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Abstract

Given two pointsA andB in the plane, we are interested
in separating them by two curvesCA andCB such thatCA

is equidistant fromA andCB, andCB is equidistant from
B andCA. Such curves generalize the familiar notion of a
bisector curve, and form the basis of a new kind of Voronoi
diagram called aZone diagram.

These curves, which are referred to asdistance trisec-
tor curves, have been studied in the Euclidean metric where
they exist, are unique, and admit efficient approximations.
Nevertheless, they have no known expression in terms of ele-
mentary functions and are conjectured to be non-algebraic.

In this paper, we study distance trisector curves with re-
spect to a parameterized family of distance metrics that pro-
vide arbitrarily close approximations to the Euclidean dis-
tance. The advantage of studying distance trisectors in this
setting is that they have a simple piecewise-linear descrip-
tion and an efficient (exact) construction. We show that dis-
tance trisectors defined in this way provide a conceptually
simple alternative proof of the existence and uniqueness of
Euclidean trisector curves.

1. Introduction

Given two pointsA andB in the plane, we are interested
in constructing two equally-spaced curves,CA andCB that
trisect the plane with respect toA andB. Specifically, we
wantCA andCB to satisfy the followingequal-space prop-
erty:
(1) for any pointp on the curveCA, the pointA and the
curveCB are at the same distance fromp, that is, the dis-
tance fromp to A is equal to that fromp to any point onCB

that is closest top, and
(2) for any pointq on the curveCB, the pointB and the
curveCA are at the same distance.

We refer to such curves asdistance trisector curvesfor A
andB.

Trisector curves can be seen as a special case (k = 2) of
a more general plane partitioning problem in which we ask
for k ≥ 1 equally-spaced curves that separate pointsA and
B. In the casek = 1 this is just the bisector ofA andB,
which serves as the foundation of the classical notion of a
Voronoi diagram. Asanoet al [1] define a new Voronoi-like
space partition, called aZone diagramof which the trisector
curves constitute an essential special case (with exactly two
sites).

By the definition, for any pointp on the trisector curve
CA (resp.CB) there exists a pointq that is closest top on
CB (resp.CA). Such a pointq is called apartner pointof p.
If there exist distance trisector curves then any point on the
curves has its partner point, although the partner point may
not be unique, and some points on the curves do not serve
as partner points.

When the distance is measured in theL2 (Euclidean)
metric, it is known that unique distance trisector curves exist
for any two points in the plane [1, 2]. It is also known that
such curves are convex, analytic (i.e. given by a convergent
power series at a neighbourhood of each point), and com-
putable to accuracyǫ in time polynomial inlog 1

ǫ
. However,

no explicit polynomial equation determining the curves is
known. Furthermore, the authors [1] conjecture that the
curves are not expressible by elementary functions and, in
particular, not algebraic.

Our goal in this paper is to study distance trisector curves
in other distance metrics induced by a parameterized family
of natural convex distance functions that approximate Eu-
clidean distance. As we shall see, these trisector curves have
structural and computational properties that make them in-
teresting in their own right. However, our primary moti-
vation is to shed further light on Euclidean trisectors. In
particular, we outline a new and conceptually simpler proof
of the existence and uniqueness of Euclidean trisectors, as
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Figure 1. Regular convex 4m-gons for distance measure Dm.

the limiting case of our convex distance trisectors.
Section 2 introduces our family of convex distance met-

ricsDm and specifies their relationship with Euclidean dis-
tance. Section 3 discusses trisector curves with respect to
Dm, with emphasis on the casesm equals1 (which co-
incides with the Manhattan metric),2 and 3. Section 4
summarizes some of the basic properties of generalDm-
trisector curves. The proofs of these properties follow from
the general construction described in Section 5. Section
6 sketches an application of our results to the existence,
uniqueness and efficient construction of Euclidean trisector
curves.

