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Abstract. This paper introduces an algebraic semantics for hybrid logic
with binders H(], @). It is known that this formalism is a modal counter-
part of the bounded fragment of the first-order logic, studied by Feferman
in the 1960’s. The algebraization process leads to an interesting class of
boolean algebras with operators, called substitution-satisfaction algebras.
We provide a representation theorem for these algebras and thus provide
an algebraic proof of completeness of hybrid logic.

1 Introduction

1.1 Motivation

The aim of this paper is to provide an algebraic semantics for hybrid logic with
binders H(],@). This formalism is, as was proven in the 1990’s [1], the modal
counterpart of the bounded fragment of first-order logic. Hence, an algebraiza-
tion of H(],@) provides also an algebraic insight into the nature of bounded
quantification, i.e., quantification of the form Vaz(tRx — ¢) and Jz(tRz A ¢),
where t is a term not containing x. The fragment of first-order logic obtained by
allowing only such quantifiers was investigated in the 1960’s by Feferman and
Kreisel [2], [3]. A discovery they made is that formulas in this fragment are ex-
actly those which are preserved by formation of generated submodels, as modal
logicians would say, or — to use Feferman’s term — outer extensions.

The aim of this paper is to present a class of algebras which are hybrid (or
bounded) equivalent of cylindric algebras for first-order logic. These algebras are
substitution-satisfaction algebras (SSA’s), boolean algebras equipped with three
kinds of operators: |* corresponding to binding of variable i, to the present state,
@, saying that a formula is satisfied in the state named by i and standard
modal operator &, corresponding to restricted quantification itself. The theory
of cylindric algebras proves to be an important source of insights and methods,
but not all techniques can be applied directly to SSA’s. For example, cylindric
algebras often happen to be simple. For locally finite dimensional ones, subdirect
irreducibility is equivalent to simplicity and in the finitely dimensional case, we
even have a discriminator term. SSA’s are not so well-behaved. Another example:
in cylindric algebras, the operation of substitution of one variable for another
is always definable in terms of quantifier operators. SSA’s do not allow such a



feat. And yet, it turns out that their representation theory is not much more
complicated than in the cylindric case.

Algebraic operators formalizing substitutions in first-order logic have been
studied since Halmos started working on polyadic algebras [4]. In particular,
they play a prominent role in formalisms developed by Pinter in the 1970’s, cf.,
e.g., [5]. Nevertheless, algebras studied in the present paper do not have full
substitution algebras as reducts — certain substitution operators are missing.
Besides, as Halmos himself observed, the most interesting thing about satisfac-
tion operators is their interplay with quantifiers — and bounded quantifiers do
not interact with substitution operators in the same way as standard quantifiers
do.

The structure of the present paper is as follows. In Section 1.2, we introduce
the bounded fragment and H(|, @) as well as the truth preserving translation
that show they are expressively equivalent. In Section 2, we introduce concrete,
set-theoretical instantiation of SSA’s — our counterpart of cylindric set alge-
bras. In Section 3 we characterize SSA’s axiomatically. Also, we prove some
useful arithmetical facts and characterize basic algebraic notions, such as con-
gruence filters or subdirect irreducibility. Section 4 contains main results of the
paper. First, we identify Lindenbaum-Tarski algebras of hybrid theories as those
which are properly generated. It is a more restrictive notion than the notion of
local finiteness in the case of cylindric algebras. Then we show that every prop-
erly generated algebra of infinite (countable) dimension can be represented as a
subdirect product of set algebras. In other words, we provide a representation
theorem for SSA’s and thus an algebraic proof of completeness of H(|, @). The
proof was inspired by a concise proof of representation theorem for cylindric
algebras by Andréka and Németi [6].

The author wishes to thank heartfully Ian Hodkinson for inspiration to begin
the present research and for invaluable suggestions how to tackle the issue. The
author can only hope that this advice was not entirely wasted. Thanks are also
due to Patrick Blackburn for his ability to seduce people into doing hybrid logic
and to the anonymous referee for suggestions and comments on the first version
of this paper.

1.2 H(|,@) and the Bounded Fragment

This subsection briefly recalls some results of Areces et al. [1]; cf. also ten Cate
[7]. For any ordinal «, define a™ = o — {0}. It will become clear soon that
zero is going to play the role of a distinguished variable. Fix a countable supply
of propositional variables {p,}acprop (the restriction on cardinality is of no
importance here) and nominal variables {ij}recq+; most of the time, we assume
« = w. Formulas of hybrid language are given by

¢u=pa|ir | ¢ | 9NV [ CP| Qo [0

0O, V and — are introduced as usual. Some papers introduced one more kind
of syntactic objects: nominal constants, which cannot be bound by |. They do



not increase the expressive power of the language and for our present goal the
disadvantages of introducing such objects would outweigh the merits. They can
be replaced by free unquantified variables.

