete when each of its subsetf X has a least upper bound and a
greatest lower bound in L.

Table 1: Scheme of OSHAM conceptual clustering

Input
Result
Top-level

concept hierarchy H and an existing splittable concept Ck .
H formed gradually.
call OSHAM(root concept, ∅).

1. While Ck is still splittable, find a new subconcept of it that corresponds to
the hypothesis minimizing the quality function q(Ck ) among η hypotheses
generated by the following steps
(a) Find a “good” attribute-value pair concerning the best cover of Ck .
(b) Find a closed attribute-value subset S containing this attribute-value
pair.
(c) Form a subconcept Cki with the intent is S.
(d) Evaluate the quality function with the new hypothesized subconcept.
Form intersecting concepts corresponding to intersections of the extent of the
new concept with the extent of existing concepts excluding its superconcepts.
2. If one of the following conditions holds then Ck is considered as unsplittable
(a) There exist not any closed proper feature subset.
(b) The local instances set Ckr is too small.
(c) The local instances set Ckr is homogeneous enough.
3. Apply recursively the procedure to concepts generated in step 1.

‘good’ if and only if each cluster has a ‘good’ conceptual interpretation. In
this sense, FCA is a good tool for conceptual clustering as it formalizes the
duality between objects and their properties by Galois connections. Based on
FCA, we have developed a conceptual clustering method OSHAM with some
additional components to the concept representation by extent and intent.
The key idea here to enrich the concept representation in FCA by adding
several components based on the probabilistic and exemplar views on concepts that allow dealing better with typical or unclear cases in the region
boundaries. The conceptual clustering method OSHAM to form a concept
hierarchy in the framework of concept lattices is introduced and described in
[2]. OSHAM searches to extract a good concept hierarchy by exploiting the
structure of Galois lattice of concepts as the hypothesis space.

Instead of characterizing a concept only by its intent and extent, OSHAM
represents each concept Ck in a concept hierarchy H by a 10-tuple
< l(Ck ), f (Ck ), s(Ck ), i(Ck ), e(Ck ), d(Ck ), p(Ck ), d(Ckr ), p(Ckr |Ck ), q(Ck ) >
(5)
where
-

l(Ck ) is the level of Ck in H;
f (Ck ) is the list of direct superconcepts of Ck ;
s(Ck ) is the list of direct subconcepts of Ck ;
i(Ck ) is the intent of Ck (set of all common properties of instances
of Ck );
e(Ck ) is the extent of Ck (set of all instances satisfying properties
of i(Ck ));
d(Ck ) is the dispersion between instances of Ck ;
p(Ck ) is the occurrence probability of Ck ;
d(Ckr ) is the dispersion of local instances of Ck which are not
classified into subconcepts of Ck ;
p(Ckr |Ck ) is the conditional probability of these unclassified
instances of Ck ;
q(Ck ) is the quality estimation of splitting Ck into subconcepts Cki .

Table 1 represents the essential idea of algorithm OSHAM that allows discovering both disjoint and overlapping concepts depending on the user’s interests
by refining the condition 1.(a) and the intersection operation. In short, OSHAM combines the concept intent, hierarchical structure information, probabilistic estimations and the nearest neighbors of unknown instances. A
experimental comparative evaluation of OSHAM is given in [2].

3

Approximate Conceptual Clustering

Kent[7] has pointed out common features between formal concept analysis
and rough set theory, and formulated the rough concept analysis (RCA).
For the sake of simplicity, we restrict ourselves here to present the basic
idea of presenting approximate concepts in case of binary attributes where
D is identical to the set A of all attributes a. Saying that a given formal
context (O, A, R) is not obtained completely and precisely means that the
relation R is incomplete and imprecise. Let (O, E) be any approximation
space on objects O, we wish to approximate R in terms of E. The lower
approximation R∗E and the upper approximation R∗E of R w.r.t. E can be
defined element-wise as