2. Regular convex distance metrics

We denote byd the Euclidean distance function. Pointsq
satisfyingd(p, q) = 1 describe a circle of radius one centred
at p. We consider distance functions whose unit distance is
defined by a regular convex polygon. LetPm be a regular
4m-gon as shown in Fig. 1. We could use a more general
convex polygon to define a convex distance function, but
our restriction guarantees that vertical and horizontal chords
through the centre are included.

The regular 4m-gon Pm has 4m vertices
v0, v1, . . . , v4m−1, v4m = v0, as shown in Fig. 2. Each of
4m angular sectors is specified by angles associated with
two vertices. We refer to the ray from the centre towards
the i-th vertexvi asri and denote byθi the angle formed
by ri with the positivex-axis. The sector bounded byri−1

andri is referred to as sectori. Since there are4m angular
sectors, we have

θi =
π

2m
i = ωmi,

whereωm = π
2m

is an angle of one sector.
It is easy to see that the lineℓi joining verticesvi−1 and

vi forms an angle(2i−1)ωm/2 with they-axis, and the line
normal to rayri forms an angleiωm.

Given two pointsp andq, the distanceDm(p, q) is de-
fined by the factor by whichPm must be scaled so that
q is located at its centre andp lies on the boundary. Of
course, the distanceDm(p, q) is always at leastd(p, q), and
the difference approaches zero asm approaches∞. In
fact, the difference betweenDm(p, q) andd(p, q) is max-
imized whenq lies just in the middle of a polygon edge of
Pm(p, r), r = Dm(p, q). The distanced(p, q) is given by
r cos(π/4m) in this case, and we have

d(p, q) ≤ Dm(p, q) ≤ d(p, q)/ cos(π/4m)

= d(p, q)(1 + O(1/m2)).

We first locate the centre ofPm at q and find an an-
gular sector containingp. For simplicity we assume that
q = (0, 0) andp = (x1, y1) and the pointp lies in the first
quadrant, that is,x1 ≥ 0 andy1 ≥ 0. If p lies in thei-th
angular sector (centred atq) we must have

θi ≤ θ = tan−1 x1

y1

≤ θi+1.

We define two associated anglesα andβi as shown in the
right figure of Fig. 2.

α =
1

2
(π − (θi+1 − θi)) =

1

2
(π − ωm),

and

βi = α − θi =
1

2
π − (i +

1

2
)ωm.

The pointp is projected to the rayqvi by a line of angle
(π − βi) to define its distanceDm(p, q).

3. Distance D
m

Trisector Curves

We now define distance trisector curves using the dis-
tanceDm defined above.
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Figure 2. A regular polygon C3 and a point p in an angular sector.

Given two pointsA andB in the plane, draw2 equally-
spaced curves,Cm

A andCm
B between them so that

(1) for any pointp on the curveCm
A we have

Dm(p, A) = Dm(p, Cm
B ), and

(2) for any pointq on the curveCm
B we have

Dm(q, B) = Dm(q, Cm
A ).

The distance trisector curves start from those points at
which the line segmentAB is partitioned into three parts
of equal lengths. One of the main advantages of using a
distance measure characterized by a convex4m-gonPm is
that the distance trisector curves are polygonal lines, and
thus we can compute them exactly in time polynomial in
m.

We can describe (and simultaneously demonstrate the
existence of) the polygonal lineCm

A by specifying how the
centre of a convex polygonPm for distance functionDm

slides along the curveCm
A while the polygon itself touches

the pointA and the other curveCm
B by appropriate scaling.

First, we consider explicitly the cases wherem is 1, 2 and3
since they are of interest in their own right and they provide
useful intuition for the general case.

3.1. D1-trisectors

In the casem = 1, the convex polygonPm has a dia-
mond shape. The associated distance metric is the familiar
L1 metric.

The first striking difference betweenDm and Euclidean
trisectors is that the former are not invariant under rotation.
As we illustrate in detail for the casem = 1, Dm-trisectors
appear very different depending on relative positions of two
points.