Hybrid formulas are interpreted in models. A model M := (W, R, V') consists
of an arbitrary non—empty set W, a binary accessibility relation R C W x W
and a (propositional) valuation V : p, — A € P(W) mapping propositional
variables to subsets of W. A (nominal) assignment in a model is any mapping
v 1 — w € W of nominal variables to elements of W. For an assignment
v, k € a™ and w € W, define v¥ to be the same assignment as v except for
v(ir) = w. The notion of satisfaction of formula at a point is defined inductively:

w Eon ik if w = v(iy) wEmype  HfweV(pg)
wFEmy WAG fwEop, vandwFop, @ wFoy 7Y if notw Foy, ¥
wEo,y Oy if Jy.(wRyand w Fay 4 )

w ':im,v @zkw if U(ik) h‘.ITI,v 7;[} w b‘.Ifl,vl,ik 1/1 if w ':9317115) 1/}

Fix a first order-language with a fixed binary relation constant R, unary
predicate constants {P,},cprop and variables in VAR = {z}}rea+ U {z,y}.
The bounded fragment is generated by the following grammar:

¢ = P,(v) |vRV [v v | =d | ¢ A | Ju.(tRv&e)),

where v,v" € VAR and t is a term which does not contain v. The last
requirement is crucial.

Define the following mapping from the hybrid language to the first-order
language by mutual recursion between two functions ST, and ST,:

ST, ST,

iy |T R Ty YR Tk

Pe | Pul2) Pa(y)
YA SSTy () A STy(P) ST, (¥) A ST,(¢)

1 |=ST,(¢) STy ()

O¢ |Jy.(zRy A STy(9)) Jz.(yRe A STy (4))
Qi ¢ (3. (z ~ oK ASTL(9)  Fy.(y = kA STy (¢))
1" .¢|Fzg.(x = xp A STR(9)) Fzk.(y = x1 A STy (0))

This mapping is known as the standard translation.

Theorem 1. Let 9 := (W, R, V) be a hybrid model, v a nominal assignment.
Let also v be a valuation of first-order individual variables satisfying v(zy) =
v(ig), v(x) and v(y) being arbitrary; recall that unary predicate constants corre-
spond to propositional variables. For every w € W and every hybrid formula ¢,
wEomw ¢ iff Vi, wE STy(4).

Proof: See, e.g., Section 3.1 of Areces et al. [1] or Section 9.1 of ten Cate [7].



The special role, then, is played by z: we sometimes call it the distinguished
variable and identify it with x¢. The role of y is purely auxiliary. It is never used
as a non-bound variable.

The apparatus of binders and satisfaction operators makes also the reverse
translation possible. Let the supply of individual variables be {2 }req+; no dis-
tinguished variables this time. Define

HT(Pa(:ck)) = @ikpaa HT(l‘k ~ :L‘l) = @ikil7 HT(:L‘kal) = @ikOil,
HT(=¢) := -H(¢), HT(¢ A1) :=HT(¢) NHT(),
HT(HCE;C.LL'[RZ‘]C A\ ’(/J) = @iz<> " HT(’(/J)7

Theorem 2. Let M be a first-order model in the signature {P,} U {R} and v
be a valuation of first-order individual variables. Define a nominal assignment

v(ig) = v(xg). For every formula v in the bounded fragment and every point
xeM, v,x E ¢ iff xFom ., HT ().
Proof: See Section 3.1 of Areces et al. [1] or Section 9.1 of ten Cate [7]. =

In short, H(|,@) and the bounded fragment of first-order logic have the
same expressive power. There is a beautiful semantic characterization of first-
order formulas equivalent to those in the bounded fragment: these are exactly
formulas invariant for generated submodels. Unfortunately, we cannot enter into
details here: cf. Feferman [3] or Areces et al. [1].

2 Concrete Algebras

A set substitution-satisfaction algebra or a concrete substitution-satisfaction al-
gebra of dimension o (CSSA,) with base (W, R), where R C W2, is defined as
a structure A = (A,V,—,0, 4,Q;,s},d;, O)ica+, where A is a field of subsets
of W closed under all operations defined below and for every i € a™ and
X e P(We):

- dz = {x | o = ZEZ‘},

QX = {y | dzr e X.zg = xl&w 75 O.LCj = yj},
1'X ={y |3z e Xawg=x;&Y] #£i.x; =vy,},
- OX :={y |3z € X.yoRxo&Vj # 0.2; = y;}.

d; corresponds to dp; in cylindric algebras, hence our present notation. )
is often denoted as 1 and P(W) as T. The zero coordinate of an element
from W is called the distinguished azis. Geometrically, @, X corresponds to the
effect of intersecting X with the hyperplane d; and moving the set thus obtained
parallel to the distinguished axis. Analogously, |* X corresponds to the effect of
intersecting X with the hyperplane dj and moving the set thus obtained parallel
to the k-axis. Logical counterparts of these operations will be made explicit
in the next section, but the notation should suggest the proper interpretation.
Those CSSA,’s whose universe consists of the whole W< form the class of full-
set substitution-satisfaction algebras of dimension «, denoted by FSSA,. Thus,
CSSA, = S(FSSA,). The class of representable substitution-satisfaction algebras
of dimension « is defined as RSSA, = [SP(FSSA,).