R∗E a = E∗ (Ra) = {o ∈ O | [o]E ⊆ Ra}

(6)

∗E

(7)

R

∗

a = E (Ra) = {o ∈ O | [o]E ∩ Ra 6= ∅}

The formal context (O, A, R) can be then roughly approximated by two lower
and upper formal contexts (O, A, R∗E ) and (O, A, R∗E ). These approximate
contexts can be intuitively viewed as “truncated” and “filled up” contexts
with respect to the equivalence relation E. Two formal context (O, A, R)
and (O, A, R0 ) are E-roughly equal if they have the same lower and upper
formal contexts, i.e., R∗E ≡ R0∗E and R∗E ≡ R0∗E . A rough formal context
in (O, E) is a collection of formal contexts of object set O and attribute set A
which have the same lower and upper formal contexts (roughly equal formal
contexts).
The rough extent of an attribute subset S ⊆ A w.r.t. R∗E and R∗E are
defined as
\
\
ρ(S∗E ) =
R∗E a
ρ(S ∗E ) =
R∗E a
(8)
a∈S

a∈S

Now, any formal concept (X, S) ∈ L(O, A, R) can be approximated by R∗E
and R∗E . The lower and upper E-approximation of (X, S) are defined as
(X, S)∗E = (ρ(S∗E ), λρ(S∗E )) ∈ L(O, A, R∗E )

(9)

(X, S)∗E = (ρ(S ∗E ), λρ(S ∗E )) ∈ L(O, A, R∗E )

(10)

A rough concept of a formal concept (O, A, R) in (O, E) is the collection of
concepts which have the same lower and upper E-approximations (roughly
equal concepts). Note that approximate contexts of (O, A, R) in (O, E) vary
according to the equivalence relation E. In [3] we introduce algorithm AOSHAM for learning approximate concepts in the framework of rough concept analysis. Essentially, A-OSHAM induces a concept hierarchy in which
each induced concept is associated with a pair of its lower and upper approximations. A-OSHAM generates concepts with their approximations recursively and gradually, once a level of the hierarchy is formed the procedure is
repeated for each class.

4

Document clustering based on a Tolerance
Rough Set Model

Given a set D of M full text documents. Our method of generating a hierarchical structure of this document collection consists of two phases. The first

Table 2: Scheme of A-OSHAM approximate conceptual clustering

Input
Result
Top-level
Variables

concept hierarchy H and an existing splittable concept Ck .
H formed gradually.
call A-OSHAM(root concept, ∅).
α is a given threshold.

1. Suppose that Ck1 , ..., Ckn are subconcepts of Ck = (Xk , Sk ) found so far.
While Ck is still splittable, find a new subconcept Ckn+1 = (Xkn+1 , Skn+1 )
of Ck and its approximations by doing:
(a) Find attribute a∗ so that

Sn

i=1

Xki ∪ ρ({a∗ }) is the largest cover of Xk .

(b) Find the largest attribute set S containing a∗ satisfying λρ(S) = S.
(c) Form subconcept Ckn+1 with ρ(Skn+1 ) = S and Xkn+1 = ρ(S).
(d) Find a lower approximation and an upper approximation of Ckn+1 with
respect to a chosen equivalence relation E.
From intersecting subconcepts corresponding to intersections of ρ(Skn+1 )
with extents of existing concepts on H excluding its superconcepts, and find
their approximations.