Fig. 3 shows four different cases for relative positions
of points when one point lies to the upper left of the other
point. They are classified by an aspect ratio defined by the
ratio between vertical length and horizontal length of the
axis-parallel rectangle defined by the two points. A similar
classification holds when one point lies to the lower left of

the other point.
We only consider the cases (a) and (b) (skinny and fat,

respectively) in Fig. 3 since other cases are treated symmet-
rically.

Fat case

When the bounding rectangle isfat, that is, its aspect ratio
defined byW/H using its widthW and heightH is be-
tween1/2 and2, the trisector curves are easily defined and
computed. Fig. 4 shows the trisector curves in this case,
which consist of 45 degree lines in the bounding rectangle
and horizontal and vertical rays to the infinity which are
perpendicular to the rectangle sides.

Denoting theL1 distance between two pointsp and q
by D1(p, q), the 45 degree lines are designed so that the
distancesD1(A, A2), D1(A2, B2), andD1(B2, B) are all
equal. If we denote byd theL1 distance fromA to A2, for
any pointp on the line segmentA2A3 there is a pointq (in
fact, an interval of such points) on the line segmentB2B3

such thatD1(p, q) = d. This guarantees that the two line
segmentsA2A3 andB2B3 are really parts of the distance
trisector curves.

Next, take any pointp on the line segment, sayA1A2.
Then, theL1 distance betweenp and A is given as the
sum of D1(A, A2), which is d, and D1(p, A2). Since
D1(A2, B2) is equal tod andD1(p, B2) is given as the sum
of D1(p, A2) andD1(A2, B2), the line segmentA1A2 is
also a part of the distance trisector curves. Proofs for other
line segments are similar.

Skinny case

The distance trisector curves in theskinnycase, when the
aspect ratioW/H is greater than2, look more complicated,
but they are polygonal chains. Within the bounding rectan-
gle, they consist of two 45 degree lines as shown in Fig. 5.
Those 45 degree lines are placed in a similar way to the fat
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case. That is, we walk along the left and bottom sides start-
ing atA, we encounter the endpointsA3 andB3 and finally
B in the same distance:

D1(A, A3) = D1(A3, B3) = D1(B3, B).
When they leave from the bounding rectangle, they are ex-
tended in the directions roughly perpendicular to the rect-
angle sides as shown in the figure. More precisely, they lie
between two lines starting at the endpoint. For example, at
the endpointA3 we draw two rays fromA3, one horizon-
tal (perpendicular to the left side) and the other -45 degree
which is a part of the equidistant diamond centered atA in
the distanceAA3. The lineA3A2 is defined so that the verti-
cal distance fromA3A2 to the -45 degree line is twice larger
than that fromA3A2 to the horizontal line. The line seg-
mentA4A5 is defined in the same way. It is located between
the line perpendicular to the rectangle side (horizontal line)
and 45 degree line fromA4 that is a part of the equidistant
diamond centred atA in the distanceD1(A, A4), and the
vertical distance fromA4A5 to the 45 degree line is twice
larger than that fromA4A5 to the horizontal line. The end-
point A5 is determined as the intersection between the ray
from A4 to A5 and the horizontal line passing throughA.
The curve for the pointB is also defined similarly. The
endpointB2 is determined by they-coordinate of the point
B.

The pointA2 is determined by thex-coordinate ofB2

while B5 is determined by thex-coordinate ofA5.
An easy observation here is that any pointp on the polyg-

onal line fromA2 to A5 has its closest point on the polyg-
onal line fromB2 to B5 right below it (on the vertical line
throughp).

Degenerate case

A extremaldegeneratecase happens when two points are
aligned on a vertical or horizontal line. In this case, the dis-
tance trisector curves look quite different from others; fur-
thermore, they are not even uniquely defined. Fig. 6 shows
various forms of distance trisector curves for the case. A
basic form of the curves shown in Fig. 6 (a) consists of line
segments of slope±3 followed by horizontal rays. Horizon-
tal rays can be replaced with unbounded rectangular regions
shown in Fig. 6 (b). Although two rays on theA side are
replaced with rectangular regions in the figure, any horizon-
tal ray can be replaced provided that only one of the rays is
replaced in each of the left and right sides. Horizontal rays
can be even replaced with non-horizontal rays as shown in
Fig. 6 (c) if angles from the horizontal rays are at most 45
degrees.