2.1 Connection with Logic

With every model 9t = (W, R, V') we can associate the structure Ss9t. Namely,
with every formula ¢ whose nominal variables are in {ij}rco+ We can associate
the set ™ = {v € W< | v Fot,|, ¢}; Vla+ is identified with the corresponding
assignment of nominal variables. Such sets form a field of sets closed under |*,
@, Opr and all diagonals. This is exactly the algebra Ss9t € cssA,. Let us
record the following basic

Fact 1 For all hybrid formulas ¢, 1, every k € a™, every hybrid model M,
i =di, (WA Q)T = T NG, ()™ = ™, (O9)™ = Oy, (@, ¢)™ =
Q™ (1% )™ =]k

In order to characterize those CSSA,’s which are of the form Ss9t for some
M, let us introduce the notion of a dimension set Aa := {i € ot ||¥ a # a}.
An element a is zero-dimensional if Ao = 0. The family of all zero-dimensional
elements of 2 is denoted by Al?). The algebra generated (as CSSA4; of course, all
constant elements are also treated as generators) from Al is denoted as [A°]. 2
is called properly generated® if A = [A?]. A is called locally finitely dimensional
if #40 < w for every a. Finally, 2 € cssA, with base (W, R) is called 0-regular
if for every a € A, every v,w € W%, v € a and vy = wy implies w € a.

Lemma 2. Every algebra of the form SsON for some hybrid model 9 = (W, R, V)
1s properly generated and 0-reqular.

Proof: Proof of proper generation consists of three straightforward claims. First,
every hybrid formula is by definition built from {p,}ecprop and {ir}rca+ by
finitely many applications of =, A, &, @;, and |*. Second, by Fact 1, the con-
nectives are interpreted by corresponding operations in algebra. Third, for every
propositional variable p, p™ is zero-dimensional, as v € p™ iff vy € V(p) iff
(vi)o € V(p) iff v €|Fp™.
For O-regularity, for any 0-dimensional ¢™ let var(¢) = {k € a™ | i occursin ¢}.

If f e o™, Ilvar(e) = floar(e), then g € »™, as it is irrelevant what values g
assigns to variables which do not occur in ¢. Assume now gy = fy. In case
var(¢) is non-empty, let i,(g), ..., % n) be an enumeration of it. Let f’ (g’) be
a valuation obtained from f (g) by substituting fo(= go) for every iy, where
Ee{0,....n}. fep™ =[O |*®) ¢ hence f' € ™, by the above obser-
vation g’ € ¢™%, thus g €| ... |v(R) g™ = p™, B

The above observation can be strengthened to an equivalence.

Theorem 3. 2 € CcSsA,, based on (W, R) is of the form SsIN for some hybrid
model 9N with the same base iff it is properly generated and 0-regular.

1 'We avoid the notion zero-generated as it could be misleading: algebraists usually call
this way the smallest subalgebra, i.e., the algebra generated from constants



Proof: The left-to-right direction has already been proven. For the converse, let
2 € FSSA, be a properly generated and regular algebra based on § = (W, R).
For any a € A% let V(p,) = {w € W | Jv € a.w = vp}. Let M = (§, V). We
want to show 2 = Ss9. The bases of both algebras and hence the fundamental
operations on the intersection of both universes coincide. Thus, in order to show
the C-direction, it is enough to show that for every a € Al ¢ = p™t. For
every v € W, v € pP iff vg € V(pa) iff vo = wy for some w € a iff (by 0-
regularity) v € a. For the reverse inclusion, observe that the atomic formulas in
the language of M are always of the form p, or ix. The proof proceeds then by
standard induction on the complexity of formulas. -

3 Abstract Approach

3.1 Axioms and Basic Arithmetics

Let 4,7,k ... be arbitrary ordinals in a™. The class of substitution-satisfaction
algebras of dimension a SSA, is defined as the class of algebras satisfying the
following axioms:?2

Ax1. Axioms for boolean algebras
Ax2. Axioms for the modal operator
(a) OL =1
(b) O(pVq) =CpV g
Ax3. Axioms governing Qy
(a) ~Qpp = Q—p
(b) Qi(pV¢q) = QxpV Qg
(C) @kdk =T
(d) @.Q;p=Q;p
(e) dp <p <« Qip
Ax4. Interaction of & and @i: OCQip < Qip
Ax5. Axioms governing |*
(a) = Fp=|F-p
(b) L*(pVvq) =1*pv |¥q
) LAip=]iFp
(d) [*Fp=IFp
)
t

Ax6.

