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L
Current State

Completion with Termination Tools

» combining multi-completion with the use of termination tools (H,I)

> implemented in mkbr+ (H,I)

> variants for ordered completion and AC-completion (1)

Maximal Completion (J)

> completion as satisfaction problem based on MaxSAT/MaxSMT

> implemented in Maxcomp

Multi-Context Rewriting Induction with Termination Tools (H)

> based upon rewriting induction with termination tools

» adapt multi-completion approach to use multiple contexts
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... e,
Goals (1)

Completion

> enhance understanding of differences between mkby7/Maxcomp

> develop combined approach

Completion Modulo

> extend Maxcomp to deal with AC- and S-normalized completion

> efficient AC-matching and unification

> optimizations: AC-term indexing and critical pair criteria

> given s = t, find all substitutions ¢ such that so <% to

> idea: tool can apply completion + basic/LSE narrowing
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Goals (2)

Rewriting Induction

> Maxcomp-like approach for rewriting induction

> lemma generation techniques, handle non-orientable equations

Completion Competition

» competition of different approaches for completion
(4 ordered completion, completion modulo, rewriting induction?)

» benchmark collection for different categories
» clarifications required:

» what is a correct answer? ... for ordered completion?
> is there a meaningful way to compare two answers?
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Progress Report
Constrained Equations for Completion-Like
Procedures
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Preliminaries

Completion
Standard Completion
Ordered Completion

Inductive Theorem Proving
Rewriting Induction

Automation
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Knuth-Bendix Completion

- &o R

——KB

reduction ordering equations rewrite system

R is convergent, i.e., confluent and terminating, and ~g, = <%

Example (Group Theory)

e-x &

& : X" X R~
(x-y)z=

e x —

X7 X —

R (x-y)-z—
e —

X" (x-y)—
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Maximal Completion

&o @ R AR ves | R
convergent >
@ or &7,
no
E=0P(R)UE

-+ fast, simple correctness proof, easy to implement

no interreduction — limited scalability, restricted termination power

.

v

adapt to ordered/AC/normalized completion, rewriting induction

v

enhance efficiency by incorporating interreduction
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Preliminaries

Outline

Preliminaries
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Preliminaries

Definition (termination constraint)

C:=l—=r|T|L|-C|CVC|CAC
for TRS R define R = C inductively:
REC—riffl ->reR RET

RbéJ_ R’:C1VC2iffR':C]_OI’R':C2
R E=-Ciff R C REGAGIFRECGadRE G

Definition (constrained equalities)

> constrained equality (s & t, C) is pair of equality s =~ t and
termination constraint C

> constrained equation system (CES) C is set of constrained equalities
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Let R be terminating.

ET={(s=t,T)|s~te&}
C[Rl={s=t|(s=t,C)eCand R = C} R-projection

(C@R:{(szt,C/\ﬂ/\RHszt,C)e(C}
Clr = {(5¢Rm¢R,CA/\R) | (s~t,C)eC and s¢R¢t¢R}

E: 1l:s(p(x))=x 2:p(s(x)) =~ x 3:s(x)+y~s(x+y)
R:  s(p(x)) — x s(x+y) = s(x)+y

ET :{(17 T)7 (2v T)v (3v T)}
ETIR] ={1,2,3}

C ={(1,5(p(x)) = x), (2,5(x) +y = s(x +¥)), (3,s(x + y) = s(x) + y)}
CIR] ={1,3}
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Preliminaries

> £ is R-joinable if s [z t forall s~ te&

» & is ground R-joinable if so |z to for all s~ t € £ and ground o

v

mapping S from CESs to CESs is (ground) reduction if V CES C, TRS R

S(C)[R] (ground) R-joinable = C[R] (ground) R-joinable

SR(C)=(CoR) U Clr U F(R)" |5

S is a (ground) reduction.
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Outline

Completion
Standard Completion
Ordered Completion
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Completion Standard Completion

Definition

Ske(C)=(COR) U Clg U F(R)TIx
F(R) = CP(R) and R is terminating with R C<+% (for fixed &)

IfC=S5(ET) and C[R] =2 then R is convergent for £. I

> n=0: if C[R]=2 then £ = &, thus R = &

> n>0:
> 5 = <re, since R C <% by assumption and
€ C |r as Sgg is reduction (by induction on n)
» R is terminating by assumption
> R is confluent because for C' = Sz (E7) the set
Ske(C')[R] = @, so CP(R) C I
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Completion Ordered Completion

Ordered Completion

s & &R
ground-total —OKB
reduction ordering

& UR is ground-confluent, terminating, and ~¢, = <% ¢

equations equations + rewrite system

Example (Entropic Groupoid)

