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Formal Mathematics

Formal Language

function: x + y

predicate: prime(x)

relation: x = y

logical connective: ^ , _, ) , $ , :

quantifier: 8, 9

Example
8nxyz; xn + yn = zn ) xyz = 0 _ n � 2
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Formal Proof

Proof :
sequence of elementary steps

A B
A ^ B

� ! Too tedious for a human­being

� ! Ok for a computer

Origin:
B. Russell, Principia Mathematica
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Pros and Cons

Pros:

Simple datastructure

Easy to check

Complete check

Cons:

Catch 22

De Millo and al.:
Social processesand proofs
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Some formalisations

Prime number theorem

� (x) � x
ln x (Isabelle)

Jordan curve theorem

(Hol, Mizar)

Four colour theorem

(Coq)
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What's next?

Fermat theorem?

Poincaré theorem?

...
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Mexican hats

Cooperative work

Wikipedia effect

Education
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Technical Proofs

Not every proof is nice and tiny

Example
J. Demmel and Y. Hida,

Accurate 
o ating point summation

19 page proof
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Proof and Computation

Computational Mathematics

:

Write the program

Prove it correct

Run it

Some verified implementations :
Gröbner, CAD, . . .
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A Toy Example

How to define primality?

a j b � def 9c; b= a � c

prime(p) � def 8c; cj p ) (c = 1 _ c = p)
^ p 6= 1
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Millenium Prime
169562271288068747 88740039322257331454187103117215
258402822754639444 43915017665187677648590458000952
760194392381676289 64472781614506010476756059209553
529911469128098893 93788383275988559054911295888721
829605976854419166 78707363819484213131086251607398
289162598493809031 71097200622744525334228076766180
550265759478070751 76847196621981731534435122000052
369548107604319339 60890325207991357855479116978257
248137709214621914 48004112124119861318903084696307
908851821381356953 02659166091775570804154531803228
625689348137201329 35654045610123135360707455696482
052011119178039170 89426925046726225659955364931026
166928894392564678 75582491686567852505452615238453
748481731189917697 25459297170194389891282683509781
986886345356320508 68586493434240748304066486419914
613594413124474943 79322488285783808178719040181648
613929799733033927 16865005707782205062785523380586
425680331766960342 10912974807429316748028057862495
354202212099429417 57696865516674318082496965158247
338805243023076327 32846854292869718923971577651169
237990504871227570 54071124036147984242060317055743
215346402267587221 80834588946485900779828265504316
346990984519880077 31484430206887367460349041126438
053055795367764365 96545370995982233304571888022964
361481031860298227 38580486520602921469716777408128
905357283769843138 45837331631683153208667889787320
546627573871136207 57117588811133939675875891109260
929936228265548681 72778946611292164358541457015429
810428997189552967 18177187607200478963165719294795
405350204397359590 26693283761942669724863257628123
192353176446192991 97836613393426798742904083056775
412229445713324636 09098549099900518313145113955639
573566548797380292 78858802439304646158950266071940
448366958466636932 72095862707204730604279754937134
760580041610808394 13731262386511622381062542796281
604590169915263327 35165194734663597772286383643625
302527774569513412 75593886397426831655585085243207
960204791349952790 05506892191527037067638499420678
417818649060590674 55902834520379834660782200872459
360420462850930597 04977817748127777709652208140691

is prime
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Pocklington's Criterion

Test to assess the primality of a number n

If there exist an a and p1, . . . pi primes such that

an� 1 � 1[n]

n � 1 = pk1
1 : : : pki

i r and
p

n � pk1
1 : : : pki

i

gcd(an� 1=pj � 1; n) = 1 for all j = 1: : : i

Then n is prime.

For the millenium prime, a = 2, p1 = 2161, p2 = 2.
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Mechanized Proof

Four Colour Theorem

Flyspeck Project
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Mechanized Proof

Enormous Theorem
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Challenges

Penand Paper + Formal Proof

Proof + Computation

Collective effort
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