(c) @ |Fp=Qpp
Ax7. Interaction of [Fand O: [FO [Fp=< |Fp
Ax8. The Blackburn-ten Cate axiom BG: @,0O |7 Q,od; =T

Fact 3 FssA, C SSA, and thus RSSA, C SSA,.

2 Added in the on-line version: Ax6b and Ax5d can be derived from Ax3e, Ax5e and
Ax6c¢. Tt remains to be checked if there are other redundancies.



Lemma 4. The following are deriviable:

Arl. O(p — q) < Op — Oq
Ar2. Qu(p — q) = Qpp — Quq
Ar3. [F(p—q) =1"p—1Fq
AT4. @kd] S @kp — @jx
Ard. @kd] S @]dk

Ar6. dj Ap < Qjp

Ar7. @kOdJ A @jp < @pOp.

Proof: The only one which requires some calculation is Ar7 and we will need
this inequality later. From Ax3e we get that @;p < d; — p, this by Ax4 gives
us Q;p < 0O(d; — p). Using Ax3d, we get Q;p < @,0(d; — p). By Arl, this
gives us @;p < @i (<d; — Op). By Ar2, we get the desired conclusion. =

3.2 Proper Generation and Finite Dimensionality

The notions of dimension of an element, locally finitely dimensional and properly
generated algebra are introduced in exactly the same way as in the concrete case.
The class of locally finite algebras of dimension « is denoted as Lf, the properly
generated ones — as Prop,. °

Fact 5 Ady, = {k}, &XCa C Aa, Aa = La, AlaAb) C LaU, AQpa C AUk},
Alka C fa— {k}.

Corollary 1. Prop, C Lf,.

From now on, we use the fact that |* and @, distribute over all boolean
connectives without explicit reference to Ax3a, Ax3b, Axba, Ax5b and Ar2. A
straightforward consequence of Ax6b is

Fact 6 For every k & Qp, p # L implies Qpp # 1. Consequently for any
acAelf,, a# L iff there is k s.t. Qpa # L.

The following result is an algebraic counterpart of an observation of ten Cate
and Blackburn. [8], [7]

Lemma 7. Assume a > w, A€ Lf,, p €. Then

@;0p=\/ (@;0d, A@p) (1)
I¢Ap

3 Added in the on-line version: in fact, the only relevant property of Lf, for infinite o
is that for every element p, the complement of Ap with respect to o is infinite. This
is the defining property of dimension-complemented cylindric algebras. All results
concerning locally finite algebras in the present paper— in particular, Lemma 7 —
would hold also for dimension-complemented SSA’s.



Proof: @;Od; A Qp < @;Op by Ar7. Thus, in order to show 1, it is enough to
prove that for any z, if @;Od;AQp < 2z for every [ € Ap, then @;Op < z. Choose
some [, k ¢ ApU Az (here is where we use assumptions on ). By assumption and
by Ax3d, @;Od; A Qip < @iz, This in turn, by | € Az U Ap and Fact 5 implies
1! Q;Ody Ap — Qpz = T, from which we get @jD(U@deg —(p—Qpz))=T.
Here is where we use Ax8 to obtain @,;0(p — @z) = T. This implies @;Op =
Q;Op A Q;0(p — Qgz). By Arl, we get thus @Q;Op < @;OQpz and by Ax4
and Ax3d we obtain @;O0p < @Qpz. By k € Ax U 2 and Fact 5, the conclusion
follows. -

3.3 Ideals, Homomorphisms, The Rasiowa-Sikorski Lemma

Let us introduce several standard algebraic notions concerning the structure of
SSA.’s. An open ideal is a lattice-theoretical ideal closed under <, all @; and |% It
is a standard observation that congruence ideals correspond to homomorphisms.
An ideal generated by p is the smallest open ideal containing p; it is denoted by
Gen(p). Let Mod,, be the set of words in the alphabet {<, % @; | i € at}.

Fact 8 Gen(p) ={q|¢< ®1pV- -V &,p,41,..., ¢, € Mod,}

A subdirectly irreducible algebra is one which contains smallest nontrivial
open ideal. By the above observation, we can reformulate it as follows.

Corollary 2. 2 € SSA,, is subdirectly irreducible iff there exists o # L s.t. for
every p # L there are 41,...,4, € Mod, s.t. o < #1pV---V #,p. 0 is called a
(dual) opremum element.

