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Abstract—Nonnegative matrix factorization (NMF) plays a
crucial role in machine learning and data mining, especially
for dimension reduction and component analysis. It is employed
widely in different fields such as information retrieval, image processing, etc. After a decade of fast development, severe limitations
still remained in NMFs methods including high complexity in
instance inference, hard to control sparsity or to interpret the role
of latent components. To deal with these limitations, this paper
proposes a new formulation by adding simplicial constraints for
NMF. Experimental results in comparison to other state-of-theart approaches are highly competitive.

I.

I NTRODUCTION

Many algorithms in data mining cannot deal with large
datasets because of their rawness, high dimension and complex
distribution. To deal with this situation, two fundamental
purposes have been raised in data processing: Transforming
the data into a lower dimension space and extracting latent
components and variables inside the datasets to represent data
[1]. Nonnegative matrix factorization (NMF) is one of the
most popular effective methods to pursue these two purposes.
Many datasets in various fields have been formed as matrices
with nonnegative values. NMF aims to factorize such a matrix
X into a product of two matrices, X ⇡ F G, where G
contains basic vectors in the new space and F contains new
corresponding coefficients of data instances in X. In other
words, this factorization transforms data instances into new
space of basic vectors.
Many NMF methods have been developed in the last
decade by using divergence functions, constraints and regularizations. Initially, basic NMF [2] only allows approximating
the original nonnegative data by a product of two matrices.
By this approximation, each object is represented as a nonsubtractive combinations of nonnegative parts or basic vectors.
Following [2] many algorithms were proposed for different
divergence functions [3]. Currently, by adapting requirements
for data analysis problems and data types, many variants
of NMF are being developed. Also, various new divergence
functions are employed [4], and local constraints are added to
improve the quality of matrix decompositions, which preserve
the local features [5]. Sparse representation can be achieved by
adding sparseness constraints [6], [7]. In addition, some work
has implicitly or explicitly added orthogonality constraints
[8], [9].
Usually, NMF is solved by iterative multiplicative updating
algorithms. However, minimizing object functions does not
guarantee a unique solution. The existence of many local minima solutions makes the algorithms suffering from rotational
ambiguities. If no prior information is known, the normalization of rows in G or latent components will help to reduce
the effects of these ambiguities [10]. Particularly, if X ⇡ F G

is a solution, X ⇡ F [DG G0 ] = [F DG ]G0 is also a solution;
where DG = diag(||G1• ||p 1 , ..., GK• ||p 1 ), p 2 [0, 1) and
G = DG G0 . As a result, the latent components are normalized
as basic vectors. Although this technique is advantageous to
optimize the objective functions, the role of basic vectors is
not easy to interpret directly via their coefficients.
In this work, we propose a new NMF formulation by
adding new prior information into NMF, in which each data
instance is a convex combination of the latent components.
In other words, each instance is a probabilistic distribution
over the latent components. By this way, we associate a
probabilistic model with the NMF problem. As a result, we
obtain more advantages than the previous formulations such as
easy interpretability, low complexity, convexity, sparsity, and
distributability and parallelability. We also develop effective
algorithms for the two most popular divergence functions:
squared Euclidean distance and KL-divergence [4].
II.

N EW F ORMULATION

Mathematically, we can define the NMF problem as follows:
Definition 1 [NMF]: Given a dataset consisting of M NM ⇥N
dimension vectors X = [X1 , X2 , ..., XM ] 2 R+
, where
each vector presents a data instance. NMF seeks to decompose X into a product of two nonnegative factorizing
M ⇥K
matrices F and G, where F = [F1 , ..., FM ] 2 R+
and
K⇥N
G = [G1 , ..., GK ] 2 R+
are coefficient matrix and latent
component matrix, respectively, X ⇡ F G.
We assume that each instance is a convex combination of
the latent components obtained by adding a new simplicial
constraint into NMF. Hence, we have:

Definition 2 [Simplicial NMF]: Simplicial NMF is NMF
where each instance Xm is a convex combination of the latent
K
K
P
P
components Xm ⇡
Fmk Gk and
Fmk = 1 for all m.
k=1

k=1

By adding this new constraint, we have associated a
probabilistic model with NMF problem, in which each instance
is a probabilistic distribution over the latent components and
represented as a convex combination of latent components. In
other words, this convex combination provides explicitly the
extent of contribution of each latent component, while other
formulations of NMF do not have. Moreover, regarding to
geometry meaning, each instance is projected as a point on the
simplex of latent components. This projection is called instance
inference. As a result, we obtained significant properties:
•

Sparsity: Instance inference is casted as a convex
problem over the simplex of latent components by
adding the simplicial condition. Furthermore, we can

easily control the solution sparsity via greedy approximation algorithms such as Frank-Wolfe algorithm [11].
•

Convexity: Obviously, inferring an instance is to find
an approximation of the convex combination that is a
convex optimization problem [11], [12], [13].

