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Abstract. We present an indexed logical system MALLP(I) for Lau-
rent’s multiplicative additive polarized linear logic (MALLP) [14]. The
system is a polarized variant of Bucciarelli-Ehrhard’s indexed system
for multiplicative additive linear logic [4]. Our system is derived from
a web-based instance of Hamano-Scott’s denotational semantics [12] for
MALLP. The instance is given by an adjoint pair of right and left multi-
pointed relations. In the polarized indexed system, subsets of indexes
for I work as syntactical counterparts of families of points in webs. The
rules of MALLP(I) describe (in a proof-theoretical manner) the denota-
tional construction of the corresponding rules of MALLP. We show that
MALLP(I) faithfully describes a denotational model of MALLP by es-
tablishing a correspondence between the provability of indexed formulas
and relations that can be extended to (non-indexed) proof-denotations.

1 Introduction

In their study of logical relations and the denotational completeness of linear
logic (LL), Bucciarelli and Ehrhard [4] introduced an indexed system MALL(I)
for multiplicative additive linear logic (MALL). In their sequel [5], this system was
extended into full fragment LL(I). The status of this indexed syntactical system is
noteworthy as it stems from relational semantics Rel, which is one of the simplest
denotational semantics for LL. Bucciarelli-Ehrhard’s indexed system is designed
so that each formula corresponds to a relation and each logical rule corresponds
to a denotational interpretation of the corresponding rule in LL. The crucial
ingredient for this correspondence is the domains of formulas: Each formula A
of the indexed system is equipped with a domain d(A) which enumerates the
locations of points in the corresponding relation on |A|. Their indexed system
enjoys basic property, which establishes a relationship between the provability of
indexed formulas and the sub-definability of the corresponding relations in the
denotational semantics of LL. Later A. Bruasse-Bac [3] extended the indexed
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system to the second order by adapting relational semantics to Girard’s objects
of variable type.

Another logical framework in which locations play a key role is that of Gi-
rard’s ludics [11]. In ludics one abstracts locations, where syntactical formulas
give its occurrences through construction of proofs. Several similarities (though
not rigorous) have been noticed with the indexed system discussed above. Among
them, one observes a common idea in the underlying hypersequentialized calcu-
lus [10] on which ludics is founded. In the hypersequenatialized calculus, which
is a variant of MALL, each formula is equipped with a coherent space (rather
than the more primitive notion of relation), and each inference rule is defined
in terms of the construction of cliques for the equipped spaces. While sharing
such similar syntactical construction with reflecting semantics, the key ingredi-
ent, peculiar to ludics, is polarity (see [11]). Polarity was introduced by Girard
[8]. Through Laurent’s formalization of polarized linear logic LLP [14], polarity
turns out to be an important parameter controlling linear proof-theory. Most
fundamentally, polarity enables categorization of Andreoli’s [1] dual properties
of focalization and reversibility of connectives for proof-search in LL. In polar-
ized linear logic, reversible and focusing connectives are characterized simply as
negative and positive. As is the case with ludics, polarity is also a crucial tool
for handling locations game-theoretically. Laurent [15] establishes how polarity
dominates game-theoretical computational models arising from LL. Polarity and
locations are becoming a crucial tandem for understanding the computational
meaning of LL.

Given the above, a natural question arises: Is there any polarized variant of
Bucciarelli-Ehrhard’s indexed system that naturally accommodates polarity in
its indexes? The existence of such a system would guarantee that polarity is a
stable core controlling both syntax and semantics uniformly, whose combination
is at the heart of indexed systems. In this paper, we answer this question af-
firmatively by presenting an indexed system MALLP(I) for the multiplicative
additive fragment MALLP [14] of Laurent’s LLP. Our indexed system is de-
signed by means of multi-pointed relational semantics, a web-based instance of
Hamano-Scott’s denotational semantics [12] for MALLP. The cornerstone of our
multi-pointed relational semantics is a pair of contravariant categories PRel;
and PRel,. Left (resp. right) multi-pointed relational semantics PRel; (resp.
PRel,.) consist of multi-pointed sets (i.e., sets with distinguished multi-points)
and of relations preserving the distinguished elements from left (resp. from right).
Polarity shifting operators are then interpreted as a pair of adjoint functors be-
tween the contravariant pair. In addition to the adjunction, the usual relations
provide bimodule Rel so that it is closed under left (resp. right) compositions
from PRel, (resp. PRel;). Being a polarized variant of Rel, our framework
({ PRel;, PRel,), f/izl) provides one of the simplest denotational semantics for
MALLP.

Our MALLP(T), designed from multi-pointed relational semantics, is a polar-
ized variant of Bucciarelli-Ehrhard’s MALL(I): the usual multiplicative additive
rules for the former coincide with those for the latter under the polarity con-



straint. It is remarkable that in our MALLP(I) there arise, corresponding to |,
parameterized |g-rules with subsets K’s of I. Fach |g-rule comes equipped
with a side condition on domains by reflecting the corresponding categorical
adjunction. In MALLP(I) polarity behaves compatibly with indexes since focus-
ing/reversible properties are captured by indexed positive/negative connectives.
MALLP(I) formulas correspond bijectively to relations arising in our relational
denotational semantics. The main goal of this paper is to establish a basic prop-
erty (Theorem 1), that is a polarized version of Bucciarelli-Ehrhard’s property
established in [4]. This basic property states that a family of points is contained
in a (denotation of) MALLP proof if and only if the corresponding MALLP(I)
formula is provable in the indexed system.

