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Abstract—The present study proposes a new symbolization
algorithm for multidimensional time series. We view temporal
sequences as observed data generated by a dynamical system,
and therefore the goal of symbolization is to estimate symbolic
sequences that minimize loss of information, which is called
generating partition in nonlinear physics. In order to utilize
the theoretical property of symbol dynamics in data mining,
our algorithm estimates symbols on multivariate time series by
integrating both spatial and temporal information and selecting
those dimensions in multidimensional time series containing
useful information. Probabilistic symbolic sequences derived
from our symbolization method can be used in various su-
pervised and unsupervised data-mining tasks. To demonstrate
this, the algorithm is evaluated by applying it to both simulated
data and a real-world dataset. In both cases, the new algorithm
outperforms its alternative approaches.

Keywords-time series symbolization; generating partition;
dynamical system; dimension selection; heterogeneous multi-
variate time series;

I. INTRODUCTION

Many real-world applications deal with huge amounts
of temporal data. State-of-the-art sensing and computing
techniques allow us to continuously collect and store multi-
stream data over time. Those data types vary from video
and audio streams gathered from surveillance cameras, to
financial time series, to user behaviors on social networks,
and to observational data from patients. Those data are most
often generated from different data resources and simul-
taneously recorded from different devices with potentially
different sampling rates. With a large volume of temporal
data (in terms of both the large number of data points and
the large number of types of measurements), data mining
and knowledge discovery techniques are playing more and
more important roles in those domains. In many ways,
the success of those applications counts on reliable and
effective pattern discovery through data mining algorithms.
Multidimensional time series can be viewed as a general
form of those datasets (while a 1-dimensional time series
can be viewed as a special case) with multiple data points
at a single temporal moment and the whole temporal series
consists of a sequence of multidimensional vectors. Various
kinds of spatial and temporal regularities and patterns are
embedded in such data.

One of the important directions in temporal data mining
is to convert a time series into a symbolic sequence. By
doing so, a discrete representation opens up many powerful
techniques on information and communication theory in
addition to the connection between discrete mathematics
and dynamical systems via the theoretical study of symbolic

dynamics. However, the challenge here is how to maintain
the benefit of a low-precision symbolic representation and
simultaneously to minimize the loss of information in the
symbolization process.

Most histogram-based symbolization algorithms consist
of two steps: the first step is to compute a histogram
distribution of the time series by aggregating the data over
time, and the second step is to determine the breakpoints of
discretization and then assign each symbol to cover the range
between two breakpoints. A well-known approach along
this line is called the Symbolic Aggregate approXimation
(SAX) [1]. In brief, SAX first transforms the input time
series data into a Piecewise Aggregate Approximation (PAA)
representation, and then symbolizes the distribution space of
PAA representation into a set of discrete symbols. Compared
with other approaches, SAX allows lower-bounding distance
measures to be defined on the symbolic space that are
identical with the original data space. Thus, the information
loss through this symbolization and its potential effects on
subsequent data processing is minimal when a time series is
converted into this efficient symbolic representation. SAX
has been successfully used on various pattern detection
tasks, such anomaly detection [2] and motif discovery [3].
Compared with many other symbolic representations of
time series introduced over the past decades (e.g. wavelets,
discrete Fourier transform), the SAX representation has a
special advantage of allowing distance measures between
symbolic sequences that lower bound corresponding distance
measures defined on the original real-vale time series (see a
mathematical proof in [1]).

The new symbolization approach presented in this paper
is quite different from previous histogram-based approaches
(see a more detailed review in Section II). The goal is
to extract a symbolic representation from heterogeneous
multidimensional data, which has essential information for
further pattern discovery and data analysis, and simultane-
ously reduces continuous raw data into a simple and effective
form. The novel idea in our approach is to use both spatial
and temporal information encoded in a multidimensional
time series in symbolization. Our algorithm differs from
previous efforts (e.g. SAX) in several important ways:

First, while most symbolization approaches cannot be ef-
fectively extended to multidimensional cases due to the curse
of dimensionality, our algorithm takes a multidimensional
time series and actively selects dimensions containing useful
information in symbolization. The overall symbolization
results are based on those principal dimensions containing
more useful information. In this way, symbolization and di-



mension reduction are implemented in an integrated system.

Second, while most symbolization approaches convert a
continuous value at a specific moment in time into a symbol,
our approach views a time series as observed data generated
from dynamical systems (with stochastic noises, [4], [5])
and makes use of temporal contextual information (before
and after that particular data point) in symbolization. In
this way, each symbol contains not only the information
about a particular numerical value at this point, but also
the information about the temporal trend of time series at
this moment. For example, the same numerical value will
be assigned with different symbols at different places in the
time series based on their temporal contextual information.