•

Computation: The instance representation can be
considered as a projection on the simplex of the
latent components. Hence, the inference based on this
projection can be much faster than other formulations
because of the simplicial constraint added[11], [12].
In comparison to other formulations, this one has
significant computing advantages in the inference of
instances, while the learning step is the same with
the previous basic formulations because they solve the
same optimization problem.

•

•

Interpretability: The new formulation gives a more
comprehensible interpretation of the important role
of coefficients. Particularly, each data instance is a
convex combination of the latent components, in
which the sum of coefficients always equals to 1
through NMF. Hence, the important role of the latent
components on instances can be concisely represented
via values of coefficients. Otherwise, for other formulations, evaluating the contribution of components is
forceful because of the lack of constraints between
coefficients. Alternatively, a post-processing can be
employed to find out the role of the latent components. However, it is independent and inconsistent with
learning NMF model.
Distributability and parallelizability: NMF problem
contains two sub-problems: inference and learning, see
section IV. The learning problem is the same with
other formulations and can be solved by distributed
algorithms [14]. Meanwhile, the inference one of our
formulation can be solved by a much faster algorithm
comparing to the others’, and it can be parallelized
[12]. This favor is hard to be reached in other formulations.

The cost function is specially determined on the used
divergence function. In this paper, we focus on solving this
problem with the two most popular divergence functions with
squared Euclidean distance and KL-divergence.
III.

D IVERGENCE F UNCTIONS AND P ROBLEMS

To control the quality of NMF, various cost functions are
employed. The cost functions f (X||F G) often contain two
parts: The first part is a divergence function that measures the
distance between original coordinates (X) and inverted coordinates (F G); and the second one is possibly regularizations
and constraints to control sparsity or orthogonality.
A. Divergence Functions
Recently, there are numerous divergence functions, including squared Euclidean distance, KL-divergence, ↵-divergence,
-divergence, IS divergence, and Bregman divergence, etc. A
chosen divergence mainly depends on the data type and its

properties. The two most popular divergences are widely used
in numerous applications:
•
•

Squared
Euclidean distance: D(x||y) = ||x y||22 =
P
yi ) 2
i (xi
P
xi
KL-divergence: D(x||y) =
x i + yi ,
i xi .log yi
where x and y are positive vectors.

B. sNMF Problems
With these divergence functions, we have two basic problems of simplicial NMF (sNMF):
•

sNMF with squared Euclidean distance
M
P
J(X||F G) =
D(Xm ||Fm G)
m=1

where D(Xm ||Fm G) = ||Xm
•

Fm G||22

sNMF with KL-divergence
M
P
J(X||F G) =
D(Xm ||Fm G)
m=1

where D(Xm ||Fm G)

=

Xmn + [Fm G]n ); X, F, G
m.
IV.

N
P

n=1

0;

(Xmn .log [FXmmn
G]n
K
P

Fmk = 1 for all

k=1

A LGORITHMS

For solving sNMF, we employ iterative multiplicative updates like EM algorithm, which is presented in Algorithm 1.
This algorithm contains two main steps: one for finding F
when fixing G and the other for finding G when fixing F .
In the first step, we find a set F = {fm }M
m=1 , each of fm
is a probabilistic representation of data instances {xm }M
m=1 .
Hence, this step can be seen as inference step and the process
is called as inference. In the other step called learning step,
the latent components are acquired by minimizing D(X||F G)
when fixing F .
Algorithm 1 Nonnegative Matrix Factorization
M ⇥N
Input: Data matrix X = {xm }M
and K.
m=1 2 R+
M
Output: Coefficients F = {fm }m=1 and latent components
G = {gk }K
k=1
1: Select randomly K components from M data instances
2: repeat
3:
Inference step: Fix G to find F by minimizing
f (F ) = J(X||F G) ;
4:
Learning step: Fix F to find G by minimizing
f (G) = J(X||F G) ;
5:
if (convergence condition is satisfied) then
6:
break;
7:
end if
8: until False

A. Algorithms for sNMF with Squared Euclidean Distance
1. Inference Algorithm:
Remark 1. The inference of data instances F in a new space of
latent components by minimizing J(X||F G) can be conducted
independently.