2 Multi-pointed relational semantics for MALLP

In this section, we introduce multi-pointed relational semantics, which is a variant
of relational semantics. Multi-pointed relations are shown to provide a simple de-
notational semantics for polarized multiplicative additive linear logic (MALLP).
(See [14] for the syntax of MALLP.) This is a polarized analogy of the category
Rel of relations, which, as is well-known, provides one of the simplest denota-
tional semantics for usual multiplicative additive linear logic (MALL) (see [5,
2] for Rel). Let us begin by defining a pair of categories PRel, and PRel; of
right and left multi-pointed relations. The right/left pair corresponds to nega-
tive/positive polarity of MALLP.

Notation: When X and Y are sets, we denote by X x Y the cartesian product
of them; and by X + Y the disjoint union of them, i.e., {1} x X U{2} x Y.

Definition 1 (PRel, and PRel;). The categories PRel, of right-multi-
pointed relations and PRel; of left-multi-pointed relations are defined as follows:

An object A is a pair (JA|,mp(A)), where |A| is a set called the web of A, and
mp(A) is a finite subset of |A|. Moreover if |A| # (), then mp(A) # 0. Each
element of mp(A) is called a distinguished element of A.

A morphism from A to B is a relation R C |A| x |B| which satisfies

mp(A) = R[mp(B)] for PRel,
[mp(A)]R = mp(B) for PRel,

where, for sets X C |A| and Y C |B|, and for a relation R C |A| x |B|,
RY]={a|3€Y,(a,b) e R} and [X|R={b|3ae€ X, (a,b) € R}.

Compositions for each category are relational so that given R : A — B and
S:B—C,SoR={(a,c)|3be B, (a,b) € Rand (b,c) € S} : A — C. This
composes in each categories because it holds that R[S[mp(C)]] = (S o R)[mp(C)]
and [[mp(4)]R]S = [mp(A)](S o R).

There are obviously forgetful functors | | both from PRel, and PRel; to
the category Rel of relations.



The two categories PRel; and PRel, are contravariantly equivalent. This
is given by ( )%, which leaves the objects invariant but reverses the relations and
compositions:

()% : ( PRel,)”” ~ PRel,

Starting from the contravariantly equivalent pair, we give a denotational seman-
tics for polarized MALL by the following Definition 2. See Section 3 and Definition
A.1 in Hamano-Scott [12] for the definition of categorical semantics for MALLP.
Note that, in the following, their general framework based on Definition A.1 is
adapted so that bimodules play a role between the two categorical pair. See also
Cockett-Seely [6] for bimodules in polarized category. Our bimodule may be seen
as a concrete instance of Example 3.0.2 of [6].

Definition 2 (Polarity-changing functors and bimodule).
— The functors T and | are defined as follows:

l: PRel; — PRel, (1)
T: PRel, — PRel, (2)

(On objects) |[1A| = |TA| = {x} + | 4| with mp(1A4) = mp(TA) = {x},
(On morphisms) Given a morphism R C |A| x | B,

IR :=1TR:= R+ {(*,%)},

which are morphisms of |A — |B and of TA — TB.

The unique element of mp(1A) (resp. mp(TA)) is often denoted by *| (resp. by
*1) to stress that the distinguished point arises to interpret the | (resp. the T).
The above definition yields the strict form (IN)t = TNt and (TP)* = [P+ of
De Morgan duality between | and T.

Note that the functors (1) and (2) factor through | | to Rel by inducing the
functors from Rel respectively to PRel, and to PRel;. By abuse of notation,
the induced functors are also denoted by | and T, respectively. See the diagram
depicting Lemma 1 below, where the clockwise and the anticlockwise triangles
show the factorizations.

— A bimodule f/{EI(P, N) consists of maps of the form P — N for object P €
PRel, and N € PRel; so that they are closed under left (respectively, right)
composition of morphisms from PRel; (respectively from PRel,.). A bimodule
is thus characterized by a profunctor:

Rel(—,—) : ( PRel,)? x PRel, — Set
so that each instantiation determines a set of these maps. We define

Rel(P, N) = Rel(|P],|N]) (3)



That is, the maps P — N consist of usual relations of P — N (i.e., of morphism
of Rel).

Then the bimodule obviously satisfies:
Rel(1, P x N) =~ Rel(P, N)

where 1 is an object of PRel, such that |1| = {x} and x is the cartesian
product of Rel for objects of PRel;.

Finally, the following series of adjunctions are crucial in order to obtain a
polarized category:

Lemma 1 (Adjunctions). The following adjunctions hold:
Rel
Iy N
T N
l
=
T

PRel; PRel,

That is, for every object P € PRel,. and N € PRel;, there are natural iso-
morphisms

PRel,(1P,N) = Rel(P,N) = PRel(P,IN) (4)

Proof. We show the right-isomorphism (dually for the left). Let R € PRel, (P, LN).
Since R is right-multi-pointed, we have mp(P) = R[mp(1N)], which implies that
if (a,*|) € R then a € mp(P) and that Vp € mp(P), (p,*|) € R. Hence, R

is written as {(p,*|) | p € mp(P)} U R’ for a unique R’ € I/{EI(R N). The
correspondence from R to R’ is bijective and gives the natural isomorphism. W

Proposition 1 (Multi-pointed relational model for MALLP). The pair

( PRel;, PRel,) together with the module Rel forms a polarized category, and
hence a denotational semantics for MALLP. This polarized category is denoted
by (( PRel;, PRel,),Rel).

The categorical framework presented so far yields the following interpretation
of formulas and of proofs of MALLP.

Definition 3 (Interpretation of MALLP formulas). Positive (resp. negative)
formulas A of MALLP are interpreted by objects (|A|, mp(A)) in PRel, (resp.
in PRel)):

— [1] = {*}, |L] = {*} and mp(1) = mp(L) = {*}.

— |TI=10] =0 and mp(T) = mp(0) = 0.

— |PQ|=|P| x|Q|, IMBN|=|M|x|N|and mp(X ®Y) =mp(XBY) =
mp(X) x mp(Y).