Third, to better capture the information in a time series,
our approach converts each multidimensional vector at a
particular moment in a multidimensional time series into
a mixture of symbols, with each symbol assigned with a
probability. This can be viewed as a mixture model of
symbolization. For example, in a straightforward one-to-one
direct symbolization, each symbol covers a certain range
of values, if a to-be-converted numerical value is close to
the border of two ranges covered by two symbols, a hard-
assignment method has to pick one which introduces inac-
curacy in those close calls. In our case, our algorithm will
keep both symbols and assign a slightly higher probability
for one symbol and a slightly lower probability for the other.
In this way, each multidimensional vector is mapped to a set
of symbols with probabilities, and this mixture of symbols
can better encode the precise information in the original time
series.

Fourth, the symbolization results obtained in our algo-
rithm give us an abstract form compared with raw multidi-
mensional temporal data, but meanwhile this representation
still encodes various kinds of statistical spatio-temporal
regularities from the original data. Moreover, this interme-
diate symbolic representation allows us to apply various
existing data mining techniques to extract useful patterns
and information. We demonstrate this by using the same
symbolization results obtained with our approach to perform
pattern classification, information-theoretic measures, and
dimension reduction/selection, showing that better results
than previous approaches are achieved.

To implement those useful characteristics in symboliza-
tion, our algorithm is based on EM and Bayesian updates —
iteratively selecting informative dimensions in the original
data space and converting those into a mixture of symbols.
In the following, we will first briefly review related work in
temporal data mining, and we will then provide a conceptual
description of the algorithm, followed by mathematical
details. Next, we will provide examples with both simulated
data and real-world data to demonstrate the utility of the
algorithm.

II. APPROACHES FOR TEMPORAL DATA MINING AND
SYMBOLIZATION

In this section, we briefly review relevant temporal data
mining and symbolization techniques, grouping methods
based on two factors. The first factor is whether the approach
assumes a time series is generated by a linear or nonlinear
system. The second is the type of results from a specific

method. More specifically, whether the analysis aims for
tagging (or symbolization) of each data point in a time
series, or for summarizing the overall statistics in a sequence.
With those two factors, time series analysis methods can be
classified into four groups. In the following, we will present
one representative method in each group.

Linear/Sequence Statistics: Fourier analysis, one of the
standard techniques for time series analysis, is classified
as the linear and whole-sequence statistics. It is linear
because the Fourier analysis assumes a time series is a linear
combination of sub-components with different frequencies.
Although some variants of this approach are applicable to
local temporal patterns (e.g., short-time Fourier analysis
with a moving window), the best temporal resolution one
can achieve is theoretically limited due to the uncertainty
principle [6]. Namely, selecting short temporal windows has
a large degree of uncertainty while large temporal windows
generate coarse patterns. Therefore, the results from Fourier
analysis are classified as whole sequence statistics.

Linear/Symbolization: Symbolic Aggregation approxima-
tion (SAX; [1]) is a symbolization method in which each
data point or each group of data points in a given time series
is assigned one symbol. Each symbol covers a particular
interval in continuous space so that the frequency of data
points falling in each symbol is nearly equal across all
of the data points in the time series. As a result of the
symbolization of time series, the size of the symbol set
reflects discretized values of the original continuous values
at an arbitrary resolution. One advantage of SAX is that the
symbolization process approximates the Euclidean distance
between two time series in the original values with some
upper bound of errors. However, SAX in principle is based
on the linearity assumption, because the distance metrics
used are computed by a linear sum of each local time series.

Non-linear/Sequence Statistics: The recurrence plot is one
of the techniques based on the nonlinear assumption used
to summarize whole sequence patterns. For example, many
human (or robot) behaviors have been described as nonlinear
dynamic systems, e.g. postural control of a body part and
eye movements (e.g. [7]). In brief, the recurrence plot,
as a method for visualization and diagnosis, summarizes
the recurrence patterns between two temporal trajectories
so that users can visually examine and spot patterns that
cannot be easily discovered as a time series. Although this
nonlinear technique would be preferable for data violating
linear system assumptions, one disadvantage is that it typi-
cally characterizes the repeated overall patterns of a whole
sequence, but not fine-grained patterns such as transitions
from one moment to another.

Nonlinear/Symbolization: Finally, the method we propose
is a nonlinear approach, and also allows us to analyze
fine-grained temporal patterns. Although the linear/nonlinear
assumption on the system may depend on what one is inter-
ested in, for unsupervised knowledge discovery, a nonlinear
technique with few assumptions is preferable, since it can
handle a wider range of heterogeneous datasets. Moreover,
tagging each data point in a time series allows us to further
process them using symbolic algorithms and information-
theoretic measures, which may potentially reveal latent
structures embedded in a time series. In the next section,



we provide a detailed description of this approach.