In this step, we need to minimize
J(X||F G) =

M
P

m=1

D(Xm ||Fm G) =

M
P

m=1

||Xm

Fm G||22

Hence, since X and G are fixed in this step, minimizing
J(X||F G) is equivalent to minimizing ||Xm Fm G||22 for
each data instance m, which is performed independently by
Algorithm 2.
Remark 2. Inferring each data instance is equivalent to solving a convex optimization problem or a least square problem
with simplicial condition.
When set x = Xm and f = Fm , the inference will become
minimizing:
J(x||f G) =

N
P

(xj

i=1

K
P

fk Gkj )2 where

k=1

K
P

{fm }M
m=1 . Equivalent to the case for Euclidean distance, the
inference in this divergence can be conducted independently
for each data instance Xm . Moreover, inferring each data
instance in KL-divergence is also solving a convex optimization problem with simplicial constraints and sparse properties
like for Euclidean distance. In comparison to Algorithm 2,
Algorithm 3 is more complicated because we cannot estimate
directly the value ↵. Hence, ↵ is seeked by binary search
because h(↵) is a continuous quadratic function.
Algorithm 3 Inference for data instance x
Input: Data instance x and latent components G = {gk }K
k=1
Output: New coefficient f minimizing
h(f ) =

N
X

(xn log

n=1

fk = 1

k=1

This is a least square problem adding a simplicial constraint.
Moreover, adding the convex constraints leads to the existence of sparse solutions and it can avoid over-fitting problems.
Specially, the convex constraints enable greedy algorithms,
which is derived from Frank-Wolfe algorithm [11], in order
to control directly and effectively sparsity of solutions, see
more details in Algorithm 2.
Algorithm 2 Inference for data instance x
Input: Data instance x and latent components G = {gk }K
k=1
Output: New coefficient f minimizing h = ||x f G||22
1: Choose component gk closest to x
2: Set f = 0; fk = 1; and r = x
gk
3: repeat
@h
4:
Select k = argmink2{1..K} [ @f
]k
T
5:
Select ↵ = r(gk x) /||gk x||22
6:
↵ = max(min(1, ↵), 1)
7:
↵ = max(↵, (1 ↵)fk )
8:
if (↵ == 0) then
9:
break;
10:
end if
11:
Set r = x ↵gk (1 ↵)(x r)
12:
Set f = (1 ↵)f and fk = fk + ↵
13: until False
2. Learning Algorithm
Remark 3. Learning components G by minimizing J(X||F G)
can be conducted independently in each column.
PN
We also have J(X||F G) =
F G•n ||22 .
n=1 ||X•n
Hence, minimizing J(X||F G) is equivalent to minimizing
||X•n F G•n ||22 independently in each column n since X
and F are fixed. Therefore, we can independently learn column
coordinates of the latent components by solving nonnegative
least-squares constraints problem [15].
B. Algorithms for sNMF with KL-divergence
1. Inference Algorithm
In the inference step, we need to find new coordinates

xn
[f G]n

xn + [f G]n )

Choose component gk closest to x
Set fi = 0; fk = 1
repeat
@h
Select k = argmini2{1..K} [ @f
]k
5:
Select ↵ = argmin↵2[0,1] h(↵gk + (1
6:
Set f = (1 ↵)f and fk = fk + ↵
7: until Convergence condition satisfied
1:
2:
3:
4:

↵)f G)

2. Learning Algorithm
Equivalent to Euclidean distance, learning components can
be
conducted
separately in each column because J(X||F G) =
PN
n=1 D(X•n ||F G•n ), and X and F are fixed.
In this step, toP
approximate the solution G•n , we have
M
Xmn
D(X•n ||F G•n ) = m=1 Xmn log Fm•
G•n Xmn +Fm• G•n .
Hence, minimizing D(X•n ||F G•n ) is equivalent to minimizing
M
X
h(G1n , ..., Gkn ) = Fm• G•n
Xmn logFm• G•n (1)
m=1