— PeQ|=|Pl+|Q|, |M&N|=|M|+|N|and mp(X ®Y) =mp(X &Y) =
mp(X) + mp(Y).

= [TP| = {#} +|P|, |IN| = {+} + [N| and mp(IN) = mp(TP) = {x}.



Definition 4 (Interpretation of proofs). Every MALLP-proof 7 is inter-
preted in ((PRel;, PRel,), I/{El) by 7*, which is a map either in PRel, or in
Rel depending on whether the end sequent contains a positive formula or not,
respectively.

Rules for the usual linear logic are the same as [4]. In the following, for a sequence
M of negative formulas Ny, ..., N,, the sequence M (resp. M*) is identified
with the object N1 ® --- B N,, of PRel, (resp. Ni* ® --- ® N.- of PRel,).

— When 7 is + PL P , we. deﬁne ™ ={(a,a) |a € |P|} € PRel.(P,P)

— When 7 is ’_AN "A NL cut , we define
FAA

7 ={(8,\) | 3a, (§,a) € 7] and (\,a) € 75}

Since 75 is always a map in PRel,, 7* is a map either in PRel, or in f/{gL

depending on whether A contains a positive formula or not, respectively.
Uyt

— When 7is -~ M, N ! , we define
FM,IN

mt = U{(p.*)) |p € mp(M)} € PRel,(M",IN)

7* is obtained from 77 € f/{gl(/\/ﬁ7 N) by the right adjunction of (4).

1
— When 7 is =M, P o we define 7* =77 € Rel(M*,1P).
M, TP

7* is obtained from 7} € PRel,. (M, P) by composing 1 : P — 1P, which
is the unit of the left adjunction of (4); i.e., n = {(p,p) | p € |P|}. Note that
the composition of 7 acts identically on morphisms.

Our simple interpretation above provides a nice framework for discriminating
the two proofs of Example 1 below.

Ezample 1 (Denotations of proofs in ({ PRel;, PRel,), I/lgl)) Let us consider
a MALLP-sequent - 17171, Tl L and two different proofs m; and w5 for this:

F1,L {(1, B)} F1,1 {(, B)}
1,1 {(1,B)} FT1, L {(1, B)}

e FILL + {(la, B), (1, B)} me= FI1,1L ! {(0s, 1e), (1, B)}
ETiT1, L T {({a, B), (1, B)} ET1, Tl ! (s, L), (1, BY}
T b (et (e B, (1 BY} Frir b e Te) (e, o), (1, B)Y
TTITLAIL T {(Ta,te), (e, B), (1, B)} EETEEIEYEN T {a, Te), (Te, 4e), (1, B)}

The right-hand side of each subproof designates its interpretation, where we
take [T1T1| = {14, Lo, T, 1} and |TLL] = {1, l., B} so that 1, =T, T, = |, and
1 = B. As is seen above, the two proofs 7m; and 7o are interpreted by different
relations.



3 Indexed multiplicative additive polarized linear logic
MALLP(I)

In this section, we present an indexed logical system MALLP(I), which is a con-
servative extension of MALLP. The syntactical system MALLP(I) arises from our
multi-pointed relational semantics for MALLP, presented in Section 2. Each rule
of MALLP(I) is designed so that it describes the denotational construction of the
corresponding rule of MALLP in ({ PRel;, PRel,), I/{El) Our design is inspired
by Bucciarelli-Ehrhard’s system [4] of MALL(T), just as their system stems from
the denotational semantics Rel for MALL. By reflecting the adjunctions of the
polarized category of Section 2, our polarity shifting rule | for each K C I is

accompanied by a certain side condition. Let us begin by defining formulas of
MALLP(I).

Let I be an index set which is fixed, once and for all. Each formula A of
MALLP(I) is associated with a set d(A) C I, called the domain of A.

Definition 5 (Formulas and domains). Positive and negative formulas of do-
main J (denoted simply as Py and Ny, respectively) are defined by the following
grammar: For any sets J, K, L C I such that K N L = (),

Pyu=1;|0p | Py®P;| Pk ® P | Lk N (positive formula)
Njyu=_1jy | To | N;RBN; | Nk & Ny, | Tk Pp, (negative formula)

Note that, in contrast to the MALL connectives ®, B , @, &, the polarity shifting
connectives | and Tg are provided for each K to have their own domains. To
be precise, | kN and Tx P are defined as follows (the other connectives are the
same as those in [4]):

- For each K C I, we introduce two new connectives | and T g, both of which
have K as their domains, i.e., d(lx) =d(Tg) = K.

- For L C I disjoint with K, if N is a negative formula with d(N) = L, then
Lk N is a positive formula with d(lx N) = K + L.

- For L C I disjoint with K, if P is a positive formula with d(P) = L, then Tx P
is a negative formula with d(TxP) = K + L.

For any MALLP(I)-formula A with d(A) = J, we define its negation A+ with
d(At) = J in the usual way, using the De Morgan duality for MALLP-formulas.
A J-sequent is an expression of the shape ; A where A is a (possibly empty)
sequence of MALLP(I)-formulas of domains J (denoted as d(A) = J).

Definition 6 (Restriction). For a MALLP(I)-formula A with d(A) = J, and
for K C I, we define the restriction of A by K, denoted by A[g, which is a
MALLP(I)-formula of domain J N K as follows:

- Tolx= Ty and Oyl k= Op;

- Lik= Link and 1;[k= 1,nK;

- (P®Q)lk= Plx ®Qlk, (NBM)[x= Nix BM|k, (P®Q)lx= Plx ©Qlxk,
(N& M)[KI NTK &M[K, (TJP)[K: TJmKPfK, and (l«JN)[K: lJmKN[K.



Trivially A+[x= (Alx)*. If A is a sequence of MALLP(I)-formulas Ay,..., A,
of domains J, we define Algx= A1lk, ..., Axlk so that d(Ax) = d(A) N K.