Of course, we don’t really have to consider all members of Mod,; it is pos-
sible to restrict the set significantly. In particular, for zero-dimensional p we can
restrict attention to #1,..., 4, € {O",@,;O" |i € aT,n € w}.

Combining Corollary 2 and Fact 6 we arrive at the following:

Corollary 3. 2 € Lf,, is subdirectly irreducible iff there is o € A and k € o™
s.t. Qgo # L and for every p # L there are 41,...,4, € Mod, s.t. Qyo <
Q. 41pV -V Qr4,p. Of course, we can simply replace o with Qo, as this
element is an opremum as well.

Definition 1. Let 2 € SSA,. An ultrafilter H of A is elegant if for every i € a™
and every p € A, Q;Op € H iff there is j € a™ s.t. Q;0d; AQjp € H.

Lemma 9. Assume a > w, A € Lf,, #A < w. For every a # L, there exists
an elegant ultrafilter containing a.

Proof: Follows from Lemma 7 and The Rasiowa-Sikorski Lemma: cf. Koppel-
berg [9, Theorem 2.21] . We briefly sketch the proof here to make the paper
more self-contained. Let by, b1,bs... be an enumeration of all elements of the
form @;Op for some j € ot and p € 2A: here is where we use the fact that
universe of 2 is countable. Define a¢ := a. If a, is defined, let a,11 := a, if
an A b, = L. Otherwise, assume b, = @;Op. Lemma 7 implies there is k € a™
s.t. any1 = apn ANQ;Odp AQyp # L. In this way we obtain an infinite descending
chain of nonzero points. Any ultrafilter containing {a, }new is elegant. b



4 The Representation Theorem

This section proves the main result of the paper. We identify those SSA’s which
correspond to Lindenbaum-Tarski algebras of H(|, @)-theories and prove a rep-
resentation theorem for them.

4.1 Transformations, Retractions, Replacements

Halmos [4] developed general theory of transformations and used it as a founda-
tion for theory of polyadic algebras. Let us recall some basic results. A transfor-
mation of o™ is any mapping of a* into itself. We call a transformation 7 finite if
7(i) = i for almost all ¢ (i.e., cofinitely many). We will be interested only in finite
transformations. The intuitive reason is that transformations will correspond to
substitutions of variables — and, for a given formula, only finitely many variables
are relevant. From now on, finiteness of transformations is assumed tacitly.

A transformation 7 is called a transposition if for some k and I, 7(k) = [,
7(l) = k and for all other arguments, 7 is equal to identity. Such mappings
are denoted as (k,l). A product of transpositions is called a permutation. T is
called a replacement if 7 is different from identity for exactly one argument, say
7(l) = k. 7 is then written as (I/k). A transformation 7 is called a retraction
if 72 = 7. It is a well-known mathematical fact that every bijection of at onto
itself is a permutation. Halmos generalized this fact as follows:

Lemma 10. FEvery retraction is a product of replacements and every transfor-
mation is a product of a permutation and a retraction.

In case of locally finite algebras of infinite dimension, we can restrict our
attention only to retractions, i.e., products of replacements: this will be justified
further on. A similar observation for locally finite polyadic algebras was made
by Halmos [4]. Finally, a bit of notation. For 7 a transformation, T}C be the
substitution defined as 7}.(j) = 7(j) for j # [ and 7}(l) = k. Also, let 7 —1 be the
transformation which is the same as 7 except that it leaves [ unchanged. Thus,
7} is the composition of 7 — [ and (I/k).

4.2 Axioms for H(|,@)

We present an axiom system for H(|, @) taken from Blackburn and ten Cate [8],
[7]. A nominal variable iy, is called bound in a formula ¢ if it occurs within the
scope of some |* and free otherwise.

Definition 2. Let 7 : o™ — a™ be a transformation. The nominal substitution
associated with 7 of formulas of hybrid language is a function ¢ — ™ which
replaces all free occurrences of iy, and Q; with i) and @ respectively, in
those places which are not in the scope of some |~

ir(k)?

A H(],Q)-theory is any set of hybrid formulas T' containing all instances of



H1. classical tautologies,

H2. O(¢ — ¢) — (Oy — O9),

H3. @, (¥ — ¢) — (Q;, ¢ — @;,9),

HA. @ 1) > —@;, ),

H5. @;, iy,

H6. @;,Q; ¢ < Q; 9,

HT. i — (1) = @;, 1),

HO. @, (|".4p o U/0),
H10. |% .(i, — 1) — 1, if i}, does not occur free in 1,
H11. @;,0 1 @y, Oy,

and closed under Modus Ponens, Substitution (i.e., if ) € T, then ¢™ € T for
every substitution 7), and Generalization for all operators (i.e., if ) € T, then
Qi €T, |"™.ap €T and Oy € T). It is easy to see that our Ax1-Ax4 and Ax8
are direct translations of corresponding H(|, @) axioms. Those governing | could
not be translated straightforwardly into equations. See the concluding section
for further comments on the relationship between these two axiomatizations.
Blackburn and ten Cate [8], [7] prove the following

Theorem 4 (Hybrid Completeness). For every consistent H(|,Q)-theory
T, there is a hybrid model My such that T is exactly the set of all formulas
whose value under all assignments is equal to the universe of Mrp.