Moreover, based on Josen’s inequality for the concave
function
log and non-negative coefficients Fm1 , ..., Fmk with
PK
k=1 Fmk = 1, we have
logFm• G•n = log

Pk=1
K

Fmk Gkn 

PK

k=1

Fmk log(Gkn )

Then: P h(G1n , ..., GknP
)
 P h0 (G1n , ..., Gkn )
P
M
K
M
K
= m=1 k=1 Fmk gkn
m=1 Xmn
k=1 Fmk log(Gkn ).
Gk n is approximated by minimizing h0 (G1n , ..., Gkn ):
PM
Xmn
@h0
= 0 , Gkn = Pm=1
(2)
M
@Gkn
m=1 Fmk

Fortunately, in the learning step for KL-divergence, we can
directly approximate the solution. Although this is only an approximate solution, it is really effective for KL-divergence and
this technique has been employed in numerous applications.

V.

T HEORETICAL A NALYSIS

As discussed above, the main difference between our
algorithms and the others is in the inference step because we
need to solve the same optimization problem in the learning
step. Hence, we will only consider the complexity of inference,
sparsity, and distributability and parallelizability.
A. Complexity
1. Complexity for sNMF with Squared Euclidean Distance
Theorem 1. Consider Algorithm 2 to infer a data instance having N -dimension by K latent components with L iterations.
Then its complexity is O(L[K.S(N ) + N ]), where S(N ) is
a function estimate the number of non-zero elements in latent
components and S(N )  N .

Proof: This theorem is implied from formula 2
2. Convergence Guarantee of Inference
Based on [11], we have
Theorem 4. Let f be a twice differentiable convex function
over simplex 4 and denote Cf = supy,z24;ỹ2[y,z] (y
z).52 f (ỹ).(y z)T . After l iterations, the Frank-Wolfe algorithm will find an approximate solution xl with at most (l + 1)
non-zeros coefficients which satisfy
maxx24 f (xl )

Hence:

@h
[ @f
]k

= 2(f G

= 2(f G

X)gkT

X)GT
=

2rgkT

Therefore, the complexity of finding out the best coefficient k: O(K.S(N )). In addition, the complexity of estimating a is O(N ). Overall, the complexity for L iterations is
O(L[K.S(N ) + N ])
2. Complexity for sNMF with KL-divergence
Theorem 2. Consider Algorithm 3 to infer a data instance having N -dimension by K latent components with L iterations.
Then, its complexity is O(L[K.S(N ) + N. log 1✏ ]).
Proof: In the Algorithm 3, for each iteration, we have:
@h
@f

= (1

x./(f G))GT

N
where 1 = (1, ..., 1) and x./y = ( xy11 , ..., xyN
) 2 RN .

@h
Hence: [ @f
]k = (1 x./f G)gkT , and therefore, the complexity of finding out the best coefficient k is O(K.S(N )). In
addition, the complexity of estimating a 2 [0, 1] is O(N log 1✏ )
where ✏ is a small positive quantity for the required precision,
because we use binary search algorithm. Overall, the complexity for L iterations is O(L[K.S(N ) + N log 1✏ ])

Cf
l+1

From this theorem, we have the following remarks:
•

Convergence rate of inference is linear and the goodness of solutions is bounded, which are crucial in
applications.

•

Inference depends mostly on complexity of f and 5f .

Proof: In the Algorithm 2, for each iteration, we have:
@h
@f

f (x) 

•

We can tradeoff easily between sparsity and quality
of solutions by stop finding new latent components
to optimize the cost function. This property is valid
for real applications, which the number of non-zero
coefficients is limited.

B. Sparsity
Recently, sparse solutions receive much interests in machine learning by its abilities of improving accuracy and saving
storage with low complexity. To obtain sparse solutions, most
previous works employed different regularizations such as l1
and l2 ones. However, they are limited in controlling sparsity
level of solutions. In other words, the number of non-zero
coefficients in solutions is unpredictable.
Unlike previous approaches, we have imposed a greedy
algorithm, e.g., Frank-Wolfe algorithm, which can control
severely the solution’s sparsity. From Algorithms 2 and 3,
the number of non-zero coefficients can be restricted by do
not employing new latent components to optimize the cost
function, when the number of non-zeros ones reaches to
the limitation. Moreover, the preference of selecting the best
latent components to optimize allows our algorithm to achieve
more sparse solutions than other algorithms while keeping the
optimality of solution.
C. Distributability and Parallelizability

The inference complexities are competitive with NMF
using Euclidean distance having O(M.N 2 ) [13] and much
better than other formulations with KL-divergence because we
can not estimate directly solutions of inference and gradient
methods does not work on this divergence [16].