In order to introduce polarity shifting rule lg for MALLP(I), we give the
following definition:

Definition 7 (d(0M)). For a sequence M of negative formulas, the domain
d(OM), which is a subset of d(M), is defined as follows:

First let {,..., T, denote all the outermost 1’s of M and all the L’s outside any
scope of polarity shifting operators. Then M is written as M[1{P1,..., T, Pnl,
where P, is a positive formula (empty if {,, is L) and M][*,...,%,] is an
expression made from *1,...,%, by applying only negative connectives % and
&. Note that each comma of M is identified with % . We define

d(OM) := |M[d(11), .., d(t,)];

where |M]| is the (set-theoretical) expression resulting from the expression
M]#1,...,%,] by replacing % and & respectively with N and U. Obviously
d(OM) C d(M) since d(M) = IM|[d(t1P1),...,d(T,Pn)]-

Remark 1 ( d(OM) for distributed M). By distributing % over &, every M is
rewritten as M; & --- & M, so that each M; is % (TUPZ-]-). Then we can more
directly define d(OM) = (; d(T1;) + -+, d(Tn;)-

We introduce the inference rules of MALLP(I), which consist of the polar-

ity shifting rules on top of Bucciarelli-Ehrhard’s rules [4] of MALL(T) with the
polarity constraint.

Definition 8 (Inference rules of MALLP(I)). Inference rules of MALLP(I)
are defined as follows (the exchange rule is left implicit):

Axioms?® and cut:
F;r AN +; A,NJ‘
I F@A,T@ FrAA

cut

For T-axiom Fy A, Ty, its context A contains at most one positive formula.

Multiplicative rules:
F; A F; AP F5AQ F; AN, M

AL, T FAAPRQ L AN®M Y
Additive rules:
F; AP ® F; AP © F;g Ay, N Fg Alg, M
FSAP®Q 1 F,AQeP ? Frox AN &M

For &1-,®s-rules, observe that @ has to have the empty domain.
For &-rule, it is assumed that d(N) = J and d(M) = K with JN K = ), and
that d(A) = J + K.

3 MALLP(I) has no propositional variables, and every formula consists of constants.
Hence, the usual identity axiom is derivable in Lemma 2.



Polarity shifting rules:
(T-rule)
Fr AP
Fr A TP

(I x-rule) For every K C I such that JN K =0,

U MLN
Freay M, IgN K with K C d(OM) (5)

L g-rule is applicable only when the side condition is satisfied. This condition is
a syntactical description of the adjunctions (4) of Section 2. (See Proposition 2
bellow.)

Remark 2 (MALLP < MALLP(I)). For each inference rule of MALLP(I), if the
conclusion sequent is of the domain (), then so is the premise sequent(s). Thus,
the rules for sequents of the empty domain are identified with the standard rules
of MALLP. Moreover, every MALLP(I)-proof o for Fy A contains only sequents
of the empty domain. Hence o is considered as a MALLP-proof for - A. Thus
MALLP(J]) is a conservative extension of MALLP.

The following lemmas hold in the same way as in [4].

Lemma 2 (Identity). -; A, A is provable for any MALLP(I)-formula A of
domain J.

Lemma 3 (Restriction). If -; A is provable, then so is Fjnx Alk for any
K ClI.

In Laurent’s original polarized linear logic MALLP [14], positive/negative
polarities classify the dual proof-theoretical properties for connectives: reversible
connectives B, &, | for negative formulas and focusing connectives ®,®, T for
positive formulas. Our MALLP(I) retains the dual properties, as expected.

Lemma 4 (Focalized sequent property). If -5 A is provable in MALLP(I),
then A contains at most one positive formula.

Lemma 5 (Reversibility). {®,&, | x }-rule is reversible. That is, if the con-
clusion sequent of {B,&, |k }-rule is provable, then so is the premise sequent.

Proof. We prove | g-rule. (The other rules are immediate.) Suppose Fx 7 M, L g N
is provable. Then Lemma 3, by restricting the domain of the sequent to (K +
J)NJ, implies that -; M s, lgN is provable. On the other hand, -; N+, N is
provable by Lemma 2. Thus we have the following proof of F; M[;, N:

Fy NL,N
'_J M[J,W)N '_J T@NJ‘,N "
Fy M, N cu



Let us see, by the following example, how the side condition of |g-rule is
applied. For its denotational characterization, see Proposition 2.

Ezample 2 (li-rule and the side condition). Let us consider the following prov-
able sequent of domain {1,2,3,4}:

FTmley &y, bpa e

Let us search for a proof of the sequent. It is possible to apply |1 3;-rule because
the side condition is satisfied: d(l{1,31) € d(9(T{131q2) & Tys314ay)) = {1} U{3}.
Then we obtain = (T13140y & Tyayliay) 24y » Ly2,4), which coincides with
FTplyoy & Tglyay » L2,y Then by applying a &-rule and then T-rules, we have
the following proof o (the braces {, } of domains are omitted for simplicity):

F1lz, 1o F1lg, L4
FTpla, Lo FTpls, Ly
FTplo& Tply, Loy
F Tl & Ty, bigloy

g =

ll,S

Let us consider another example by modifying the domains of the above
example: = T¢131g & Tglyay , ly1,2yLg. This sequent is shown to be unprovable
by the cut-elimination (Corollary 1): first, l¢; 23-rule is not applicable since the
sequent fails to satisfy the side condition: d(l{19y) € d(0(T{131p & Tgly2y)) =
{1} U (. Therefore, the last rule must be:

FTilg, Lily FTply, laly
FTilp & Tpla, Lol

Although the left premise sequent is provable, the right premise sequent is not:
By Lemma 4 the last rule must be |y-rule, which is not applicable because of
the violation of the side condition: d(loy) € d(d(Tgplyay)) = 0. [ |

The formulas of indexed system MALLP(I) are designed so that the domain
of each formula indicates (syntactically) a family of points, thus a relation, in the
multi-pointed relational semantics of Section 2. Hence, there is a bijective corre-
spondence between MALLP(T)-formulas and families of points in the webs for the
corresponding MALLP-formulas. Let us describe this correspondence precisely.