Lemma 3.1 Given two points A(t, 0) and B(−t, 0)
in the plane, a pair of polygonal lines defined by
CA = ((+∞, 3t), (t, 3t), (t/3, 0), (t,−3t), (+∞,−3t))
and its symmetric polygonal line defined byCB =
((−∞, 3t), (−t, 3t), (−t/3, 0), (−t,−3t), (−∞,−3t)) are
distance trisector curves betweenA andB.

Proof: If we take any pointp on the edgeA2A3 between
A2(t, 3t) andA3(t/3, 0). Then, the pointq on CB that is
closest top is the point onCB directly left ofp (at the same
y-coordinate asp). The pointp lies on the liney = 3x + t.
Thus, theL1 distance betweenp = (x, 3x + t) andA(0, t)
is given by

D1(p, A) = 2x.

The L1 distance betweenp = (x, 3x + t) and q =
(−x, 3x + t) is

D1(p, q) = 2x.
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Thus, we have

D1(p, A) = D1(p, q) = D1(p, CB).

If we take a pointp on the horizontal ray emanating
from A2(t, 3t). Then, a point onCB that is closest top
is B2(−t, 3t). Since the length of the vertical line segment
betweenA and A2 is equal to that of the horizontal line
segment betweenA2 andB2, we have

D1(p, A) = D1(p, A2) + D1(A2, A)

= D1(p, A2) + D1(A2, B2)

= D1(p, B2)

= D1(p, CB).

The rest of the proof is symmetric to the above. �

When the upper right horizontal ray is replaced with a
region as shown in Fig. 6(b), for any pointp in the region
its closest point on the curveCB is the pointB2. Here, the
L1 distanceD1(p, A) betweenp andA is given as the sum
of D1(p, A2) andD1(A2, A). It is also true thatD1(p, B2)
is given as the sum ofD1(p, A2) andD1(A2, B2). Thus, in
fact we haveD1(p, A) = D1(p, B2) = D1(p, CB).

The same argument holds when a horizontal ray is re-
placed with a non-horizontal ray as far as the angle with
the opposite horizontal ray is at most 45 degrees. This is
because the corner points other than those on the lineAB
remain the closest points for those points in non-horizontal
rays unless the angles exceed 45 degrees.

Construction of the D1-trisectors

We now outline a procedure for constructingC1
A andC1

B

in the case where pointsA andB both lie on thex-axis.
This will serve as a template for our more general (m > 1)
construction procedure.

When we constructC1
A, the centre ofP1 starts at the tri-

sector pointA0 andP1 touches the pointA at vertexv0 (the
right vertex ofP1) and the curveC1

B at the other trisector
pointB0 by the vertexv2 (the left vertex ofP1). Then, the
centre ofP1 slides along the edgeA0A1 of C1

A, while P1

touchesA by the polygon edgev0v1 and the edgeB0B1 of
C1

B at the vertexv2, until it reachesA1 at which it touches
A at the vertexv1 andC1

B at B1 by the vertexv2. As we
have noted, at this point there is some ambiguity on how the
curves are extended. We could extend them horizontally or
in some angle at most 45 degrees from the horizontal lines.
In all cases the sidev1v2 of P1 remains in contact with both
B1 andA. Fig. 7 illustrates slides of the convex polygonP1

as the trisector curve is extended at 45 degrees.
We can calculate the coordinates of the points

A0, A1, B0 and B1. For simplicity, letA = (3, 0) and
B = (−3, 0). We haveA0 = (1, 0) andB0 = (−1, 0).
SinceA, B, B1, A1 form a square, we haveA1 = (3,−3)
andB1 = (−3,−3).

B A

P1

B0

B1

A0

A1

Figure 7. The distance trisector curves for the
case m = 1.