TA, NH, DK & SW (FWF/JSPS Kickoff) Constrained Equations



Completion Ordered Completion

Ordered Completion

Definition
> R is ground convergent if R is terminating and for all ground peaks

set of >-orient-ec-ilgroun.d instances of £ h that s _>;<2 u <_jl<2 t
> (£,R) isground convergent with respect to total reduction order >
if & UTR is ground convergent
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Completion Ordered Completion

Definition

Sokeixtendedicriticavl pairs (CwLR U F('R (C)TJ/R

» F(R,C) =CP-(RUC[R])
> R is totally terminating with R C«¢

IfC = S5(ET) and So(C)[R]=C[R] then (C[R],R) is ground
convergent for £

E: 1i(—x+x)-1=0 2:(x+—x)-1mx+—-—x 3:—x+x~y+—y
4: (x+—x)-1~0 5:0~x+ —x 6:0-1~0
T:i(—x+x) =

(CO :{(laT)'(27T)a(37T)} R = {132}

C1 =So0(Co) = {(1,—R1),(2,-R1), (3, T), (4, Ri), (5, R1)} Ro={1,2,4,5}
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Inductive Theorem Proving

Rewriting Induction

- Ro &

. . . . —RI Yes
reduction ordering rewrite system equations

such that Ry is quasi reducible and if we obtain yes then Rg F; €
i.e. so <5 to forall s~ t €& and ground substitutions o

Example (Addition)

Ve N

Robi (x+y)+zmx+(y+2)
_/

N

Ro : x+0~ x =
x+s(y) = s(x+y)

E: (x+y)+tzmx+(y+2)

yes
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Inductive Theorem Proving Rewriting Induction

Rewriting Induction

Given TRS Ry,
> defined symbols D = {f | f is root symbol of ¢ for { — r € Ry}
> constructor symbols C = F\ D
> term t = f(ty,...,t,) is basic if f € D and all t; € T(C,V)
> basic positions B(t) = {p € Pos(t) | t|, is basic}
Ro is quasi-reducible if no basic term is in normal form )

Definition

For Ro quasi-reducible,
» TRS R is Rg-expandable if every ¢ for £ — r € R has basic position

» Expd(Ro, R) is set of CPs from overlaps ({1 — r1,p,l> = 1),
where {1 — 1 € Rg, £o — rn € R, and p is basic in 4,
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Inductive Theorem Proving Rewriting Induction

for fixed Rg and £
Sri(C)=(CEeR) U Clr U F(R)"|x
> F(R) = Expd(Ro, R)

> R is terminating and Rp-expandable such that Ro C R
and lo 3% e ro forall £ — rin R and ground substitutions o

IfC=SB(E") and C[R] = @ then Ro - € I

Ro: 1:x+0—x 2:x+s(y) = s(x+y)
E: 3:(x+y)tzex+(y+2)
4:x+zm=x+(0+2) 5:5(x+y)+ 2z~ x+(s(y) + z)
Co[Ra] =@, 50 Robi (x+y)+zax+(y+2)
Co :{(3’T)} NI — (L, 4,9]
Cy :SRI((CO) - {(37_'R1)a(47 R1)7(57R1)} R = {1a2a3/}
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Outline

Automation
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Completion

Definition
Sr(C)=(CeR) U Clg U F(R)"Ix

IfC = Sig(ET) and C[R] =9 for R € R(C) then R is convergent for £.

h fi 7_
Procedure ow to find Ry, Ro, R3,

Co = ET C, = 5711(((:0) G, = SRz ((Cl) Cs = 5733 ((C2)

| A\

Maximal Completion Approach

to obtain assignment « SAT/SMT encoding of >po, >1po OF >mpo

k
maximize \/ C=,("s>t'Vt>s") subject to /\ —|/\R,-
(s=t,C)eCx i=1

and let Ry ={s > t|(s~t,C)eCrand a="s >t}
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Preliminary Results

Completion

115 systems in Maxcomp distribution

Maxcomp mkb 7 cKB
LPO KBO LPO KBO LPO KBO
completed 86 69 70 67 84 56
failure 6 3 6 3 0 0
timeout 23 43 39 45 31 59

Rewriting Induction

103 systems from Dream Corpus of Inductive Conjectures

cRlI  MRIt
LPO ?
success 30 35

timeout 73 98
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Conclusion

Summary

& *} RN v
=g 7

no

CL5(C)

» generalize maximal completion to constrained equality framework:
ordered & AC-completion, inductionless & rewriting induction

» simple correctness proofs, easy to implement

» restricted maximization, allows for interreduction

Further Work

> cover S-normalized completion, tools for ordered & AC-completion

> improve termination power: DPs + ?

>
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