Sn+1

2. Let Xkr = Xk \ i=1 Xki . If one of the following conditions holds then Ck is
considered unsplittable:
(a) There exist not any attribute set S ⊆ Sk satisfying λρ(S) = S in Xk .
(b) card(Xkr ) ≤ α.
3. Apply A-OSHAM(Cki , H) to each Cki formed in the step 1.

phase extracts and maps each document into a set of terms, then enriches
documents with their approximations by the proposed tolerance rough set
model. The second phase groups documents by an agglomerative clustering
method using the document approximations.
In the first phase each document dj is mapped into a list of terms ti each
is assigned a weight that reflects its importance in the document. Denote
by fdj (ti ) the number of occurrences of term ti in dj (term frequency), and
by fD (ti ) the number of documents in D that term ti occurs in (document
frequency). The weights wij of terms ti in documents dj are first calculated

by

½
wij =

(1 + log(fdj (ti ))) × log
0

M
fD (ti )

qP

then normalized by vector length as wij ← wij /

if ti ∈ dj ,
if ti ∈
6 dj
thj ∈dj (whj )

2.

(11)
Each doc-

ument dj is represented by its r highest-weighted terms. A usual way is to
fix a default value r common for all documents. We denote the document
set by D = {d1 , d2 , . . . , dM } where dj = (t1j , w1j ; t2j , w2j ; . . . ; trj , wrj ) and
wij ∈ [0, 1]. The set of all terms from D is denoted by T = {t1 , t2 , . . . , tN }. In
information retrieval, a query is given the form Q = (q1 , w1q ; q2 , w2q ; . . . ; qs , wsq )
where qi ∈ T and wiq ∈ [0, 1].
The tolerance rough set model (TRSM) aims to enrich the document representation in terms of semantics relatedness by creating tolerance classes of
terms in T and approximations of subsets of documents. The model has the
root from rough set models and its extensions [10]. The key idea is among
three properties of an equivalence relation R in an universe U used in the
original rough set model (reflexive: xRx; symmetric: xRy → yRx; transitive:
xRy ∧ yRz → xRz for ∀x, y, z ∈ U ), the transitive property does not always
hold in natural language processing, information retrieval, and consequently
text data mining. In fact, words are better viewed as overlapping classes
which can be generated by tolerance relations (requiring only reflexive and
symmetric properties).
The key issue in formulating a TRSM to represent documents is the identification of tolerance classes of index terms. There are several ways to identify conceptually similar index terms, e.g., human experts, thesaurus, term
co-occurrence, etc. We employ the co-occurrence of index terms in all documents from D to determine a tolerance relation and tolerance classes. The
co-occurrence of index terms is chosen for the following reasons: (i) it gives
a meaningful interpretation in the context of information retrieval about the
dependency and the semantic relation of index terms, and (ii) it is relatively
simple and computationally efficient. Note that the co-occurrence of index
terms is not transitive and cannot be used automatically to identify equivalence classes. Denote by fD (ti , tj ) the number of documents in D in which
two index terms ti and tj co-occur. We define an uncertainty function I
depending on a threshold θ as
Iθ (ti ) = {tj | fD (ti , tj ) ≥ θ} ∪ {ti }

(12)

It is clear that the function Iθ defined above satisfies the condition of ti ∈
Iθ (ti ) and tj ∈ Iθ (ti ) iff ti ∈ Iθ (tj ) for any ti , tj ∈ T , and so Iθ is both

Table 3: The TRSM nonhierarchical clustering algorithm
Input
Result

The set D of documents and the number K of clusters.
K clusters of D associated with cluster membership of each document.

1. Determine the initial representatives R1 , R2 , ..., RK of clusters C1 , C2 , ..., CK
as K randomly selected documents in D.
2. For each dj ∈ D, calculate the similarity S(U(R, dj ), Rk ) between its upper
approximation U(R, dj ) and the cluster representative Rk , k = 1, ..., K. If
this similarity is greater than a given threshold, assign dj to Ck and take this
similarity value as the cluster membership m(dj ) of dj in Ck .
3. For each cluster Ck , re-determine its representative Rk .
4. Repeat steps 2 and 3 until there is little or no change in cluster membership
during a pass through D.
5. Denote by du an unclassified document after steps 2, 3, 4 and by NN(du )
its nearest neighbor document (with non-zero similarity) in formed clusters.
Assign du into the cluster that contains NN(du ), and determine the cluster
membership of du in this cluster as the product m(du ) = m(NN(du )) ×
S(U(R, du ), U(R,NN(du ))). Re-determine the representatives Rk , for k =
1, ..., K.