III. GENERATING PARTITION AS SYMBOLIZATION

We view a time series as observable data generated
by a nonlinear dynamical system. In nonlinear physics, a
partition which symbolizes the subspaces of a given phase
space is called generating if a symbolized sequence of
sufficient length for different initial points of the system
is distinguishable [8]. More intuitively, such a generating
partition would not lose any information in discretizing
the original phase space, since the given symbol series
can be mapped back onto an unique point (or subspace)
in the phase space (more explanation later and also see
Figure 1). Although a generating partition has theoretical
properties preferable to a non-generating partition, it has
been supposed to be difficult to achieve for time series
without explicit dynamical equations (See [9] for the recent
review of nonlinear time series). Recently, a new technique
called Symbolic False Nearest Neighbor ([5], [10]; SFNN
in short) has been developed to overcome this challenge by
estimating a generating partition of a time series without
explicit dynamical equations. The central idea of SFNN is
to construct a set of partitions which map data points in
the phase space to a set of symbols such that two similar
sequences in the symbol space are close in the original
phase space. Namely, neighboring points in the symbol space
should also be neighbors in the original space. In other
words, the method constructs a partition by measuring and
minimizing the number of false symbolic nearest neighbors.

The present paper is motivated by the empirical insight
of SFNN - duality between symbolic and spatial nearest
neighborhood is the key to specify a dynamical property of
time series. In this study, we extend this idea so that it guides
us to find latent structures embedded in heterogeneous time
series. Different from the assumption most often used in
theoretical simulations, a dataset from the real world is
unlikely to be purely generated by a single dynamical system
with no stochastic component. Instead, a dataset from the
real world may be heterogeneous in which multiple indepen-
dent systems interact with each other with some stochastic
components. Therefore, in order to utilize the theoretical
sound property of symbolic dynamics for an empirical time
series, we need to find out which dimension is of interest.
However, this is theoretically and practically challenging as
a chicken-and-egg problem: since the essential property of
a dynamical system may be characterized by a generating
partition, we need to estimate the dynamical property before
knowing which dimension may be of interest. Meanwhile,
the estimation of the generating partition may depend on
how well the given dataset is organized — ideally, it prefers
a homogeneous dataset in which all the time series should
be generated by a single dynamical system — but we cannot
identify which dimension may contain informative structures
before estimating its dynamical property.

Our solution to this chicken-and-egg problem is to si-
multaneously estimate a generating partition and select
informative dimensions from the dataset. As mentioned
above, the key issue here is to find a symbol set in which
symbolic nearest neighbors tend to be the nearest neighbors
in the phase space. Different from the SFNN which only

optimizes the symbol set in a fixed spatial configuration, in
our algorithm, both the spatial configuration and the symbol
set are iteratively optimized. More specifically, our algorithm
functions in both symbolic and phase spaces. In one step of
optimization, a symbolic series is updated based on a given
phase space, and in the other step, the spatial configuration
is optimized so that the distances between data points in
the phase space correlate to symbolic nearest neighbors.
We call the algorithm Srochastic Dual Nearest Neighbor
(SDNN), since both symbolic and phase spaces are mutually
optimized to form dual nearest neighbors.

A. Probabilistic distribution of generating partition

In the following, we will first give a conceptual idea
of the algorithm, and then explain the SDNN algorithm
step by step with a formal description. The outline of the
present algorithm is shown in Figure 1. Without loss of
generality, suppose that we have a one-dimensional time
series (Figure 1A). The first step for analyzing such a
nonlinear dynamical system is to reconstruct the phase space
from a given time series. Since the underlying dynamical
nonlinear system may have higher dimensionality than the
observed variable, we use time delay embedding in order to
reconstruct topological structures of the phase space [11].
The step from Figure 1A to Figure 1B is an example in
which a one-dimensional observed series is embedded in
three dimensional phase space by taking the time delay
copies {F(t), F(t + 0),F(t + 26)}. In theory, the recon-
structed space of (2k+1) dimensions or higher is guaranteed
to be embedded, meaning that topological structures have
an injective mapping to the underlying phase space which
is typically unobserved, with a sufficiently long time series
[11]. The first step (Figure 1A to 1B) is necessary before
symbolization as a time series in a low dimensional space
can be degenerated.