Notation: For a € X7 and j € J, a; denotes the j-th element of a. For a € X7
and b € Y7, we denote by axb the element of (X xY')” given by (axb); = (a;,b;)
for each j € J. If K, L C I are disjoint and if a € X* and b € Y*, we denote by
a + b the element of (X + Y)X+L defined by case; (a + b)y = ay, if k € K; and
(a+b);=0bifl € L. For J C I, we denote by (¢)s the J-indexed family of the
constant ¢, i.e., the unique element of {c}”.

Definition 9 (Translation of MALLP-formulas). To any MALLP-formula A,
and any family a € |A|”7, we associate a MALLP(I)-formula A{a) of domain J
inductively as follows:

10



We here treat only LN and TP. (The other connectives are the same as in [4] .)
—If A= 1IN, then a = (x| )k + b with the family (x|)x € {*l}K and b € |[N|F
such that K+ L = J. Then we set A{a) = L N (b), which is a MALLP(I)-formula
of domain J.
— If A=1TP, then a = (x1)k + b with the family (+1)x € {*T}K and b € |P|F
such that K+ L = J. Then we set A{a) = Tx P(b), which is a MALLP(I)-formula
of domain J.

If A= Ay,..., A, is a sequence of MALLP-formulas, we define |A| = |A;| x
- x|A,|. If v € |A]7, then, using our usual notational conventions, we can write
y=At x o x 4" with 4™ € |A,,]7, and we set A(y) = A1 (1), ..., A (4™).

We have the following lemma, which will be used to prove Proposition 3.

Lemma 6. Let = A be a sequent in MALLP and let v € |A|”. Let K C I. Let
YWink be the restriction of v to JN K. Then AV jnk) = AV k.-

The following Lemma 7 ensures that the correspondence given in Definition
9 is bijective to the MALLP(I)-formulas:

Lemma 7. If A is a MALLP(I)-formula of domain J and Aly is the correspond-
ing MALLP-formula, there is a unique family a € |Aly |7 such that A = Aly {(a).

For a typographical convenience, a MALLP-formula Afy and a sequent My
are sometimes denoted by A and M, respectively.
We see the above bijective correspondence by the following example.

Ezample 3 (MALLP(I)-formula as a relation). Let us consider the MALLP(I)-
sequent = Tr13 19y & Tyay1yay , Ly1,3) Ly2,4y of Example 2. We determine the cor-
responding family v € [11& 11, 1 1|{123:4} as follows: Let us represent the webs
[T1 & 11 = {74, 14, T, 1} and |1 L] = {l., B.}. The representation designates
the correspondence between components of formulas and points. We determine
71 as follows: Since it is the domains of T(;y and 1l 3y that contain the index 1,
71 is a pair (Tq, |.) of the corresponding points to T¢y and Ly 33. Similar calcula-
tions for V2,73, 74 yield y1 = (Tav l6)7 Y2 = (1117 BC)773 = (Tba lc)’ Y4 = (1ba BC)
In fact, v happens to be the denotation of the MALLP-proof, which is obtained
from MALLP(I)-proof o of Example 2 by forgetting all the domain symbols. B

By means of the above bijective correspondence, the side condition of | g-rule
turns out to be a syntactic counterpart of multi-pointedness of relations:

Proposition 2 (Semantical characterization of the side condition of
Lig-rule). Let J and K be disjoint subsets of I. Let M be a sequence of negative
formulas of domain K + J, and N be a formula of domain J in MALLP(I). Let
v x a € |(M, IN)|E*+ be the family of points associated with (M, L N). Then
the following two conditions are equivalent:

1. K Cd(OM)
2. v X a is right-multi-pointed, that is, for any index i € K, v; € mp(M).

Proof. By induction on the number of & in M[x1, ..., ,]. |
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Ezample 4 (A non-T-soft sequent of MALLP(T)). Let us consider the sequent
Ty 12y, TriyleLyey, which is not provable in MALLP(I). By the cut-elimination
theorem of MALLP(I) (Corollary 1 below), the last rule should be a T-rule. How-
ever, it is impossible to apply the rule because both the outermost 1’s have the
non-empty domain {1}. The unprovability corresponds, by virtue of Theorem 1
bellow, to the non-T-softness of the corresponding relation v C |T1,Tl1| such
that 41 = (*q,*1). Note that if a relation is not T-soft (i.e., does not factor
through any outermost T), it cannot be contained in any denotations of MALLP-
proofs since MALLP syntax is T-soft. See Section 7.1.1 of [12] for the T-softness.

4 A correspondence between MALLP(I)-provability and
denotations of MALLP-proofs

This section is devoted to proving the basic property of MALLP(I), which is the
main theorem of this paper. The property, named after Bucciarelli-Ehrhard [4],
characterizes a relationship between provability of formulas of MALLP(I) and
denotations of proofs of MALLP. The characterization is a polarized version of
Bucciarelli-Ehrhard’s Proposition 20 of [4]. As a corollary of the basic property,
the cut-elimination theorem of MALLP(I) is obtained.

Theorem 1 (Basic property of MALLP(I)). Let A be a sequence of formulas
of MALLP, and let v € |A|”. The following two statements are equivalent.

i) There exists a proof m of A in MALLP such that v € (7*).
11) The sequent by A{~) is provable in MALLP(I).

