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Motivations

This research focuses on finite dimensional construction A lattice design.

For dimension n — oo,

> lattice codes achieve AWGN channel capacity [UR98|, [EZ04];
» construction A lattices can be good for AWGN channel coding [ELZ05].
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Motivations

This research focuses on finite dimensional construction A lattice design.

For dimension n — oo,
> lattice codes achieve AWGN channel capacity [UR98|, [EZ04];
» construction A lattices can be good for AWGN channel coding [ELZ05].

How about lattices with finite dimensional?

» n = 128 construction D lattices using extended BCH codes [MKO18] and polar
codes [LLAK21].

Construction D lattices use multiple component codes, while construction A
lattices only need one component code.

>

» Lower decoding complexity can be achieve by construction A.
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Background — Lattices

A lattice is a discrete additive subgroup of the real . / \ . o) 2
number space R". e >Hi e ;?H
Definition (Lattices) D S
" ) ) 1p VAR VAR /h
Let g1,89, - ,8n € R™ be n linearly independent AN 5 )\
column vectors and a generator matrix A A Y
G =[g1,82, - ,8n]. A lattice A is defined as: Al N N N i
. ) )
A={Gb|beZ"}. s e e e
° \>—</ ° \>—</ ° \>—</ °
Voronoi region V(x) is the set of points closer to AL
x € A than any other lattice point, with volume: Figure 1: Example of 2-dimensional

lattice spanned by g1 = [@, %]T and

V(M) =V(V(x)) = [det(G)]. g2 = [0,1]7 with Voronoi region V.
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Background — VNR and theta series

A lattice has an infinite constellation thus is power unconstrained.

Volume-to-noise ratio (VNR) is applied to evaluate error performance, defined as:

V(A)E/M

2mec?

VNR =

where o2 is the per-dimensional Gaussian noise variance.
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Background — VNR and theta series

A lattice has an infinite constellation thus is power unconstrained.
Volume-to-noise ratio (VNR) is applied to evaluate error performance, defined as:

V(A)E/M

VNR =
2mec?
where o2 is the per-dimensional Gaussian noise variance.

Definition (Theta series)

The theta series is the weight enumerator function of a lattice A in the Euclidean
space considering the squared length of x € A, given as

[e.o]
0=1¢"+> rpq”,
i=1
where 7,2 is the number of x having ||x||? = d? and ¢ is a dummy variable.
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Background — Construction A

A construction A lattice consists of a g-ary code C and an integer lattice ¢Z".

Here, we consider ¢ = 2.

Definition (Modulo-2 construction A lattice)

Given an (n, k,d.) linear block code C € F, a modulo-2 lattice is:

A, =C+ 27",
Properties of construction A lattices:

> V(Ay) = on—k.

» d2. = min(4,d.), where d. is the minimum Hamming distance of C.
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Example: construction A lattice (duplicated with next page)

» Consider a n = 2 repeat code with codebook

C= {[070]7 [17 1]}

» A, consists of vectors shifted by C as
[0,0] 4+ 2z and [1,1] + 2z for z € Z>.

» The volume is V(A,) = 2" % = 2.

» Theta series is § = 1¢° + 4¢%> + 4¢* + - - -.

—— Voronoi region

2*f e [0,0+2z

® [1,1]+2z
ANV

4 3

-2

-1

Figure 2: An example of construction

A lattice.
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Example: construction A lattice (duplicated with previous page)

» Consider a n = 2 repeat code with codebook
C ={[0,0],[1,1]}.

» A, consists of vectors shifted by C as
[0,0] 4+ 2z and [1,1] + 2z for z € Z2.

» The volume is V(A,) = 2" % = 2.

» Theta series is 0 = 1¢° + 4¢® + 4¢* + - - -.

Figure 3: Construction A lattice using
n = 2 repeat code as the component
code C. Consisting of [0,0] + 2z and
[1,1] + 2z for z € Z*.
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Background — Encoding/decoding construction A and system model

> Encoder:
x = Enc(u) + 2z.
» Channel: given noise n ~ N(0, o%I)
y =X-+n.
» Decoder:

0 ye =mod"(y) = [ mod 2(y + 1) — 1|,
O [f{c’ﬁ] = Dec(Yc)a
Oz =round((y — %x¢)/2).

Figure 4. Encoding and decoding construction
A lattices for AWGN transmission.