In this work, we provide an algebraic counterpart of their result. First, let us
characterize Lindenbaum-Tarski algebras of H(], @)-theories.

4.3 Lindenbaum-Tarski Algebras

From now on, we always assume we work with o > w. Fix a supply of proposi-
tional variables and denote the set of all hybrid formulas as Form. With every
H(],@)-theory T we can associate an equivalence relation on the set of hybrid
formulas: [¢]r = {¢ | ¥ — ¢ € T}. With every connective, we can associate a
corresponding operator on equivalence classes, i.e., C[@] = [O¢], Qi[d] = [Q;, .4,
1¥[¢] = [L* @] etc. It is a matter of routine verification that this definition is
correct, i.e., independent of the choice of representatives. We have to show that
Form/T with operators corresponding to logical connectives and constants is
an element of Prop,. Such a structure is called the Lindenbaum-Tarski algebra
of T'. Verification that Ax1-Ax4 and Ax8 hold does not pose any problems by
the remark above. Verification of axioms governing |* can be done in uniform
manner: first, use H9 and axioms governing @;  to prove an instance of the ax-
iom preceded by arbitrary @; , e.g. @; (= [ ¢ «|" =p) € T. As i; can be
chosen such that i; does not appear in ¢, we can use H7, generalization rule for
1% and H10 to get rid of initial @; ;. The same strategy can be used to show that
equivalence classes of propositional variables are zero-dimensional and thus the
algebra is properly generated.



In the reverse direction, we use the same strategy as in the proof of Theorem
3. With every element a € A%, associate a distinct propositional variable p,.
Hybrid formulas ¢ in the language whose propositional variables are p,’s and
nominal variables are in o are in 1 — 1 correspondence with constant terms in
the language of $SA,’s extended with a name for every a € [A°]. And so, for every
such formula ¢, let @ be the corresponding term. The substitution associated
with 7 for terms is defined in the same way as for hybrid formulas with dy, |*and
@, replacing, respectively, i, |* and @, . Define Ty := {¢) € Form | & = T}.
First, we show this is a H(|, @)-theory. The only part which is not immediate is
showing that all instances of H9 belong to T'.

Lemma 11. ¥k = |Lg/k) for | +£ k.

Proof: The only relevant information for the basic inductive step is that p,’s
correspond to a € Al The inductive steps are trivial for booleans and use Ax7,
Ax6a and Ax5c for modal, satisfaction and substitution operators. -

Lemma 12. For every retraction T, @;.3457}c =@ ['g7 L.

Proof: To prove the lemma, it is enough to show that
Qd, < ¥ — wl/F), (2)

For then we get that dj, <|'¥ «|'w/* By Lemma 11, it is equivalent to
d;, <|'¥ « vk By laws of boolean algebras, it is equivalent to dyA |' ¥ =
d, AWWHR) . But then

Q, ' = @ (dpA ') = Qp(dp ATYR)) = @R,

Thus, let us prove 2 by induction on the complexity of ¥. For nominals, it’s
a consequence of Ax3c and Ar5. For propositional variables, pfll/ - Pqo. For
booleans, the inductive step is trivial. For <, it follows from Ax4 and Arl. For
@;, it follows from Ax3d. Finally, for |7, we use the fact that either j ¢ A(@;dy)
or j € {k,1}. If the latter is the case, then |7 w(/k) =|7 & by definition of

nominal substitution. -

We have proven that T is indeed a H(], @)-theory, but before proceeding with
the proof that 2/ is isomorphic to Form /Ty let us record two useful consequences
of the Lemma just proven.

Corollary 4. If W = T, then for arbitrary retraction 7 and arbitrary k in the
range of T, QT =T.

We can also justify the observation made before: that in locally finite algebras
of infinite dimension, the only kind of transformations which are relevant are
retractions, i.e., products of replacements. In view of Lemma 10, it is enough to
show the following.



Corollary 5. For arbitrary transposition (k,1) and for every ®, there exists a
retraction T s.t. *D = §7 .