The theorem is proved by the following Proposition 3 and Proposition 4,
which are converse to each other: Proposition 3 shows an implication from (7)
to (ii) and conversely for Proposition 4. In the following proofs, we sometimes
denote by A; a MALLP(I)-formula A with domain .J. We first show the following:

Proposition 3. Let A be a sequent in MALLP and let m be a proof (resp. cut-
free proof) of = A in MALLP. Let v € (*)7 (for some J C I). Then the sequent
Fs A{y) has a proof (resp. cut-free proof) o in MALLP(I) such that olg= .

Proof. By induction on the MALLP-proof 7. We consider only the polarity shift-
ing rules (the other rules are the same as Lemma 18 of Bucciarelli-Ehrhard [4]).

1
— When 7is —MP 1
M, TP
since v € (1)’ = (r})” C | M, P|’ by the interpretation of T-rule, v is of the
form § x a with § € M|’ and a € |P|’. Thus by the induction hypothesis,
the MALLP(I)-sequent ; M(d), P{a) has a proof o; such that o1[p= 7. By
applying T-rule to o1, we obtain the following proof o of -; (M, TP)(v) so that

olg=m:
o1

- M(9), P{a)
Fy M(6), ToP(a)

12



[y
— When ris FN, M I
N IM
since v € ()7 = ({(p,*|) | p € mp(N)} UWT)J C |N, M|’ by the interpre-
tation of l-rule, v is of the form & x a with 6 € |N|/ and a € |IM]’. Since
|[LM]7 = ({x )+ |M|)”, there are two uniquely defined disjoint sets K and L
such that K + L = J, and a is of the form (x| )x +b with (x| )k € {*l}K and
b € |[M|*. According to this decomposition of J, § is also written as 6] 4]z
with 6] € [N and §]€ |N|E. Note that we have §] x€ mp(N) by the inter-
pretation of |-rule in the multi-pointed relational semantics. Thus v is written
as the disjoint union v = (0 x x(*|)x) + (82 xb), where o[ x (x| )k €
{(p,*]) | p € mp(N)} and d]1 xb € (x})". By the induction hypothesis for
71, the MALLP(I)-sequent 1 N(d]1), M(b) has a proof o1 such that oq[p= .
Since N {(d/1) = NM(8)!1 by Lemma 6, we apply | g-rule to oy in order to obtain
the following proof ¢ of F; (N, 1 M)(v) such that oly= 7:
01
FL N(O)L , M(b) L
Frcen N (MG +0)

The side condition for | x-rule is satisfied since 7 is of the form (dx x(*|)x) +
(81, xb) with 8 g€ mp(N)E (see Proposition 2). [ |

Next, we show the converse of Proposition 3:

Proposition 4. Let A be a sequent in MALLP. Let v € |A|” (for some J C I),
and let o be a proof of -5 A(y) in MALLP(I). Then v € (afp *)’.

Proof. By induction on the MALLP(I)-proof o. We consider the polarity shifting
rules since the other rules are the same as those in Lemma 19 of [4]. In the
following proof, a MALLP-formula AJy and a sequent Ay are denoted by A and

A, respectively.
01

— Whenois HJ4P

Fr A TgP
there is, by Lemma 7, v = § x a € |A,TP|” such that Ay, TgP; = (A, TP){7).
Note first that a € |P|” holds since the domain of the outermost T of TyP; =
(TP){a) is empty. Thus F; A, P coincides with ; A(d), P{a), and hence we
have § x a € (01]p *)”? by the induction hypothesis. Then, by the denotational
interpretation of T-rule of MALLP, we conclude:

y=8xace (ol )’

g1
— When o is _ oM, N |, With K C d(OM),
Frer M, lgN 7K
there is, by Lemma 7, v € |M, IN|¥+L such that My 1, lg Ny = (M, IN){(7).
Because K and L are disjoint, 7y is written as the following disjoint union:

v = (0 x(x|)k)+ (6L xb) € [M, INJFTE,

13



where 8 X (x| )k € [M[® x {x |} and &, xb € IM|¥ x IN|*. Since

1, Mz, N coincides with k7, M(6[1), N(b), we have 0[7, xb € (a1]g *)* by the
induction hypothesis. Since the side condition of | g-rule implies 6] x € mp(M)¥
(see Proposition 2), we obtain:

0k x(x)ic) + (012 xb) € ({(p, %)) | p € mp(M)} Uenlp *)"*"

Thus, by the interpretation of l-rule of MALLP, we conclude v € (oy *)X+L. m

As a corollary, we have the following semantical cut-elimination a la Bucciarelli-
Ehrhard [5].

Corollary 1 (Cut-elimination of MALLP(I)). The sequent calculus system
MALLP(I) enjoys cut-elimination. That is, if a sequent is provable, then it is
provable without using cut-rule.

Proof. Assume +; A is provable with a MALLP(I)-proof o. By Lemma 7, A is
of the form A(y) for a sequence A of MALLP-formulas and v € |A]7. Then by
Proposition 4, v € (g *)7. Since o]y is a MALLP-proof of - A, there exists a
cut-free MALLP-proof 7 for the sequent by the cut-elimination of MALLP. Since
olg * =7 by Proposition 1, we have v € (7*)7. Then, by Proposition 3, there
exists a cut-free MALLP(I)-proof p of F; A(v), which sequent is I, A. [ |

5 Discussions and Future work

Let us discuss several comparisons of our polarity shifting operators with Bucciarelli-
Ehrhard’s exponentials of [5]. First, our multi-pointed relational interpretation
of lA and TA is seen as a restriction of their interpretation of !A and ?A (pg.212
of [5]) to the multisets of cardinality at most one (i.e., |[TA| = [LA] = {[a] | a €
|A|} U{[]}).- Note that the empty multiset | ] corresponds to our distinguished
element *. Due to this restriction, the contraction rule is absent in our interpre-
tation. On the other hand, the interpretation of the promotion rule of LL (pg.240
of [5]) simulates ours of the l-rule for MLLP (without additives) by restricting
the cardinality n for the index of the family to either 0 or 1. Second, our indexed
LN and Tg P of Definition 5 coincide with Bucciarelli-Ehrhard’s !, N and 7, P
when w is the injection from L to L + K. Then our translation of Definition 9
corresponds to theirs (pg.213 of [5]).