“Enc” and “Dec” are the encoder and
decoder of the binary component code C.
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Goal and assumptions

This research considers design of construction A lattices using binary codes C € .
Goal:

» Obtain truncated union bound from truncated theta series to estimate word error
rate P, of construction A lattices under maximum likelihood (ML) decoding.

» Find the C that minimizes required VNR to achieve a target P, to design the best
n = 128 construction A lattice.
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Goal and assumptions

This research considers design of construction A lattices using binary codes C € .
Goal:

» Obtain truncated union bound from truncated theta series to estimate word error
rate P, of construction A lattices under maximum likelihood (ML) decoding.

» Find the C that minimizes required VNR to achieve a target P, to design the best
n = 128 construction A lattice.

Assumptions:

» Modulo-2 construction A lattice for the AWGN transmission.

» C € Fyis an (n,k,d.) linear block code with known:
1. minimum Hamming distance d.;
2. codeword multiplicity 7., the number of minimum weight codeword.
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Truncated theta series of A,

To give the truncated theta series ¢, we first have the following.

1. For d? < d., only the 2Z" lattice contributes to the theta series of A,.
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To give the truncated theta series ¢, we first have the following.

1. For d? < d., only the 2Z" lattice contributes to the theta series of A,.
2. The theta series of 2Z™ lattice can be obtained exactly by
Oozn = (022)" = (1¢° + 2¢* + +2¢"% + 2¢°° + - )"

3. Binary codeword with weight d.. corresponds to 2% construction A
lattice points by adding ‘—' at each position with ‘1"

(Example: a binary codeword (0,1, 1,0) corresponds to 4 lattice points:

(0,1,1,0),(0,-1,1,0), (0,1,—1,0), (0, —1, —1,0).)
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Truncated theta series of A,

To give the truncated theta series ¢, we first have the following.
1. For d? < d., only the 2Z" lattice contributes to the theta series of A,.
2. The theta series of 2Z™ lattice can be obtained exactly by
Oozn = (022)" = (1¢° + 2¢* + +2¢"% + 2¢°° + - )"
3. Binary codeword with weight d.. corresponds to 2% construction A
lattice points by adding ‘—' at each position with ‘1"

(Example: a binary codeword (0,1, 1,0) corresponds to 4 lattice points:
(0,1,1,0), (0,—1,1,0), (0,1, —1,0), (0, —1, —1,0).)

4. The minimum weight codewords of C contribute 7.2% lattice points at d? = d..
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Truncated theta series of A,

Let L = |d./4| and fazn 41, be truncated theta series of 22" with d? < 4L.

The truncated theta series of A, is given for d* < d, as:

lq0 + TCQqudC
1¢° + (2n + 7.2%) g%

9 =
Oozn 4z, + Tc2% g%,

de. < 4
d. =4
de > 4,d. mod 4 # 0

0227 a(L-1) + (TQZ”,dC + TCQdC) q%, d.>4,d. mod 4 =0,
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Truncated theta series of A,
Let L = |d./4| and fazn 41, be truncated theta series of 22" with d? < 4L.

The truncated theta series of A, is given for d* < d, as:

1¢° + 7.2% g% d. < 4
0 1¢° + (2n + 7.2%) g% d. =4
Oozn a1, + Tc2d0qd0, de > 4,d. mod 4 # 0

Oz a(L—1) + (TQZ",dC + TCQdC) q%, d.>4,d. mod 4 =0,

Example

Consider a A, using the (32,11, 12) extended BCH code, which has d. = 12 and
7. = 496. Here, L = 3 and the truncated theta series contains L + 1 terms as:

/:10 44 1 48 4 212 12.
0 q° + 64¢" 4+ 1984¢° +(39680 + 496 x 2°“)q

Togmn d,
bazn 4(L-1) 221 de Te2%
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Truncated union bound and optimization metric

» The truncated theta series 6’ are decided by the binary code C.
= The truncated union bound is also a function of C and VNR:

d? - 2re - VNR
F(C,VNR) ZW' \\ "o |
with d2, = d..

» The inverse function is found numerically as:
VNR = f71(C, P.).
» The best component code C is found according to:

Cp = argmin f1(C, P.).
C
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Design examples using n = 128 EBCH codes

» d.=4,6,8,10 are considered. Ll

» 7. are found in [TAK] L.