Proof: Choose any m ¢ AP U {k,l} (here is where we use the fact that 2
is locally finite and of infinite dimension). Define 7 = (m/k)(k/1)(l/m). The
only argument where 7 can possibly differ from (k,1) is m, for 7(m) = k and
(k,1)(m) = m. But then ¥7 =|™¥" =™ @, |"¥" =|"Q,,FkD =|mgkl) =
kb, =

Now, arbitrary a € 2 is named by a certain term W¥. Thus, for arbitrary
a we can arbitrarily choose one ¥, and define a mapping f(a) = [F,]. It is
straightforward to observe this mapping is correctly defined, 1 — 1 and onto.
Hence, we have shown

Theorem 5. For every H(|,@Q)-theory T, Form/T with operators correspond-
ing to logical connectives and constants is an element of Prop,. Conversely, for
every A € Prop,, there is a H(],@Q)-theory Ty s.t. Form/Ty is isomorphic to
2A.

4.4 The Main Result

In this section, we finally prove the main result of the paper: a representation
theorem for SSA’s after the manner of Andréka and Németi [6].

Definition and Lemma 13 Let a > w, A € SSA, and F be any filter. Define
~ponat ask ~plifQpd; € F. This is a congruence relation. Define also Rp
on ot/ ~p as [k|rRp|l]F if @Q,Od; € F. This is a correct definition.

Proof: That ~p is a congruence relation follows from Ax3c, Ard and Arb.
Correctness of the definition of Rg follows from Ar4 and Ar7. -

Theorem 6 (Countable Representation). Let o > w, 2 € Prop,, be a sub-
directly irreducible algebra, #A < w. A is embeddable in a FSSA,. More specifi-
cally, let H be an elegant ultrafilter containing an opremum element of A. A is
embeddable in the full set algebra with base g = (ot /H, Ry).

Proof: Just like in Section 4.3, associate with elements of 2 formulas of the
language whose propositional variables are {p, | a € A[O]}, so that every formula
1) corresponds to a term ¥ in the extended language and every element a € 2 is
named by such a term. Define a valuation Vg of propositional variables in § g
by

Vi (pa) == {[k] | Qza € H}.

Let 9 = (§g, V). We are going to show that 2 is isomorphic to Ss9t. By
Corollary 5, we can restrict our attention only to those 7’s which are retractions.
Thus, by Lemma 10 it is enough to formulate all claims and proofs only for



replacements. For a mapping 7 : @ — a™, let 71 := 7|,+. For arbitrary term ¥,
define auxiliary mapping ¢’ as

JW) = {r"a—at| Q. €H]}

and then

gW) ={r:a—at/H]3 € ¢ (¥).Vi € a.r'(i) € 7(i)}

Now, for arbitrary a choose v, to be arbitrary formula s.t. ¥, = a and define
f(a) := g(¥,). We have to show that this is a correct definition, i.e., that f
is independent of the choice of . It is enough to prove that for arbitrary ¥,
&, U — ¢ = T implies g(¥) < ¢g(P). Assume g(¥) £ g(®). Let 7 be such
that @T(O)J/TJr € H and @T(O)QSTJr ¢ H. It means that @7—(0) (T A ﬂ@)TJr € H,i.e,
@/T(O)(!P/\ﬁ@)T+ # 1 and hence (A—®)™" # L. Choose arbitrary k ¢ AWA—®)

in the range of 7. By Fact 6, @k(W/\ﬂ(Z))T+ # 1 and hence by Corollary 4, ¥ £ .

Let us prove that f is a homomorphism. We don’t need the assumption
of subdirect irreducibility here, only the fact that H is an elegant ultrafilter.
Subdirect irreducibility will be used only to show f is an embedding.

Given 7 :a+ a™,let [7] : @ — o™ /H be a mapping defined as [7](i) = [7(7)].
Thus, g can be redefined as g(¥) = {[7']|7’ € ¢'(¥)}. With every ¢ : at — at,
we can associate a nominal assignment v° in 9 defined as v7(iy) = [o(k)].
v (l/k)(i1) = [k] and v7 (I/k)(i;) := v (i;) for j # . Sometimes, we denote by v
the mapping v(iy) = [k], i.e., v'%. As we are interested only in finitary retractions,
every v7 is of the form v(ly/k1)...(In/ks) for some ly,...,0,,k1,..., k. By
[k] € v7(¢) we mean that ¢ holds at [k] in 9t under v7.

Claim 1: [k] € vo(|' ) iff [k] € v7(I/k)(1). In fact, this is just a clause
from definition of satisfaction, as v (I/k) = (v”)fk]. We just use more elegant
notation to avoid clumsiness.

Claim 2: U(l/k)5¢) = v(yp/*)). Thus, for every o, v7(¢p) = v(1)?) and
v (U/k) () = v(y7k).

Claim 3: [j] € v(¢7) iff Q;¥° € H.