3.2. D2-trisectors

The convex polygonP2 we use for the casem = 2 is an
octagon. The polygonP2 is initially centred at the trisector
pointA0 where it touches the pointA at it vertexv0 and the
curveCm

B atB0 by v4.
After this, the centre ofP2 slides along the edgeA0A1

of C2
A, while P2 touchesA by the edgev0v1 and the edge

B0B1 of C2
B at v4, until the centre ofP2 reachesA1 at

which pointP2 touchesA at the vertexv1 andC2
B atB1 by

the vertexv4. The polygonP2 further slides alongA1A2

while touchingA by v1v2 andB1B2 ∈ C2
B at v3v4 until

the centre reachesA2 at which pointP2 touchesA at v2

andB1B2 ∈ C2
B at v3v4. Now,B1B2 coincides withv3v4.

At this moment, the centre of the polygon located atA2

lies just below the pointA and just to the right ofB2; we
can easily calculate the coordinates ofA2 andB2, that is,
A2 = (3,−3) andB2 = (−3,−3).

After this point we can extend the curvesC2
A andC2

B at
45 degrees from the horizontal lines while touchingA by
v2v3 and B1 at v3. Here, note thatB1 always coincides
with v3, and thus the centre ofP2 moves along the chord
incident tov3 which forms−45 degrees to the horizontal
line. Fig. 8 illustrates how the convex polygonP2 slides
along the curves.

As before, it is straightforward to confirm that the curves
defined above are the distance trisector curves for two points
A andB. For any pointp on the first edgeA0A1, we have

D2(p, A) = D2(p, v0v1) = D2(p, v0),

D2(p, C2
B) = D2(p, B0B1) = D2(p, v4).

They are equal to each other since they are chords ofP2

when its centre is located atp.
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Figure 8. The distance trisector curves for the case m = 2.



For any pointp on the second edgeA1A2, we have

D2(p, A) = D2(p, v1v2) = D2(p, v1),

D2(p, C2
B) = D2(p, B1B2) = D2(p, v3).

They are equal to each other for the same reason as above.
For any pointp on the third infinite edgeA2A3, we have

D2(p, A) = D2(p, v2v3) = D2(p, v2),

D2(p, C2
B) = D2(p, B1B2) = D2(p, v3).

Again, they are equal to each other for the same reason as
above.

3.3. D3-trisectors

A similar construction can be used for theD3-trisectors.
Refer to Fig. 9 for an illustration:
(0) We first centre the polygonP3 at A0 to touchA at v0

andC3
B atB0 by the vertexv7.

(1) Then, the centre ofP3 slides along the edgeA0A1 as
before until it reachesA1 at which pointP3 touchesA atv1

andB1 atv6.
(2)P3 slides along the edgeA1A2 while touchingA atv1v2

andB1B2 atv5v6 until its centre reachesA2 at which point
P3 touchesA at v2 andB1B2 at v5v6. Now, B1B2 coin-
cides withv5v6.
(3)P3 slides along the edgeA2A3 while touchingA atv2v3

andB1B2 atv5v6 until its centre reachesA3 at which point
P3 touchesA atv3 andB2 atv5.
(4)P3 slides along the edgeA3A4 while touchingA atv3v4

andB2B3 at v5 until its centre reachesA4 at which point
P3 touchesB3 at vertexv5. At this point the trisector curve
exhibits its first non-convexity.

4. Basic properties of D
m

-trisector curves

We summarize below some of the important properties
of Dm-trisector curves. The proof of these properties fol-
lows from an analysis of the general construction procedure
presented in the next section.

Polygonal Chains: Cm
A andCm

B are both polygonal chains
consisting ofO(m) line segments.

Symmetricity: Cm
A andCm

B are symmetric with respect to
thex- andy-axes.

Monotonicity: The lower parts ofCm
A andCm

B are bothx-
andy-monotone.

Distance Monotonicity: As a point walks along the lower
part of the curveCm

A (resp.Cm
B ), the distance from the

pointA (resp.B) monotonically increases.

Star-shapedness: The curveCm
A (resp.Cm

B ) is star-shaped
with respect to pointA (resp.B).

