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Modal Rules

Coalgebras v : C' — T'C' describe dynamics between states and

sStructures [Q] : P(X) — P(TX) describe in terms of

properties of states

states = elements ¢ € C properties of states = subsets A C C

successors = elements y(c) € TC properties of successors = subsets VA C T'C

One-Step Rules are the syntactic side of the states/successors interplay

/\z-1 Pi, — \/j1 [ ARRRA /\z,c Pi, — \/j,c Pis N property of states
A — \/j property of
provide the capability to reason about In terms of

properties of states

March 6, 2012 1




Methodological Digression

On Structure and Properties

e Clearly, one-step rules are not of the most general kind, and preclude e.g.
T:0p—=pord:00p— Op

e However, both 7" and 4 describe properties of frames, rather than the structure

of being a frame

e Compared to Sara’s lecture: more model classes, fewer properties

Methodology: Put structure in the front seat, worry about properties later
® one-step rules axiomatise the structure of, e.g. being a probability distribution

e frame conditions are extra axioms of arbitrary nature, e.g. transitivity

March 6, 2012



Examples

Modal Logic K Neighbourhood Frames
p pAqg—T p<q
Op Op A Og — Or Op — Ugq

Probabilistic Modal Logic

D pV g
Lop L,p —LyupV —L,b

pVyq
L,pV Lyq

(u+v>1) (u+v=1)

e ST
Nict Lupi NNy La—op @i = Lo =7 &

where d; = dy and Jj = —d; for j > 2.

Observation. One-step rules appear to be enough to axiomatise the class of all

I'-coalgebras.
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More Examples

Coalition Logic for pairwise disjoint sets C; of coalitions:

Vit . 7Pi D pVq Nizt,..nPi =4

Viei.nlCilpi [Clp [0lpV[Nlg  Ai=i. .lCilpi — [UCilg

Graded Modal Logic

D —q r—>pVq D q
On41P — <>'nq <>n—|—kr — <>np \% <>kq <>kp — <>kq

(pVg—=r)AN(pAg—s) —p
OnP A CRG = Cpnpkm V<C0s 20D

Conditional Logic

q P1 A P2 — Po q1 < Q2

p=q MPm=2¢NpP2=q = Po=>q) @P=>aq)— P=>q)

Observation. Indeed, one-step rules seem to be enough.
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Soundness and Completeness

We now assume a set R of one-step rules.

Logical Consequence. The set of R-derivable formulas
e contains all propositional tautologies and is closed under modus ponens

e contains o whenever ¢ /1) € Rand R - ¢o

where R = ¢ if ¢ is R-derivable and o : V' — F(A) ranges over all substitutions.

Wanted. Coherence Conditions that guarantee soundness and completeness
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Coherence Conditions

One-Step Rules over sets X and valuations o : V' — P(X)

[propositional premise] x » € X

[modalised conclusion|rx » € T'X

via propositional logic and predicate liftings

[[p]]X,a =o(p) € X etc., and H@¢HTX,0 = [[@]]X([[Qb]]X,a) CTX

Notation.

X,o0E¢ <<= [dlxo=XandTX,0 =v¢ <= [V]rx, EV¥

Coherence. [@]x o ~ [Y]rx.o forp/1p € Rando : V — P(X)
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The Easy Part: Soundness

Defn. A rule ¢ /1) is one-step sound if
X,oE¢p = TX, 0 =9
for all sets X and all valuations o : V' — P(X).

Note. One-step soundness replaces quantification over models by quantification

over sets.

Propn. (Soundness) Coalg('T") = ¢ whenever R | ¢ if every rule in R is one-step

sound.

Proof. Induction on the definition of provability where one-step soundness accounts

for the modal steps.
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Completeness and the Small Model Property

Defn. R is one-step complete if
TX,c0=x = {y7| X,0=¢7,7:V — Prop(V),¢/9p € R} FpL x

whenever Y is a clause over Q(p)(¥ € A)and o : V — P(X) is a valuation.

Goal. Every consistent formula is satisfiable in a model of exponential size.

Terminology. Aset > C F(A) is closed if
e pc X, peSf(p) = YekX
epcEXandop £ ¢ — —peEX

where Sf(¢) is the set of subformulas of ¢.

Roadmap. Relative to a closed set >

Existence Lemma ~ Truth Lemma ~ Small Model Theorem
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Completeness

Fix X C F(A) closed and finite, and S = {M C X% | M maximally consistent}.

Existence Lemma. (Schroder 2006) For all M € S there exists t € T'S such that
L€ [Vls(Sp,s- -5 D,) <= D61,...,60) €M

forall O(¢1,...,¢n) € Xwhere Xy ={M €S| ¢ e M}

Proof. If the above fails for M, we have that

TS, o = \ “Q(Pgys- - Do, )V \/ QDo s - - Do, )
®(¢1,---,¢n)€M ®(¢1,,¢n)EE\M

foro : V — P(S) satisfying 0(py) =2y ={M €S | p € M}

This clause is derivable by one-step completeness, contradicting consistency of M.

Corollary. Every consistent formula ¢ is satisfiable in a model of size < 25f(#).
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Examples

Trick. One-step completeness is usually much easier to check than soundness.

Example. The rule set Ry is one-step complete: if

TX,0 ]: /\Dpi — \/qu
( J

then

Nt € NEkx ) < UIPIx (o)

1

and therefore we can find 7 such that
(Vo) C g
i
which we use as rule premises in a one-step deduction.

More Examples. The rule sets seen previously (graded / probabilistic / coalition /
conditional logic) are one-step complete.
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Are One-Step Rules Really Enough?

Propn. One-step rules suffice, or: the set of all one-step sound one-step rules is

one-step complete.

Proof Sketch. Suppose T'X, o = 1 for a clause v over variables V[, C V. Pick

O = /\{X | x propositional clause over Vj and X, o = x}
It follows that ¢ /1) is one-step sound.

Remarks.
e Note that 1) can be derived using a single rule

e but the set of al rules is too large to be practically useful.
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