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Put 11 points in the plane and draw lines between each pair of them. When
the 11 points are collinear, the number of lines is one, and each point is only
on that line. At the other extreme, when the 11 points are in general position,
the number of lines is 55, and each point is on exactly 10 lines. We consider
the intermediate situation, that is, the 11 points are neither collinear nor in
general position, which has been of interest to several authors. To the authors’
knowledge, the following claim of Dirac ([1], p. 226) has been accepted until
now: the maximum number of incident lines through a point can not be less
than 6.1

However, the claim is false. We show that there are at least 4 non-isomorphic
arrangements of 11 points, with each point incident to 5 lines. These arrange-
ments are obtained with the aid of a balanced incomplete block design (BIBD).
One of the arrangements is shown in the figure.

1Dirac conjectured that for any arrangements of n points, not all on a line, the maximum
number of incident lines through a point can not be less than ⌈n/2⌉, and he claimed it is true
for n ≤ 14.
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Figure 1. Eleven points, each with five incident lines.
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