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We consider a set X of n points in the plane, not all in a line, and the set
of lines L spanned by X, where we say that a line is spanned by X if it passes
through at least two elements of X.

For a point P of X, we denote by t(P ) the number of lines in L which are
incident to P , and call it the incident-line-number of P . We define t(X) to be
MaxP∈Xt(P ), and call it the maximum incident-line-number of X.

What values does t(X) take for various arrangements X of n points? If X is
an n point set, any three of them are not on a line, then we have t(X) = n− 1.
So the maximum value for t(X) is n − 1.

What is the minimum value for t(X)? Dirac showed the following inequality
for t(X) and posed a conjecture.

Theorem A ([1], p. 226) For any set X of n points, not all on a line, we have
t(X) ≥

√
n.

Conjecture B ([1], p. 226)1 For any set X of n points, not all on a line, we
have t(X) ≥ ⌈n/2⌉.

Some counterexamples were shown for a few small values of n (9, 15, 19, 25, 31,
37) by Grünbaum ([3], p. 25) and an infinite family of counterexamples was con-
structed by Felsner ([5], p. 313): a set X of n = 6k + 7 (k ≥ 2) points with
t(X) ≤ ⌊n/2⌋ − 1 when k is even, and with t(X) ≤ ⌊n/2⌋ when k is odd.

In this talk, we consider the following problem which will show that Conjec-
ture B does not hold for all odd numbers n ≥ 8.

1In Dirac’s paper [1] (p. 226), he uses the notation [ ] instead of ⌈ ⌉.
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Problem For every integer n ≥ 8, construct a set X of noncolinear n points
satisfying t(X) ≤ ⌊n/2⌋.

To solve the problem, we consider the following cases: (i) n is even, ≥ 8,
(ii) n = 4k + 9, k ≥ 0, (iii) n = 12k + 15, k ≥ 0, (iv) n = 12k + 19, k ≥ 0, (v)
n = 12k + 23, k ≥ 0, (vi) n = 11.

We construct solutions for (i) - (iii); (iv) is the Felsner’s arrangement; (vi)
is a special construction using a BIBD which is shown in another talk; and (v)
remains open.

Figure 1 and 2 are examples of sets for (ii) and (iii), respectively.

Figure 1. n = 17, t(X) = 8. Figure 2. n = 15, t(X) = 7.

The following conjecture and problem are proposed but still unsolved.

Conjecture C (strong Dirac conjecture) ([5], p. 313) There is a constant c
such that any set X of n points, not all on a line, has an element incident to at
least n/2 − c lines spanned by X.

Problem D ([4], p. 29) Does any set X of n points, not all on a line, have an
element incident to at least n/3 lines spanned by X?
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