Theoretically, a standard generating partition is a de-
terministic process that assigns a unique symbol to each
data point in the phase space (Figure 1B). In practice, a
dataset from the real world may miss some variables or
have additional variables independent from the dynamical
system. In those situations, it is unclear how to assign a
single symbol to a data point in the phase space. With this
observation, we relax the theoretical notion of generating
partition, and extend it into a probabilistic form with the
assumption that the dataset can be generated by a mixture of
deterministic and probabilistic processes. More specifically,
in the second step of optimization, each data point in a time
series is assigned a probabilistic distribution of symbols.
In Figure 1C, a;p and «;; correspond to the parameters of
a probabilistic distribution over symbols “0” and “1”. For
example, the bottom half and top half of the phase space
in Figure 1B are respectively assigned symbol 1 and O,
which indicates the probability of a symbol is higher than
that of another symbol. The local patterns in the symbolic
subsequences are called a symbol space (boxes with broken
lines in Figure 1C). The probabilistic distribution of each
data point gives the probabilistic distribution of the symbol
set. In Figure 1D, a triplet including the symbols of previous,
present and next time points forms a local temporal pattern
in the symbol space (e.g., 000, 001, O11 and so forth). A
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Figure 1. The overview of the Stochastic Dual Nearest Neighbor

set of the subsequences within a given window is called
symbolic nearest neighbors (e.g., the pattern 001 is found
in the two subsequences). A generating partition is a sym-
bolization process with an optimal inverse mapping from
the symbol space to the phase space. Therefore, it optimizes
the probabilistic distribution over the symbol set in order to
maximize the likelihood of symbolic nearest neighbors given
a fixed set of spatial nearest neighbors. In the third step of
optimization, it adjusts the spatial configuration of the phase
space in order to maximize the likelihood of spatial nearest
neighbors given a fixed set of symbolic nearest neighbors.

This whole alternative optimization can be formulated as
an EM process [12]: the expectation step here is step 2)
— to estimate the likelihood of symbolic nearest neighbors
given the current parameters of the phase space; and the
maximization step is step 3) — to maximize the likelihood of
the spatial configuration given symbolic nearest neighbors.
As a whole, it maximizes the likelihood of dual nearest
neighbors given latent probabilistic distributions over the
symbol set.

IV. STOCHASTIC DUAL NEAREST NEIGHBORS

This section presents mathematical details of the SDNN.
As an overall goal of optimization, we are concerned with
the dual nearest neighbor which is a log-likelihood of spatial
nearest neighbors averaged with respect to given symbolic
nearest neighbors. We define the likelihood of spatial nearest
neighbors as a normal distribution capturing a distance be-
tween two data points ¢ and j , D;; with a constant variance
o”. The log-likelihood is {—4 log(270?)— 5= D7, }. The dual
nearest neighbor DNN(W, a) as a funcuon of weights on
dimensions W and parameters of symbolic distribution « is
defined as follows:

DNN(W, a) _“st W) e

where Z S (1=46;5)=1 (6“ =1 and 0 otherwise) and
Sij; is the probablhty of symbohc nearest neighborhood for

a pair of data points ¢ and j. In the E-step, the probability of
symbolic nearest neighborhood S;; is computed based on a

1

given spatial distance D;;. In the M-step, the expectation
of log-likelihood DNN is maximized with respect to the
weights on dimension W = {w;,ws,...,wk}, where K
is the dimensionality of the phase space. The maximiza-
tion of DN N allows us to select a subset of dimensions
{wi,wa,...,w;} (k < K) based on how likely the time
series on each dimension is described as a deterministic
dynamical system.

A. E-step: Bayesian updates of symbol distribution

In the E-step, the expectation of the likelihood of symbolic
nearest neighbors is computed for a given set of spatial
distances d;; (i,7 = 1,2,...,N). In estimating the prob-
abilistic distribution of symbol i, X; (i = 1,2,...,N),
we start with a random set of distributions and iteratively
update it with respect to the given set of spatial nearest
neighborhood. Since the dual nearest neighbor DNN is a
function of spatial distances, the symbolic distribution is
updated so that its symbolic nearest neighbors are likely
to be spatial nearest neighbors. Using Bayes’ theorem, with
the Dirichlet prior distribution and likelihood of symbolic
and spatial nearest neighbors, the posterior distribution is as
follows.

P(spatial NN, symbolic NN, X)

P(X;|dual NN, X, ;) = : i
(X;|dua i#i) P(spatial NN, symbolic NN, X;)

1) Prior distribution of a symbol set: Now we as-
sume that the probabilistic distribution of a symbol set
assigned to each data point + (+ = 1,2,...,N) follows
a Dirichlet distribution with a particular set of parameters
a; = {ap, i, ..., ain} (s > 0). Let X5 denote
a probabilistic variable of the data point ¢ assigned with
symbol s and z;s (s = 1,2,..., M) be the probability of
symbols (3, ;s = 1). Assuming the symbol on a data
point is independent from others, the joint probability of
P(X)=P(X;,Xs,...,Xn) is as follows:

HB () 1Ha:°‘”

where B(a;) = ll:gj%l“l(z))

and I'(ays) is the gamma function.

