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( ﬂX)%iﬂ/:E?)l/ (general) linear model

(3% — % /L4328 2T )L (Generalized linear model) & X 7% 5)

EFIL~ BHFRF+ERBE

ETILOBERITH DR (048R )

— ¥4 37 - [ — 4% fa(independent identical
distribution)hM 5 D 3 H

— R 1% (linearity)
— IF ™ (normality)
— REBARFE=IEEI 4 (asymptotic)
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Probabilistic density function
0.2

HUHHHHH AR R R R R H

. ## Plot probabilistic density function of standard normal distribution

HUHHHHHH R R R R ]

' X=seq(-3,3,0.01);

' PDF = dnorm( X, mean =0, sd = 1 ); # pdf of normal distribution with mean 0 and sd 1.
plot( X, PDF, "I", xlim=¢(-3,3), ylim=c¢(0, 0.5),

- xlab ="X", ylab = "Probabilistic density function" );
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« T2 MEEH-I B EIEHENS
— f(x+y) = f(x) + f(y) (0iETE)
— f(cx) = cf(x) (B %)

- BIZIT,
— f(1, x) = (2x + 4) = (2x) + (4)
— f(1,x,y,2) =2x+3y+4z+5
o LTI T (FERRR)
— 2RBEZ: g(x, y) = (x+y)? # X2 +y?
— IEEAEAEL: g(x, y) = eV 2 eX+eY
o LML, BLTFIX(x, 2ET=1T06Em) "$R " B
— f(1,x3)=2x2+4=2x*+4
— f(1,x, x%, &) =2x+3x>+4e*+5
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s ET)L:y=ax+c+¢
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C
\XN l) KyN J L: B DK ERE % (deviance)
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Maximum likelihood estimator (Least square method)
« METIL:Y=XA+¢
X BALEBE FE(NIZPIVIC LS55 - T )

- 1 2 x 1
~N(0,5% _ 4 E=Z[y - XA 1 %
e T s L BN o I

N oE P B
E=log[TN(z710,07) A T RA=0 X 1 .
A=(XTX)'XTY A:@
o)

_________________________________________

. # In script “LinearModel.R” |
BHHHH R R |
| ## Estimation of the model's parameter (Atrue :
A (likelihood) &3 ###;;##ZL###############Z########(#####?#### |
P(X[0)~/ \SAROMEZ oNT-LEZD | XX <- solve( t( X) %*% X ); # solve the Y ~ X %*% A |
T—EXDEHDOESHER(XDER) ' Aestimated <- XX %*% t( X ) %*% Y; # §
LX)~/ TAM T —aXEE R T4 |
LdoLI(0nEE)
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LinearModel.R

‘4 ,.,\'é*b’CL\éZTJ?I*’é*lJ ILT. (R/\Y
“‘Faﬁ%‘ﬂjéﬁ?f’)'d'! VEHRFETILZHEE.
R/\‘J"T DEFEoTHEW-EE—HL TS

| | 2
_'EJEE%' ”'L"-u- J: AR AV ER

— {FEAAEAZL: Im, solve > Atrue

[1] 2.0 0.5

[T oo oo oooooooooooooooooooooo . > t( Aestimated )
# In script “LinearModel.R” [11 VL2
R i I [ | 1.976260 0.5364442
## Estimation of the model's parameter (Atrue) | ## Using the-linear fitting function in R
R I - (s = Im( Y~ 0 + X))
| XX <-solve( t( X) %*% X); # solve the Y ¥ X %*% A > coefficients( Results )
 Aestimated <- XX %*% t( X ) %*% Y; # | X1 X2

1:9762689 0.5364442

“Im’ B DR
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> Results =Im(Y ~ 0+X)
> summary( Results )

Call:
Im(formula =Y ~ 0 + X) HELER(FETIL)

Residuals:

Min  1Q Median  3Q  Max REOREE
-0.104843 -0.030977 0.000826 0.033624 0.082713

Coefficients:

Estimate Std. Error t value Pr(>|t]) HEINT-RE(/352A4)
X1 2.00785 0.01433 140.13 <2e-16 ***
X2 0.49697 0.01267 39.23 <2e-16 ***

Signif. codes: 0 “*** 0.001 “** 0.01 * 0.05 % 0.1’ 1 HESE (DIEE A LSS
BREDERERELEHE

Residual standard error: 0.05588 on 18 degrees of freedom [ EE TR

Multiple R-squared: 0.9992, Adjusted R-squared: 0.9992 PR (T DFIIRIHE)

F-statistic: 1.181e+04 on 2 and 18 DF, p-value: < 2.2e-16
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e« BT )L:y=logistic(ax+c)+e