» The estimate P, is evaluated by — T dom 4 estmate

—e—d =4, simulation

simulation, which becomes accurate P =6 estmate
when PE < 10_4_ 16| dc= 6 simulation

— — d_ =8, estimate

—e dc: 8, simulation

— — d_ =10, estimate N
> At 10—7 é P, é 10—4, (128, 106,8) . o d =10, simulation| ‘ ‘ 3G
1 15 2 25 35 4 4.5 5

3
VNR(dB)

EBCH code lattice has the lowest P..
> At P é 1077, (128,113,6) EBCH Figure 5: Design examples using n = 128

code lattice has the lowest F. EBCH codes. Order-2 OSD is applied to
decode EBCH codes.

IM. Terada, J. Asatani and T. Koumoto, https://https://isec.ec.okayama-u.ac. jp/home/kusaka/wd/index.html
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Design examples using polar codes

Information set Z is selected to satisfy the partial order property [RDV23], for which

1. bit-channels are ordered based on their reliability through BI-DMC,
2. T. can be calculated analytically,

3. 7. only depends on rows of polar code generator matrix with weight d..

For a desired code parameter (n, k,d.), the information set Z consists of:

> all rows with weight > d,;
P> rows with weight d., such that:

1. the partial order property is satisfied;
2. the desired k is achieved.
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Design examples using polar codes
» d.=4,8,16 are considered.

» If multiple polar codes have same

(n,k,d.), the one with the lowest 7, is w7k ]
evaluated.
100 1
» The estimate P, is evaluated by 104k ]
simulation, which becomes accurate
when P. < 10—4 105 Estimated P, at VNR= 2.5dB J
), < .

Estimated P_ at VNR= 3dB
e (128, 99, 8)

L

|
|
|
j ! ‘ \
truncated union bound analysis s

o A mismatch at P, ~ 10~3 occurs,

s Estimated F’E at VNR= 3.5dB 7 = 188976
1 c
where the best code by estimation 7he best comporient code by /
. . . : " 9 98 100 102
and simulation are different. 1o L Simulation I Y A I
30 40 50 60 70 80 90 100 110 120
k
» Order-2 OSD algorithm is used in Figure 6: Design examples using n = 128 polar codes.

simulation to evaluate the estimate.
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Summary of the best component codes for P, = 104 to 10~®

p EBCH code lattices Polar code lattices

¢ | VNR(dB) | Code parameter Te VNR(dB) | Code parameter Te
104 2.86 3.05
107 3.38 (128,106, 8) 774192 3.67
107 3.95 4.27 (128,99, 8) 188976
1077 4.45 4.82
T 481 (128,113,6) 341376 531

Table 1. Component EBCH codes and polar codes for construction A with the required VNR to

achieve given target

P..

» For different target P., the best lattice could be different.
> At P. =10~* to 10~®, EBCH code lattices outperform polar code lattices for

n = 128.
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Comparison with classic design rules — lattices without shaping

Comparison of WER performance is applied for:

1. truncated union bound based design rule using codes suggested in Table 1:
o (128,106, 8) EBCH code and (128,99, 8) polar code

2. balanced distance rule:
° d.= d?nin,2Z =4,
e applied for EBCH codes and polar codes

3. equal error probability rule:

o design based on [LLAK21]
e applied for polar codes only

The order-2 OSD is used to decode binary codes for construction A lattices.
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Comparison with classic design rules — lattices without shaping

10° —=— (128, 106, 8) EBCH code 10° —=— (128, 106, 8) EBCH code
(128, 120, 4) EBCH code, —&— (128, 99, 8) polar code
balanced distance rule (128, 87, 8) polar code,
101 —e— (128, 99, 8) polar lattice 101k equal error probability rule
(128, 100, 4) polar code,
balanced distance rule
107 ¢ E 102 F |
e 1 PP |
2 10 2 10
10 F 3 07 E 3
10° E 10 F J
¢ L L L L L L -6 L
10° 1 15 2 25 3 35 4 45 5 oy 5
VNR(dB) VNR(dB)
Figure 7: Comparison for lattices using the Figure 8: Comparison for lattices using the
balanced distance rule. equal error probability rule (only applied for

polar code lattice).
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Lattice codes with power constraint

» To evaluate the WER performance in power-constrained communications,
SNRy,orm introduced in [TVZ99] is applied:

P

SNRyorm = m-

P and Ry, are message power and code rate of lattice code.