reflexive and symmetric. This function corresponds to a tolerance relation
I ⊆ T × T that ti Itj iff tj ∈ Iθ (ti ), and Iθ (ti ) is the tolerance class of index
term ti .
A vague inclusion function ν, which determines how much X is included in
Y , is defined as
|X ∩ Y |
ν(X, Y ) =
(13)
|X|
This function is clearly monotonous with respect to the second argument.
Using this function the membership function, introduced by Pawlak [10], a
similar notion as that in fuzzy sets, µ for ti ∈ T , X ⊆ T can be defined as
µ(ti , X) = ν(Iθ (ti ), X) =

|Iθ (ti ) ∩ X|
|Iθ (ti )|

(14)

With these definitions we can define a tolerance space as R = (T , I, ν, P )
in which the lower approximation L(R, X) and the upper approximation

Table 4: TRSM-based hierarchical agglomerative clustering algorithm

Input
Result

A collection of M documents D = {d1 , d2 , . . . , dM }
Hierarchical structure of D

Given: a collection of M documents D = {d1 , d2 , . . . , dM }
a similarity measure sim : P(D) × P(D) → R
for j = 1 to M do
Cj = {dj } end
H = {C1 , C2 , , . . . , CM }
i=M +1
while |H| > 1
(Cn1 , Cn2 ) = argmax(Cu ,Cv )∈H×H sim(U(R, Cu ), U(R, Cv )
Ci = Cn1 ∪ Cn2
H = (H \ {Cn1 , Cn2 }) ∪ {Ci }
i=i+1

U(R, X) in R of any subset X ⊆ T can be defined as
L(R, X) = {ti ∈ T | ν(Iθ (ti ), X) = 1}

(15)

U(R, X) = {ti ∈ T | ν(Iθ (ti ), X) > 0}

(16)

The term-weighting method defined by Eq. (11) is extended to define weights
for terms in the upper approximation U(R, dj ) of dj . It ensures that each
term in the upper approximation of dj but not in dj has a weight smaller
than the weight of any term in dj .

M

if ti ∈ dj ,
 (1 + log(fdj (ti ))) × log fD (ti )
log(M/fD (ti ))
wij =
(17)
minth ∈dj whj × 1+log(M/fD (ti ))
if ti ∈ U(R, dj ) \ dj


0
if ti 6∈ U(R, dj )
The vector length normalization is then applied to the upper approximation
U(R, dj ) of dj . Note that the normalization is done when considering a given
set of index terms.
Figure 3 and Figure 4 describe two general TRSM-based nonhierarchical and
hierarchical clustering algorithm. The TRSM-based nonhierarchical clustering algorithm can be considered as a reallocation clustering method to form
K clusters of a collection D of M documents. The main point of the TRSMbased hierarchical clustering algorithm is at each merging step it uses upper

approximations of documents in finding two closest clusters to merge. Several variants of agglomerative clustering can be applied, such single-link or
complete-link clustering. As documents are represented as length-normalized
vectors and when cosine similarity measure is used, an efficient alternative
is to employ the group-average agglomerative clustering. The group-average
clustering can avoid the elongated and straggling clusters produced by singlelink clustering, and can avoid the high cost of complete link clustering. In
fact, it allows using cluster representatives to calculate the similarity between
two clusters instead of averaging similarities of all document pairs each belong to one cluster [8]. In such a case, the complexity of computing average
similarity would be O(N 2 ). Careful evaluation and validation of clustering
quality are given in [5] and [6]. The results show that tolerance rough set
model and TRSM-based clustering algorithms can be used to improve the
effectiveness and efficiency in information retrieval and text analysis.
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