« HAOEHYH B AHIEZRE p=logistic(ax + c )DZ
IH 5> faBinom(p, N)ICIEHET HETIL

Y ~ logistic(XA)+ &

N

L inomial = Z[Yi log p, "‘(1_ Yi)log(l_ b; )]
i1

p, = logit(ax; +c)

Xy 0 Xy 1 Y1 &
x| e Ly
Ay
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« —IH% 0 (binom)
— MEIDFEHITD B NEIAL,” (N-M)EIA0” E1RHFESR

P(;xi ) Mj: (N —Iltl/l!)!M! P —p)

————————————————————————————————————————————————————————————————————————————————————————————————

## Visualize binomial distribution
hlst( rbinom( 10000, size = 10, prob = 0.5 ), breaks =seq( 0, 10) );

Histogram of rbinom(10000, size = 10, prob = 0.5)
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f(x)=

1+exp(—x)

M) xplx) g pa g (x)

X  (1+exp(—x))

' # In script “GeneralizedLinearModel.R”

| ## Visualize logistic function

. # define the logistic function ;
 logistic <- function(x) 1/ (1 + exp(-x))

' X <- seq( -5, 5, by =0.01); :

L <- logistic( X );

Cplot( X, L, "I"); ?
S O RAT4v BB OHEE
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e REIHIEEER
— 10 NDFERBE N FNENIFHLIOIELUEX), 2 DB LI (X2) %
RVEL =94kt (505 ) D SR 1L 2 31 B (FE 4L - FEFE L D 24R) L 1=,
— FRITEHEXL, X2, C(“BBIL" /NA T R)
— HBEBREOZTNETNOFELIEICT HFE ~%REA=(1.5,-0.8, 0.5)
— P(EELIL) = logistic( X*A), Y~Binom(P, size=5)

o FRDT—HF X, YOO EIRMEEAZHETE

' # In script “LinearModel.R”

| ## Data generation

NumData = 50; ## The number of object pairs to rate their similarity
 Trials = 10; ## The number of obtained response for each object (subjects)

' # generate an artificial data. The second column is the constant

' FeaturelSimilarity = seq( -5, 4.8, 0.2 ) + rnorm( NumData )*0.01;

Feature2Similarity = rnorm( NumData );

' Bias =rep( 1, NumData );

' X <- cbind( FeaturelSimilarity, Feature2Similarity, Bias );

' Atrue <- ¢( 1.5, -0.8, 0.5 ); # A set of coefficients

| P <- logistic( X%*%Atrue ); # Generate the output Y by using "linear model". .
Y <- rbinom( NumData, size = Trials, prob = P ); # Draw samples from binomial distribution !

25
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INTAIHETE

HERER = gim(ZX, family=% &)

#Y is two-column matrix ( N, M-N )where M is the total number of trials
YwithCounts = cbind( Y, rep( Trials, NumData ) - Y );

# default link function is logistic for binomial family /the output is object "Results"
Results = glm( YwithCounts ~ 0+X, family = binomial );

_________________________________________________________________________________________________________

HFESHh-HER
XFeaturelSimilarity 1.6791
XFeature2Similarity -0.8097
0.4800

> summary( Results ) ## Print out the summary of GLM
Call:
glm(formula = YwithCounts ~ 0 + X, family = binomial)

Deviance Residuals:
Min 1Q Maedian 3Q Max
-2.64677 -0.25308 0.01869 0.34570 1.66323

Coefficients:

Estimate Std.“Error z value Pr(>|z])
XFeaturelSimilarity 1.6791% 0.1747 9.609 < 2e-16 ***
XFeature2Similarity -0.8097 | 0.2155 -3.757 0.000172 ***
XBias 0.4800 0.1921 2.4990.012438 *

Signif. codes: 0 “*** 0.001 “**’ 0.01 “** 0.05°70.1°"1

Null deviance: 535.938 on 50 degrees of freedom
Residual deviance: 28.055 on 47 degrees of freedom
AIC: 72.3

XBias

HEDIE
fELMEL: 1.5
FELLE2: -0.8
INAT R:0.5

Proportion data (Ground truthy
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— AIC (Akaike, 1973): AIC = -2log(X[E) + 2(EH HE)
— BIC (Schwarz, 1978): BIC = -2log(L &) + log(ZA %) (B HE)
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___________________________________________________________________________________________________________________

' # In script “LinearModel.R”

. ## Model selection: a redundant model as an alternative hypothesis

## Data with irrelevant dimension (the model is redundant, and would have higher AIC)
| XwithDummy <- cbind(X, rnorm( NumData ) );

# default link function is logistic for binomial family /the output is object "Results"
Results2 = glm( YwithCounts ~ 0+XwithDummy, family = binomial );

## AIC( Results ) < AIC( Results2 ) if it correctly reject the model2 with redundant variable. |

> AIC( Results)
[1] 72.29962

> AIC( Results2 )
[1] 74.2347
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