Co-star-shapedness: The curveCm
A (resp. Cm

B ) is star-
shaped with respect to its closest points on the curve
Cm

B (resp.Cm
A ).

Non-convexity In general, the curvesCm
A andCm

B , unlike
the Euclidean trisector curves, are not convex.

Partner Point: If p is any point on one of the curvesCm
A ,

t(p) is its partner point andt(t(p)) is its partner’s part-
ner point, then|y(p)| ≥ |y(t(p))|. Furthermore,
∠(A, B, t(p)) + ∠(B, A, t(t(p)) ≤ 4/3∠(B, A, p).

5. Construction of D
m

-trisectors in the general
case

One of the main advantages of using the distance func-
tionsDm is that distance trisector curves are given as polyg-
onal lines that can be easily calculated and consist ofO(m)
line segments, as we will show later.

Just as before, the distance trisector curves start from
those points at which the line segmentAB is partitioned
into three parts of equal lengths. We represent the lower
halves of the distance trisector curves(Cm

A , Cm
B ) for two

pointsA andB aligned on a horizontal line (we can assume
that they are located at(3, 0) and (−3, 0), respectively,
without any loss of generality) using two polygonal lines:
Cm

A = (A0, A1, A2, · · · ) and Cm
B = (B0, B1, B2, · · · ),

whereA0 andB0 are trisector points of the horizontal line
AB. Because of the symmetry in the definition,Ai is sym-
metric toBi with respect to they-axis for eachi = 0, 1, . . .,
that is, if we denote the coordinates ofAi by (xi, yi) then
the coordinates ofBi must be(−xi, yi).

We can describe the polygonal lineCm
A by specifying

how a convex polygonPm for distance function slides along
the curveCm

A while touching the pointA and the other
curveCm

B by appropriate scaling of the polygonPm. Recall
the notation of section 2, describing the structure ofPm.

5.1. The first segments of the curve Cm
A and

Cm
B

At the start we have a copy of polygonPm centred at
A0 touching pointA (at vertexv0) andB0 (at vertexv2m).
(Another copy centred atB0 touchesB andA0). We trace
the locus of the centre of this first copy. As our polygon
moves away fromA0 it is supported byA along edgev0v1,
while vertexv2m follows edgeB0B1. It follows that the
linesA0A1 andB0B1 trisect the sector formed by linesℓ1

throughA andℓ2m throughB. PointsA1 andB1 are de-
fined by the intersection of these trisecting lines and the rays
r1 andr2m−1 throughA andB respectively. At pointA1
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Figure 9. The distance trisector curves for the case m = 3.

the pointA enters sector2 of Pm. As Cm
A continues the as-

sociated copy ofPm contactsA along edgev1v2 and point
B1 along edgev2m−1v2m. Thus the line fromA1 towards
A2 bisects these contact lines and forms an angleθ1 with
the vertical. PointA2 is defined by the (simultaneous) in-
tersection of this line with the rayr2m+2 from A and the
rayr4m−1 from B1.

5.2. Continuing the curves

In general the curveCm
A (and, by symmetry,Cm

B ) con-
tinues in this fashion always tracing the bisector of two lines
one determined by the sector contact at pointA and the
other by the partner point on curveCm

B . If A changes its
sector contact (to a higher indexed sector), the angle of the
trisector curveCm

A , with respect to they-axis, increases.
Otherwise, there are four cases depending on the nature

of the polygon-curve contact at the partner point.

vertex-edge contact In this case, polygonPm slides along
this contact edge retaining contact with the same vertex
of Pm.

edge-vertex contact In this case, polygonPm slides along
its polygonal contact edge.

vertex-vertex contact In this case, polygonPm instanta-
neously changes contact to one of the preceding two
types. Consequently, the angle ofCm

A with respect to
they-axis decreases at this point (i.e. we encounter a
new vertexAi).

double vertex-edge contact BecauseCm
B is not convex, it

is possible for there to be two distinct vertex partner
points. As above, this signals a change in the angle of
Cm

A with respect to they-axis (in this case, an increase)
and a newCm

A vertex.