2) Symbolic nearest neighborhood: Symbolic nearest
neighbors with a window size 7 between ¢ and j (i # j)
are defined as X3y = Xy ¢ = —7,—7 +1,...,7)
corresponding to all of the symbols in a symbol subsequence
{X:} within the given window size i — 7 < ¢t < i+ 7
and the subsequence within the given window size j —
7 < t < j 4+ 7. Assuming probabilistic independence
among symbol sequences, the probability of correspondence
between symbol ¢ and j is > _x; ;2. Thus the likelihood
of data points ¢ and j being symbolic nearest neighbors
which is defined as one-to-one correspondences between
paired symbol subsequences is:

P(symbolic NN|X;, X;) x H (Z Zﬂi—k,swg’—k,s> 4)

k=0 s

3)

is a normalization term of X;

)



3) Spatial nearest neighborhood: The conditional prob-
ability of spatial nearest neighbors given symbolic nearest
neighbors also follows the normal distribution of D;;, the
spatial distance between ¢ and j, with mean 0 and variance

o2.

. : 1 —Dj}
P(spatial NN;;|symbolic NN, ;) = Wy exp ( 52 )
where D;; is the spatial distance between data points ¢ and
j and o is a hyper parameter for the likelihood of spatial
nearest neighbors.

4) Posterior distribution of a symbol set: Using Bayes
theorem (Equation 2), the posterior distribution of symbols

on the data point ¢ is given as follows. Let P;; denote
P(XZ = s|dual NN, X];gl)

) [T, T(eit+ds¢) M ogitde—1
s \T(>_; ait+dse) t Tit is
Zs Qis

exp( o — )ozstZj
Z ajs R ’
Mo N .

(Et 1 Qg O t), and &j; =
at the posterior distribution
of symbols is a mixture D1r1chlet distribution with the mix-
ture probability st(Es Qis)~'. Each Dirichlet distribu-
tion in the prior distribution generates M different Dirichlet
distributions in the posterior distribution. It is impossible to
exactly compute those since the number of variables to be
calculated grows exponentially. Therefore we approximate
the mixture distribution P;(ays, Q;s) with a single prototyp-
ical Dirichlet distribution P;(v;s) o H z}i ~ Pi(as, Qis)
with parameter ;5. The details are given in the next section.
In the iterative update of the probabilistic distribution, we
start with the parameter set a;s = € (0 = 1,2,..., N,
s = 1,2,..., M) in which a small random positive value
(e < 0) allows any symbols to occur with a nearly equal
probability. The mixture probabilistic distribution with the
initial parameter set Py(X;;a;s) gives the approximated
distribution Py (Xj;is). Therefore we use Equation (6) to
update the parameter set a;s by an iterative calculation of
the approximated posterior distribution -y;, as the prior distri-
bution in the next step (a

(0) (0)_ aP o ~1 = )
~ o Ry =),
until it satisfies a given termmatlon condition.

5) Maximum likelihood approximation of mixture Dirich-
let distribution: Here we replace the mixture Dirichlet
distribution (Equation 6) with a single Dirichlet distribu-
tion maximizing the likelihood of the mixture distribution.
The following equation gives the log-likelihood of mixture
distribution H (+y) given the approximating distribution with
parameters v = {7y1,72, ..., YN }-

/1og< )Z H o Hdﬁﬂ)

= S (7 - 1)B, —log B() ®)

S

Pig (6)

where Q;s = s Ej
T _ T—1
R — ]\1_7(

H(v)

where ;i = {Oéjl,ajg, . ,OéjM} is the
parameter set of Dirichlet distribution j and
B, = >,b {1/1(%5)—1/1(2 ajs)}. The equation
on the rlght hand side is derived with the formula

Ellog(zs)] = [log(zs)z2s B a)dz = % =
Y(as) — (3, as), where (a) = T(a) 'T(a) is a
Gamma function, The parameter set v is estimated by the
Newton method with the first and second differentials of
H (~y) with respect to 4, = log(7s)-

B. M-step: Dimension selection

Let S’Z(t-) denote the likelihood of symbolic nearest neigh-
bor P(symbolic NN|.X;, X;; D;) estimated at step ¢. The ex-
pectation of dual nearest nelghbors (Equation 1) is rewritten
as: L(w)=—-1%, .S j SijDj; as a function of tPe linear pro-
jection w = {wy,w,,.. wK} where 3, . Si;(1=6;5) =
1@ =1and 0 0therw1se), and D2 = {(yi —y;)Tw}?
is a squared distance between i and j projected on w.