As another comparison, it is straightforward to generalize our construction of
this paper into a polarized variant of LL(I) of [5] with exponentials. By weakening
the bijective correspondence of Lemma 7 into surjective one, the construction
yields an indexed system for Laurent’s LL,, augmented with polarity shifting
operators T and /.

Regarding future works, a phase semantics for MALLP(I) should be exam-
ined. Phase semantics is a standard truth-value semantics for linear logic. Such
a semantics for MALLP(T) is obtained by a generalization of our polarized phase
semantics [13] for MALLP. In [13] a topological structure was given to a phase
space by interpreting | and T as interior and closure operators, respectively.

14



For the generalization, an I-product phase spaces become crucial analogously
to Bucciarelli-Ehrhard [4, 5] and Ehrhard [7]. In our polarized setting the prod-
uct topology on this phase space is important to understand parameterized | g
connectives for MALLP(I). A phase semantics for MALLP(I) yields, by virtue of
Theorem 1, a new denotational semantics for MALLP. Moreover a truth valued
completeness of such a phase semantics leads naturally to a weak denotational
completeness in the sense of Girard [9] and Bucciarelli-Ehrhard. In particular,
such a denotational completeness explicates an I-indexed topological logical re-
lations for polarized linear logic.
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A Multiplicative additive polarized linear logic MALLP

Formulas of MALLP are given by the following grammar:
P:=X |PP|P®P|1|0]|IN
N:=X*|NBN|N&N|L|T|1P

Notation: P,Q (with or without subscript) (resp. N, M) denote positive (resp.
negative) formulas. A, A denotes multisets of formulas; N, M denotes sequents
consist only of negative formulas, called negative sequents.

Inference rules of MALLP are defined as follows:

AT FAN FNSHA
I—]\f’]\/'L 1 HereAconta’ins at most |—A’A cut
one positive formula.
FA FAN M 2 FAP FAQ
FAL T AN M FAAP®Q
AN FAM AP F4Q 4
FAN&M FAPSQ FAPSQ °
FM,N FAP
FM,IN FATP

B Multi-pointed relational interpretation of MALLP-proofs

Definition 4 (Interpretation of proofs in ({ PRel;, PRel,), I/{El))

When 7is F1 , we define

" ={x1} € PRel,

T

When 7is = A | » we define
FA L

7 ={(6,*1) |5 eni}

1
When 7 is FANM
FANRBM

7" ={(6,(a,0)) | (3,a,b) € 77}

, we define

1 T2
When mis -4, P +HA4,Q ® » We define
FAAP®RQ

7 ={(4, A\, (a,0)) | (§,a) € 7} and (A\,b) € 73} € PRelT(AJ‘ ®AJ‘,P®Q)
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1 2
When 7is W4, N FAM & Ve define
FAN&M

7 ={(6,(1,a)) [ (6,a) € 7} U{(5,(2,0)) | (6,b) € m3}

m
When ris _— 4, P @, o e define
FAPSQ
™ ={(0,(1,a)) | (J,a) € 7}} € PRel,.(AL,PD Q)

Similar for @,.
When mis F A, T we define

When 7 is - P+, P, we define

7 ={(a,a) | a € |P|} € PRel,.(P,P)

T 2
When 7is F AN FAN* cut 0 Ve define
FAA

7 ={(8,\) | 3a, (§,a) € 7] and (\,a) € 75}

Note that 735 is always a map in PRel,. Hence 7* is a map either in

PRel, or in Rel depending whether A contains a positive formula or not,

respectively.
™

When 7 is - M, N | o we define
FM,IN

7 =m;U{(p,*|) | p € mp(M)} € PRel,(M",IN)
7* is obtained from 7§ € I/{EI(MJ‘, N) by the right adjunction of (4).
1
When 7is WM, P 1o we define
FM, TP
™ =nt  €RelM*,1P).

7* is obtained from 7 € PRel,.(M™*, P) by composing 1 : P — TP which
is the unit of the left adjunction of (4); i.e., n = {(p,p) | p € | P|}. Note that

the composition of ) acts identically on morphisms.

In the above rules for negative formulas, 7* is a map either in PRel,. or in Rel
depending whether A contains a positive formula or not, respectively.
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C Complete definitions

Definition 5 (Domains of formulas) Formulas and their domains of MALLP(I)
are defined as follows:
- 0 and T are two constants, both having empty domain.
- For each J C I, we introduce two new constants L ; and 17, both of which
have J as their domains; i.e., d(1;) =d(Ly) = J.
- For each J C I,
if P and @ are positive formulas such that d(P) = d(Q) = J, then P® Q is
a positive formula with d(P ® Q) = J.
if N and M are negative formulas such that d(N) = d(M) = J, then N® M
is a negative formula with d(N® M) = J.
- For JJK CI, with JNK =0,
if P and @ are positive formulas with d(P) = J and d(Q) = K, then P ® Q
is a positive formula with d(P® Q) = J + K.
if N and M are negative formulas with d(N) = J and d(M) = K, then
N & M is a negative formula with d(N & M) = J + K.

Definition 9 (Translation of MALLP-formulas) To any formula A of MALLP,
and any family a € |A|/, we associate a formula A{a) of MALLP(I) of domain .J
as follows:

-For A=0or A=T,if J # 0 then, since |A]/ = 0 in that case, A(a) is
undefined. If J = (), then |A|’ has exactly one element, namely the empty
family @), and we set 0(0) =0 and T(@) = T.