Proof of claim: For ¢ = p, it follows from the definition of V. For ¥ = i,
— from the definition of ~p. For booleans: from distributivity of @Qj over
boolean connectives and the fact that H is an ultrafilter. The clause for < is
the one where we use the fact that H is elegant: [j] € v(<¢¢?) iff (by definition
of a valuation in a hybrid model) exists [k] s.t. [j|Rg[k] and k € v(¢?) iff (by
definition of Ry and IH) there is [k] s.t. @;Ody, € H and @97 € H iff (by
assumption on H) @;097 € H.

Assume now ¢ = @Q¢. Then [j] € v((Qrp)?) iff [j] € v(Qy)¢7) iff [o(k)] €
v(¢?) iff (by IH) Q@7 € H iff 7 € H iff (by Ax3d) @;¥° ¢ H.



Finally, assume 1 =|* ¢. Then [j] € v((|* ¢)?) iff [j] € v(|F ¢7%) iff (by
Claim 1) [j] € v(k/7)(¢7~*) iff (by Claim 2) [j] € v(¢% ) iff (by IH) @,8% €
H iff (by Lemma 12) @; |F¢°~* € H iff Q,¥° € H. -

Claim 3 immediately implies that f is a homomorphism: for every 7 : a — a™
and every a € A, 7 € f(a) iff [r(0)] € v™ (ba).

In order to show f is an embedding we finally use assumption of subdirect
irreducibility and the fact that H contains opremum. We want to show that a € b
implies f(a) € f(b). By Lemma 3 ¥, — ¥, # T implies there is ¢1,...,4, €
Mod,, s.t. Oy 41 (T, A—T)V---VQr 4, (T, N—¥,) € H. By the fact that H is an
ultrafilter, we obtain that there is ¢ € Mod,, s.t. Q,4(¥, A %) € H. Because
of Ax3d and the fact that H is elegant, if Q. 4(¥, A —0},) = Q41 42(F, A )
for some 47 consisting only of diamonds and satisfaction operators, then for
some | € o™, Q;42(¥, A —¥,) € H. In other words, we can get rid of initial
diamonds and satisfaction operators. @; |™ (#2(¥, A—¥;)) € H can be rewritten
as Q;(#2(¥, A—9;))™/D € H. Proceeding in this way, we finally obtain that for
some j and some o, @;(¥Z A=¥¢7) € H. Reasoning the same way as in the proof
that f is correctly defined, we finally obtain that ¥, — ¥, # T, i.e., a £ b.

f is in fact an isomorphism onto Ss9t, cf. the proof of Theorem 3. —

Theorem 7 (Representation). For a > w, every subdirectly irreducible 2 €
Prop,, is isomorphic to a FSSA,,. Consequently, Prop, = RSSA,.

Proof: For countable algebras, this already follows from Theorem 6. For un-
countable 2, we can prove it very similarly to Lemma 3 in [6]. Namely, let
{B:}1cp be a directed system of s.i. algebras in I(CSSA,) sharing a common

opremum element. Then |J ®B; € I(CsSA,). Lack of space (i.e., LNCS 15 pages
lep
limit) prevents us from proving the theorem in detail. -

5 Open Problems and Further Developments

The algebraic axiomatization of Section 3 suggests there should exist a H(], @)
analogue of Tarski’s axiomatization of first-order logic which uses neither the
notion of a free variable nor the notion of proper substitution of a variable in
a formula. [10] Also, our Andréka-Németi style proof of The Representation
Theorem employs a slightly different strategy from the one used by Henkin,
based on the notion of thin elements and rich algebras — cf. [11] or [12]. Tt
could be interesting to prove the representation theorem for SSA’s also in this
way.

Another path open for exploration: Monk [13] shows that significant part of
algebraic model theory can be presented by focusing on set-theoretical algebras,
without any axiomatic definition of abstract cylindric algebras. By analogy, it
could be tempting to develop a part of algebraic H(],@)-model theory or alge-
braic bounded model theory by means of set SSA’s.



The referee of the present paper posed two interesting questions, which are
currently investigated by the author. First, the bounded fragment is known
to be a conservative reduction class for first-order logic. That suggests that
known results about cylindric algebras may be derivable from theorems con-
cerning SSA’s. Second, both bounded fragment and hybrid logic with binders
are model-theoretically well-behaved: one example is the interpolation property.
This should translate into nice algebraic characteristics of SSA’s (e.g., the amal-
gamation property).

Finally, the possible connection with computer science, which was in fact
a motivation to present these results to the computer science community. It is
known that cylindric algebras capture exactly those database queries which are
first-order expressible, cf. [14] for details. Is there an a related interpretation for
SSA’s — for example, in terms of databases where the user is allowed to ask
questions concerning only accessible entries?
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