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1 Introduction and Definitions

In this paper, we introduce two graph polynomials that satisfy contraction-
deletion relations and discuss their properties. The motivation for the definition
is analysis of performance of the Bethe approximation of the Ising partition
function, but we do not focus on it. The most famous graph polynomial that
satisfy deletion-contraction relation is the Tutte polynomial. Our polynomials
are essentially different from it [1].

First we define the graph polynomial called θ. Beforehand, we prepare a
set of polynomials {fn(x)}∞n=0 inductively by the relations f0(x) = 1, f1(x) = 0
and fn+1(x) = xfn(x) + fn−1(x). Therefore, for instance, f2(x) = 1, f3(x) = x
and so on. Note that these polynomials are transformations of the Cheby-
shev polynomials of the second kind: fn+2(2

√
−1z) = (

√
−1)nUn(z), where

Un(cos θ) = sin((n+1)θ)
sin θ . For a given graph G = (V,E), in which loops and

multiple edges are allowed, the graph polynomial θG is defined by

θG(β, γ) :=
∑
s⊂E

β|s|
∏
i∈V

fdi(s)(γ) ∈ Z[β, γ],

where di(s) is the degree of vertex i in the subgraph s. The most important
feature of this polynomial is

θG(β, γ) = (1− β)θG\e(β, γ) + βθG/e(β, γ) if e ∈ E is not a loop.

Note that the graph G\e is obtained from G by deletion of the edge e, and
the graph G/e is the result of contraction of e. This type of relations are
called deletion-contraction relations. For the proof of the relation, the equation
fn+m−2(x) = fn(x)fm(x) + fn−1(x)fm−1(x) plays an essential role.

We define the graph polynomial ωG by ωG(β) := (1−β)|V |−|E|θG(β, 2
√
−1).

Since fn(2
√
−1) = (

√
−1)n(n− 1), we have

ωG(β) = (1− β)|V |−|E|
∑
s⊂E

(−β)|s|
∏
i∈V

(1− di(s)).
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It is not trivial by definition that ωG(β) is a polynomial in β, but we can show
that it is indeed a polynomial.

2 Properties of ωG

In the rest of paper, we focus on the polynomial ωG. The following three
properties characterize the graph polynomial ω:

(a) ωG1∪G2(β) = ωG1(β)ωG2(β).

(b) ωG(β) = ωG\e(β) + βωG/e(β) if e ∈ E is not a loop.

(c) ωBn(β) = 1 + (2n− 1)β.

Note that G1 ∪G2 is the disjoint union of G1 and G2. The bouquet graph Bn is
the graph with a single vertex and n loops.

This polynomial is related to matchings on G. A matching of G is a set of
edges such that any edges do not occupy a same vertex. The number of edges
in a matching D is denoted by |D| and the vertices covered by the edges in D
are denoted by [D]. We have

ωG(β) =
∑
D

(−β)|D|
∏

i∈V \[D]

(1 + (di − 1)β),

where the sum is over all matchings on G and di is the degree of vertex i. In
other words, ωG is the monomer-dimer partition function with edge weight −β
and vertex weights 1 + (di − 1)β. This result implies that ωG is equivalent to
the matching polynomial if the graph is regular.

The values at β = 1 has a combinatorial interpretation. For given graph G,
let G(2) := (VA ∪ VO, E

(2)) be the graph obtained by adding a vertex on each
edge in G, where VO is the original vertices and VA is the ones newly added,
respectively. This graph is called the incident graph of G. Then we have

ωG(1) = |{D ⊂ E(2);D is a matching on G(2), [D] ⊃ VO}|.

An example is given in Figure 1. For the graph X, we have ωX3(1) = 10.

Figure 1: Graph X and configurations.

References

[1] Y. Watanabe and K. Fukumizu. New graph polynomials from the Bethe approxi-
mation of the Ising partition function. arXiv:0908.3850, 2009.

2