-If A=1or A= 1, then a is the constant family (*);, and we set 1((*);) =
1J and L((*)J> = LJ.

-IfA=P®Q, then a = b x cwith b € |P|/ and ¢ € |Q|’, and we set
A(a) = P(b) ® Q(c) which is a well-formed formula of MALLP(I) of domain
J.

Similarly for A = N® M, we set A{a) = N(b)® M{c).

-fA=P®Q, thena=>b+cwithbec |P|¥ and c € |Q|F and K + L = J.
Then we set A{a) = P(b)®Q{(c) which is a well-formed formula of MALLP(I)
of domain J.

Similarly for A = N & M, we set A{a) = N(b) & M{c).

D Omitted proofs

Proof of Lemma 2 . By induction on A. We show the particular case where
A = lgN with d(N) = L such that K + L = J. Other cases are shown by the
same way as [4]. Since F;, N, N+ is provable by the induction hypothesis, we
have the following proof:
Fr N,N+
1 N, TpN+t
Frorn LN, T N+

ti
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Proof of Lemma 3. By induction on the proof of -; A.
g My, N

Fryg M, LN
Finx Ml jnKk, Nk is provable. Then we have the following proof:

Fink Mljnk, NIk
FLnk)+ni) My lak (Nl k)

where (LQK) +(JQK) = (L+J) N K and lLﬂK(NTK) = (iLN)rK |

When the last rule of the proof is L1, by the induction hypothesis,

bonk

Proof of Lemma 4. Straightforward by induction on the construction of proof
of b5 A as in [14]. [ |

Proof of Lemma 5. ®-rule is immediate. For &-rule, assume that Fxp
M, N & M is provable, where d(N) = K and d(M) = L with KN L = .
We show that the left premise sequent of &-rule is provable. The same applies
to the right premise sequent. Lemma 3, by restricting the domain of the sequent
to (K 4+ L)N K, implies that Fx M[ g, (N & M)k is provable. Note that d(M)
is () in (N & M)[x because K and L are disjoint. On the other hand, Fx N+, N
is provable by Lemma 2. Thus we have the following proof of Fx M, N:

Fx N+, N

Fx Mg, (N& Mg Fg Nt@& M+ N
l_K MrKaN

1

cut

Proof of Lemma 7. By induction on A. In particular, when A = g Ny, by
the induction hypothesis, there is unique a € |[Ny[g |¥ such that N, = NpJy (a).
By taking (*l)K € {*l}K, we have (1 gk N.) = (L Np)lp <(*l)K + a). [ |

Proof of Proposition 2. By induction on the number of & in M[xq,. .., *p,].
(Base case) By identifying % ’s with commas, M is of the form {, Py, ..., 1, Pn-
Then the side condition is written as K C (0, g4 d(Tp,). The given 7 is of the

form § x b such that 6 € (|[t;P1]| x -+ x |1, Pu])X*7 and b € |LM|E+/. Note
that b g, the restriction of J-indexed family b to K, is a constant family (x l) K-
Then the side condition equivalently says that, 6[x= ((*¢,,...,*;, ))x Where
(*t,5.--,%;, ) € mp(M). This is equivalent that v is right-multi-pointed: When
(z,%|) € v, we have (x,%|) € 1[k= 6|k XUl i, which means z € mp(M).
(Induction case) We assume, without loss of generality, that M is of the form
L,B1 & Bs. Let d(Bl) = K;+ J; and d(B2) = K9+ Js such that K = K1 + Ko
and J = J; + Jo.

Since & is reversible, from the premise sequent F; (£, B1 & Bs)[j, N of given
L i-rule, we obtain

Fo Ly, Bilgs Nl Fay L,y Bal gy, Nl
s Ly, Bils, &Bal g, N

&
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Then by applying | ,-rule (i = 1,2) for each premise sequent, we have

g L, Bilg, Nl
g LI+, Bi, L, (NI g,

i

y

where Lk, (NT;,) = (Lk Nk, +.,- Note that the side conditions K; C d(9(Ll k,+,
, Bi)) for the lg,-rules (i = 1,2) are equivalent to the condition K C d(9M) for
the | g-rule because

d(OM) = d(9(L, B1 & Bz)) = d(O(LI &y +4,5 B1)) + d(0(Ll k5405, B2))
On the other hand, v € |L, By & By, IN|X+7 is written as
v = +72 € |L, By, INFH |1, By, IN|F2 T2,

Thus, by the induction hypothesis, for each i« = 1,2, the side condition for the
above |, -rule is, in effects, states that ; is right-multi-pointed. Since the right-
multi-pointedness of « is equivalent to the right-multi-pointedness of both ~;,
we have obtained what we wanted to prove. [ ]

Proof of Proposition 4.
02

01
— Whenois F7 AN F; AN+
F;AA

there is, by Lemma 7, v € |A,A|7 such that A, A; = (A,A){7y). So 7 is of
the form § x X\ such that Ay = A() and A; = A(\). For the left-upper sequent
k7 A, N, there is a pair of MALLP-formula N and J-indexed family a € |[N|” such
that Ay, Ny = A(6),N{a). Hence § x a € (o1]g *)” holds by the induction hy-
pothesis. For the right-upper sequent 5 A, N, note first that N; = N(a) yields
N7 = (N{a))* = Nt(a). Thus the sequence A, N+ is of the form A(\), N*(a),
hence A x a € (gafg *)” holds by the induction hypothesis. To sum up, we have
v=3dxXe|A N’ with

cut

dxa € (op *)J and A\ X a € (o2ly *)J.

By the relational composition to interpret cut-rule, we conclude v € (afg *)7. B

20