From Algorithms 2 and 3, we have several remarks:
•

Inference of data instances can be distributed undoubtedly over machines. This is important for designing
distributed algorithms.

In addition, for the learning step with KL-divergence, we
employ an approximate algorithm with low complexity:

•

Running time of inference depends mostly on finding
the best latent component. Furthermore, computing
the partial derivative for each latent component is
separated totally. As a result, this computation can
be paralleled. Hence, we can reduce effectively the
responding time in real applications.

Theorem 3. Let consider to learn new latent components after
inferring coefficients of data instances. Then, its complexity is
O(M [S(N ) + S(K)]).

20
25
30
35
40

20.86
20.91
22.89
20.91
26.35

27.31
29.31
32.08
29.31
35.81

3.9
4.53
3.73
4.53
5.76

59.62
59.89
58.56
59.89
58.08

45.34
43.77
49.18
43.77
52.38

Sparsity(%),
603
503

NMF

403

5
10
15
20
25
30
35

303
203
103

(a) Basic NMF
Fig. 1.

(b) Simplicial NMF

Latent components with K = 25 for digit database

03

103

Fig. 2.

Moreover, regarding to learning algorithms, the learning
algorithm for KL-divergence is absolutely fast and can be distributed easily. For Euclidean distance, distributed algorithms
in [14] can be employed.
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In this investigation, we use two typical databases of
images and text. The digit dataset has 4000 randomselected samples from http://yann.lecun.com/exdb/mnist/, and
4327 labeled spam emails are all downloaded from
http://csmining.org/index.php/spam-email-datasets-.html. For
the email dataset, after normalizing data such as numbers
turning into number term and plural noun into single noun, we
compute tf-idf (http://en.wikipedia.org/wiki/Tf-idf) for 32906
distinct terms as convenient features for data instances. We
have compared our approach with other related approaches
using Euclidean distance for the image dataset and KLdivergence for the text dataset. The obtained results are highly
competitive.
A. Interpretation
In conducting experiments for the digit dataset, we have
run with different parameters K 2 {10, 15, 20, 25, 30, 35, 40}.
We realize that approaches begin finding out part-based representation of data instances from K = 25. Figure VI-A shows
latent components of NMF [2] and sNMF with K = 25 for the
digit dataset. Obviously, latent components of sNMF are small
part curves of digits, while ones of Lee 2001’s NMF VI-A also
gives a part-based representation but they are bigger curves.
The result leads to conclusion that our approach found out a
better part-based representation for data instances. Moreover,
when factorizing matrices is comleted, sNMF’s coefficients are
in [0, 1] with sum equal to 1, so they can represent the role
of latent components in instances, while coefficients in other
formulations does not. They are nonnegative numbers, which
only represent the measure of basic vectors.

nsNMF$
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This section investigates the effectiveness of our approach
and algorithms for two divergence functions with Euclidean
distance and KL-divergence by four criteria: interpretability, sparsity of solutions, performance in classification tasks
and loss information measure. More particularly, our algorithm for Euclidean distance is compared to NMF [3],
spNMF [17], oNMF[8], and cNMF [18], while the other
one with KL-divergence is compared to kl-NMF[3], local
non-negative matrix factorization (locNMF)[5], convolutional
NMF(conNMF) [19], and Nonsmooth Nonnegative Matrix
Factorization (nsNMF)[7]. The implemented codes are at
http://www.ee.columbia.edu/ grindlay/code.html.
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B. Sparse Representation
In order to compare the sparsity of solutions, we compute
the percentage of zero coefficients
number of zero coef f icients
number of coef f icients

⇥ 100

The results are highly competitive with other methods.
For Euclidean distance, although our algorithm’s sparsity is
only less than cNMF [18] (Figure 2), it has lower information
loss and higher performance in classification. In addition,
especially for KL-divergence, our approach retains the best
sparse solutions (Figure 3), while it still has the best result
for the other measures.

C. Performance for classification
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In this paper, we have proposed a new formulation for
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