The piecewise linearity ofCm
A is clear from this case

analysis. Other properties follow from a more careful
(quantitative) analysis of the way angles change alongCm

A .
For any non-vertex point p onCm

A (resp. Cm
B ) let α(p)

denote the angle formed by the edge ofCm
A ( resp. Cm

B )
containingp with they-axis. Similarly, letσ(p) denote the
angle formed by the ray fromp to A (resp.B) with the pos-
itive (resp. negative)x-axis, and letλ(p) denote the angle
formed by the ray fromp to t(p) with thex-axis.

Lemma 5.1 (a) If point p on Cm
A sees pointA in the in-

terior of sectori and its partner pointt(p) in the interior
of sector2m − j, then (i) σ(p) ∈ [(i − 1)ωm, iωm], (ii)
λ(p) ∈ [jωm, (j+1)ωm], and (iii) α(p) = (i−j−1)ωm/2.
(b) If point p on Cm

A sees pointA in the interior of sector
i and its partner pointt(p) along rayr2m−j thenα(p) =
(α(t(p)) + (2i − 1)ωm/2)/2.

Proof: Follows directly from the case analysis above.�

As a direct consequence of the above lemma, it follows
by induction oni that if p seesA in the interior of sector
i then (2i − 1)ωm/8 ≤ α(p) ≤ (2i − 1)ωm/4. Hence,
(σ(p) − ωm/2)/4 ≤ α(p) ≤ (σ(p) + ωm/2)/2.

Lemma 5.2 If point p lies on Cm
A and σ(t(p)) ≥ 9ωm,

then they-coordinate oft(p) is at most a fraction8/9 of the
y-coordinate ofp.



Proof: Sinceλ(p) ∈ [α(t(p)) − ωm, α(t(p)) + ωm], it
follows thatλ(p) ≥ (σ(t(p)) − 9ωm/2)/4. Henceλ(p) ≥
σ(t(p))/8, providedσ(t(p)) ≥ 9ωm. It follows that the
difference in they-coordinates ofp andt(p) is at least1/8-
th of they-coordinate oft(p)). �

As a direct consequence of the above lemma, it follows
that the polygonal chainCm

A from pointA0 to pointp con-
sists ofO(m) segments.

6. Existence, uniqueness and approximation of
the Euclidean trisector curves

Since Dm approaches Euclidean distance in the limit
as m goes to infinity, it seems intuitively clear that the
Dm-trisector should approach the Euclidean trisector. In-
deed, if we define the distancẽDm to be Dm scaled
by a factorcos(π/4m) (so thatd(p, q) ≥ D̃m(p, q) ≥
d(p, q)cos(π/4m)), we can observe empirically that the
Dm andD̃m trisectors bound and converge to the Euclidean
trisectors).

However, it is not immediately obvious how to demon-
strate this formally. In this section, we sketch a proof based
onDm-trisectors.

First, we modify theDm-trisector curveCm
A (and

similarly Cm
B ) by placing a copy ofPm with radius

Dm(p, A)/m at every pointp of Cm
A . This defines a vari-

able width neighbourhood ofCm
A that we denote bŷCm

A .

Next, we argue that points on theA side ofĈm
A have the

property that theirDk-distance toA is less than the average
of theirDk distances to the boundaries ofĈm

B , for all k ≥ m
(includingk = ∞, i.e Euclidean distance). Similarly, points
on the opposite (B) side ofĈm

A have the property that their
Dk-distance toA is greater than the average of theirDk

distances to the boundaries ofĈm
B . Thus, by continuity, for

everyδ > Dk(A, B)/3 there exists a point in̂Cm
A of Dk

distanceδ to A and averageDk distanceδ to the boundaries
of Ĉm

B .

It follows that the intersections of neighbourhoodsĈm
A ,

for m ≤ k, converge to the Euclidean trisectorCA as k
approaches infinity. The details, together with a discussion
of an efficient Euclidean trisector approximation procedure
based on this scheme, will appear in an expended version of
this paper.

References
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