vi = {¥i1,Yi2,...,Yik } is a vector of data point ¢ in the
phase space. The likelihood function L is maximized subject

. D?,
to the constant average distance % = 1, without loss
of generality. The linear projection @ maximizing L(w)
subject to the constraint of average distance is given as the

following Lagrange equation with a multiplier \:

- D2
Z——ZP 550 (i) o)
2N(N -1)
Since the necessary condition for minimizing the given
cost function is that the partial differential with respect to
the vector w is zero, 8%—5}:") = 0. It yields the following
generalized eigenvalue problem.

([)—AD)W:O (10)

Where D = Zz Ni S (y y])(Yz ) and D Ez ](Yl
yi)yi—yi)T. The eigenvector of Equation (10) with the
minimum eigenvalue minimizes w’Dw, and it is, thus, the
solution for linear projection w. Therefore, the selection of
W = {Wl,WQ,...,Wk} ()\1 S )\2 S . S >\k), y1elds
the minimum distance among those data points that are
supposed to be symbolic nearest neighbor (thus maximizes
L(w)) in the k dimensional subset of the phase space.

V. CASE STUDY 1: SIMULATED DATA

Here we report a case study of the algorithm with
multidimensional time series generated by a pre-defined
dynamical system. Although the ultimate goal of developing
this algorithm is to apply it to real-world data and use it to
discover unknown patterns and dynamics embedded in time
series, using simulated data is a critical step toward this goal
as we need to validate our algorithm with the ground truth
before we apply it to unknown datasets.

We use the Ikeda map, which is one of well defined
dynamical systems. In previous studies, a clean version of



the Tkeda map ! has been used to validate the symbolizatio:
methods based on estimating the generating partition [5]
[10]. In the present study, we generated the simulated dat
by adding noises. More specifially, On top of the two
dimensional time series from the Ikeda map, we adde
one additional stochastic time series as the third dimensio:
in which each data point is independently generated by :
normal distribution. In total, a simulated dataset is three
dimensional {X;,Y;, N;} (¢t = 1,2,...,3000) in whicl
X; and Y; are two dimensions from the Ikeda map, an
Ny ~ N(0,0) is generated by a random variable from .
normal distribution with the average variance of the givel
data 02 = ${V(X;) + V(Y;)}. Note that the algorithm di
not know in advance which dimension contains only noises
Ten different 3-dimensional time series as described abowv:
were generated randomly.

To measure the accuracy of generating-partition-base
symbolization, the mean distance rank (MDR) [5] is applie
as non-parametric statistics of the spatial distances amon;
those data points that are supposed to be symbolic neares
neighbors. It has been shown that the MDR is correlated t
the topological entropy of a dynamical system which is ofte:
difficult to calculate. Since a theoretical generating partitio
minimizes the topological entropy, the MDR can be viewe:
as a substitution of topological entropy.

We first run SDNN with only the E-step (but without th
M-step) to test the Bayesian update of the symbol distribu
tion without optimizing the phase space. The average MDI
across ten datasets is 0.161 after the algorithm converges. A
typical optimization process is shown in Figure 2A, B, and
C. One of the two symbols (indicated by red or green) is
assigned to each data point. The ideal symbolization should
have the upper half of the dataset with one color and the
bottom half of data points with the other color. However,
the estimated symbolic results (Figure 2C) have an unclear
boundary in the middle of two attractors. This result shows
that even one additional noisy series significantly distracts
the estimation of an underlying dynamical system.

Next, we run the full version of SDNN, including not only
optimizing symbolic nearest neighbors, but only searching
and selecting better dimensions in the phase space. Figure
2X shows a typical optimization process of SDNN using
the M-step on the noisy time series. The leftmost panel
shows the two-dimensional projection of the original dataset
assigned with random symbols. The two-dimensional pro-
jections are obtained by the principal component analysis
(PCA). All the three dimensions have similar variances
and small correlations, and thus the PCA projection shows
nearly an equal-mixture of three dimensions. In Figure 2Y,
the algorithm finds some spatial configuration by rotating
and selecting the original three dimensions, and generates a
better symbol set. Finally, on the right panel in Figure 27,
the algorithm estimates the symbol set (MDR=0.005), which
is significantly better than the previous results. In fact, this
finally estimated spatial configuration (note: the rotation of

IThe Ikeda map is given as follows: 2,11 = p +
Rzyp exp (in - ﬁ) where p =1, R=0.9, k = 0.4, a = 6 are

standard parameters, and ¢ and 2, are imaginary and complex number of
n-th point.
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Figure 2.  An optimization process of SDNN without M-step on the
Ikeda map with a noise dimension (top three panels, A, B, and C), and
an optimization process of SDNN with both the E-step and the M-step on
the Tkeda map with a noise dimension. The spatial configuration is also
optimized (bottom three panels, X, Y, Z).

the coordinates does not affect the result) is very similar
to the original Ikeda map. This result suggests that SDNN
is able to encode the time series generated by a dynamical
system from a heterogeneous dataset by excluding irrelevant
dimensions.