» SNR,,orm allows us to compare lattice codes of different rates on the same scale.
e Asymptotically, arbitrary small P. can be achieved if Ry, — C at SNR,,or, — 0dB.
» The relationship between SNR;,,-» and VNR is found as:

SNRyorm (dB) =VNR(dB) + 101og,,(27e - P)
—10log;o[(2*"* — 1) - V(4)*/"].

affected by code rate
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Shaping using 8Z" lattice

0
10° T T T T T (128, 106, 8) EBCH code 10 —s— (128, 106, 8) EBCH code
(128, 120, 4) EBCH code, ©— (128, 99, 8) polar code
balanced distance rule (128, 87, 8) polar code,
101k —&— (128, 99, 8) polar code 10tk equal error probability rule
(128, 100, 4) polar code,
balanced distance rule
107 ¢ E 102 ¢ J
& sl i & ol i
Y10 L1
w0t & 10*F 1
10°E 4 105 E |
10° - L . 10 . .
25 3 35 4 45 5 55 6 65 7 25 3 35 4 45 5 55 6 65 7
SNR, - (4B) SNR g7 (9B)
Figu re 9: Com parison for lattice codes using Figu re 10: Com parison for lattice codes using
the balanced distance rule. the equal error probability rule (only applied for

polar code lattice). 2128



Conclusion and future works

Conclusion
1. The truncated union bound based design gives the best lattice under ML

decoding, verified by the OSD algorithm.

2. At P, = 107°, the best-known n = 128 construction A lattice is formed by
the (128,106,8) EBCH code and achieves P. = 10~° at VNR~ 3.38dB.

3. For polar code lattices, the best component code is also the RM(4, 7) code.

Future works

1. Apply the design rule for n > 128 polar codes satisfying the partial order property.
For high dimensional lattice design, the capacity rule can be applied.

2. Can we extend the design method to construction D lattices?
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Thank you for listening!
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Polar codes with same parameter but different 7,

» By selecting different Z, there may
exist multiple polar code having the
same (n, k,d.), but different 7.

» For d. = 4, polar code with lower 7,
improves P,.

» Such improvement is negligible for
dC = 8v

~_ ‘ —— Component codes: (128, 105, 4) polar codes
- — — Component codes: (128, 95, 8) polar codes
~

7= 864, 1120, 2016
(from left to right)

o .= 57904, 66096 AN
104F  (from left to right)

B 105
10
NN
5 9.5 AN

10 X

9 N NS

N

3.15 3.2 N

10—7 I
1 15 2 25 3 35 4 45 5

VNR(dB)

Figure 11: Truncated union bound for polar
code having same (n, k, d.) but different 7. for
d. =4,8.

26 /28



Polar codes not satisfying the partial order property

» A search for polar codes not satisfying the
partial order property for k = 97 to 103.

» 7. are found by numerical tools.

» Lower 7. are found at £ = 97,101, 102, 103.

» The improvement of P, is non-negligible at
k = 101,102,103 (only at d. = 4).

» However, component code exceeds the
(128,99, 8) polar code has not been found.

2

10"

\ ‘
|
|
_ =4
d.=8 | g
|
107 } e
e
| A o
| O g
VNR= 3dB | ow
S =
L R = |
|
|
|

VNR= 3.5dB

1
—— Polar codes satisfying the partial order property
O Polar codes NOT satisfying the partial order property
| | | T | | |

95 96 97 98 99 100 101 102 103 104
k

Figure 12: Truncated union bound for polar
code not satisfying the partial order property
for k = 97 to 103.
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Comparison with construction D lattices
» Lattices for comparison use EBCH codes
[MKO18] and polar codes [LLAK21].

» Construction D lattices have lower WER with
the high cost on decoding (EBCH codes) and
design (polar codes).

» Using EBCH codes, the number of OSD
computations are

e construction A: 5671;
e construction D: 1505702.

» Using polar codes, lattice design is based on:
e construction A: analytic truncated union
bound based design
e construction D: Monte-Carlo method.

Without shaping Shaping by 82" lattice

10

45 25

VNR(dB) SNR . (dB)

—=a— Construction A, (128, 106, 8) EBCH code, order-2 OSD
©— Construction A, (128, 99, 8) polar code, order-2 OSD

— — Construction D, EBCH code, order-(4, 1) OSD

— — Construction D, polar code, SCL, L= 128

Figure 13: Comparing construction D
lattices/lattice codes.
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