VI. CASE STUDY 2: MEASURING TEMPORAL DYNAMICS
IN FACE TRACKING DATA

To our knowledge, previous studies on generating-
partition-based symbolization have focused on mathematical
simulation [5] but this approach has never been applied to
complex multidimensional, time series collected from the
real world with potentially various dynamic properties, as
well as various levels of noise. The two major goals of
this study are to show how SDNN works with real-world
data and to demonstrate that the symbolic representation
obtained from SDNN can be used to perform various pattern
discovery tasks, such as pattern recognition and dimension
selection/reduction.

A. Data

The dataset used here consists of 7 video clips. As
shown in Figure 3, a person in the video facs the audience
and demonstrates some actions. We selected this dataset
of everyday video clips for two reasons. First, the patterns
derived from SDNN can be easily perceived and understood
compared with the results from other datasets collected in
specific domains and from specific devices. Second, with the
popularity of multimedia techniques, especially in mobile
devices, this kind of video clips is ubiquitous. Therefore,
multimedia data mining techniques to discover and retrieve
user-interested patterns from such data also have applied
utilities.

We first used the faceAPI package
(www.seeingmachines.com/product/faceapi/) to
automatically extract 38 landmarks from a speaker’s
face in a video clip. Each landmark includes x and y
coordinates for a specific face landmark on the face image.



Figure 3.

Snapshot of face tracking data

In total, 76 time series derived from each video clip are
analyzed using SDNN.

Figure 4 shows a snapshot of the 38 facial landmarks
which consist of those key feature points around two eyes,
eyebrows, the nose, and lips. In analysis, each of 76 time
series is normalized to have zero average and a standard
deviation across the whole time series. As a result of image
processing, each 76-dimensional time series consists of 600
to 1200 data points, depending on the length of a video clip.
Moreover, we manually coded two frequent events in the
video clips — talking and smiling. This coding was performed
frame by frame, so that we obtained the ground truth of a
person’s facial state frame by frame.

B. Symbolization

We applied SDNN to the time series of facial landmarks,
and extracted probabilistic symbolic representations. Specif-
ically, we fixed the number of symbols to 4, and thus, each
76-dimensional data point in a raw time series was assigned
with four probabilities, one for each symbol. In implemen-
tation, the hyper-parameter of symbolic representation is
7 = 1, and the parameter of spatial nearest neighbors is
o= % (Note that the standard deviation is normalized to
be 1 in each dimension). The linear weights (w in Equation
10) are used as a measure of the dynamical structure of
76 temporal variables. SDNN estimates 76 linear weights
({w1,...,wrs}), and we chose the first 50 weights out of
76 which have shorter distances among those data points,
and treated them as symbolic nearest neighbors. Thus, an
analysis of the linear weights suggests that the variables
similar in the linear weights would be involved with similar
dynamical processes.

C. Pattern Recognition of Certain Events in Time Series

One of pattern discovery tasks from time series is to detect
certain events in a temporal data stream. In this section, we
use the probabilistic symbolic representation from SDNN to
detect certain patterns, and compare the results with those
obtained from using other symbolization approaches.

As mentioned earlier, two frequent events in the video
clips are talking and smiling. Therefore, we focused on clas-
sifying those two events in the data. Two standard classifiers
are used for classification — logistic regression and decision
tree. The goal here is to feed those classifiers with different

data as a way to compare our symoblic representation against
other representations. To do so, we use cross-validation, and
randomly splitted the dataset into half of the training data
and half of the testing data. The following reported results
are based on ten trials of independently and randomly chosen
training and testing datasets. Also note that those two types
of events are not mutually exclusive — at some moments, a
person may talk while s/he is smiling. To test the robustness
of our approach, we used the same representation in the
classification of two events.
Three symbolization approaches are compared:

« Probabilistic Symbolic representation from SDNN:
each 76-dimensional raw data point in a time series is
converted to a 4-dimensional probability representation
as each probability indicates the likelihood that the raw
data point is assigned to one of the 4 symbols.

« Symbol sequences by SAX: There are multiple highly
correlated dimensions in the dataset and thus the sym-
bols estimated by SAX on these variables become the
identical symbol series. These identical symbols cause
a technical problem in classification. Therefore, we re-
moved these highly correlated variables using Principal
Component Analysis (PCA). The PCA decomposes the
covariance matrix of the data, and we chose dimensions
with a larger variance until the chosen set holds 99% of
the variance in the original dataset. We then estimated
the symbol series on the PCA dimension described
above instead of the original dataset.

« Symbol sequences by SFNN ([4], [5]): we also used the
original approach of generating partition-based sym-
bolization. This approach does not include Baysian
updates, nor the E-step and the M-step in SDNN.

Table I summarizes the accuracy of classification results

with two classifiers, three symbolic representations, and two
event types. The bold letters show the best performance
across data coding (SDNN, SFNN, and SAX) and classifier
(Logistic regression and Decision tree). For all the three
data coding, the decision tree is a better classifier for both
training and test sets, and therefore we refer to these results
for comparison. Indeed, the results based on SDNN using the
decision tree as a classifier outperforms the other conditions
in both the training and test sets.

Classifier Logistic DecisionTree
Methods | Smiling | Talking | Smiling | Talking
Test SDNN 0.8327 0.6242 0.9214 0.896
SFNN 0.4558 0.4833 0.4455 0.4855
SAX 0.7659 0.6286 0.8028 0.6774
Training SDNN 0.8344 0.6335 0.98 0.9718
SENN 0.4579 0.4879 0.4492 0.4888
SAX 0.7755 0.6458 0.8508 0.7359

Table I

ACCURACY IN CLASSIFICATION OF TALKING AND SMILING EVENTS.
EACH CORRECT RATIO IS AVERAGED ACROSS 10 DIFFERENT TRAINING
AND TEST SETS SAMPLED RANDOMLY.

D. Dimension selection: What information is encoded in
symbols?

We found so far that the symbolization results from SDNN
can extract useful information for pattern classification.
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Figure 4. Eigen facial landmarks of the first dimension

Why does SDNN do so well? One advantage of using
SDNN is that it provides which dimensions may be of
interest, since it explicitly selects dimensions in the course
of the symbolization process. To better understand what
information is coded in the symbol sequences obtained by
SDNN, we map numerical values in the eigenvector of the
first dimension, in which the symbolic nearest neighbors
have the shortest spatial distances, onto a snapshot of facial
landmarks. Several facial landmarks have the large values
(positive or negative )in the first selected dimension, as
shown in Figure 4. One obvious pattern is that those facial
landmarks with large absolute values are all from the lip
area. Thus, the first selected dimension by SDNN, which
is supposed to contain the richest information in the time
series, encodes the motion of lips. Based on our common
knowledge, we know that those landmarks should be tightly
related to both smiling and talking events. However, the
significant results here lie in the fact that SDNN discovers
this pattern/knowledge by itself from the data without any
prior information. In fact, this dimension selection shows a
true utility of SDNN - it is not just a representation that can
lead to better classifcation results. More importantly, it has
potentials to be used to discover new knowledge from the
dataset in a unsupervised manner.

VII. CONCLUSIONS

This work proposes a new symbolization algorithm for
finding latent dynamical properties in multidimensional time
series. From the algorithmic perspective, our method relies
on the generating partition which theoretically characterizes
essential properties of a given dynamical system. Unlike the
previous versions of generating partitions, SDNN is robust
to noise and suitable for the application to a dataset from the
real world with unknown noise, due to its two inherent prop-
erties. First, SDNN offers a Bayesian framework for symbol
dynamics. It enables us to access symbol dynamics in a
general form. Second, the algorithm relies on both spatial
and temporal information encoded in multidimensional time
series. In this way, instead of viewing high dimensionality
as a problem, this method tries to take advantage of higher
dimensional data to capture more statistical regularities in
symbolization. Moreover, our EM-based training provides
a natural probabilistic framework to integrate those two
sources of information in multidimensional time series. With

two case studies of both simulated and real-world data, we
suggest that SDNN based on a generating partition has the
potential to be used as a way to analyze multidimensional
time series.

From the engineering perspective, SDNN has one com-
pelling characteristic. That is, it can be used in various
pattern discovery and data analysis tasks. In order to ac-
complish those tasks, most often we have to develop sev-
eral data mining algorithms, and each of them focuses on
one task with its own data preprocessing routine and its
own data representation. Probabilistic symbolic sequences
derived from SDNN provide an intermediate representation
of the data further data mining as this representation contains
more information than the straightforward discrete symbol
sequences and simultaneously it maintains an abstract form
to facilitate further computations (compared with raw data).
In future work, we plan to further evaluate SDNN with more
real-world data and with other knowledge discovery tasks.
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