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1.    Introduction

 

A number of auditory models have been developed for telecommunications systems that
incorporate human auditory characteristics. Recent attempts do a good job, based on physio-
logical comparisons, simulating the peripheral auditory system (for a review, see [4]).   But,
unfortunately, none of these models have had as much success in speech recognition systems
as linear predictive analysis and the Fourier transforms. There are a number of reasons for
this dilemma. An obvious problem is that realistic, non-linear auditory models require com-
plex calculation that preclude real-time processing. However, this problem should be
resolved in the near future by fast digital signal processors. Another factor is that these mod-
els do not facilitate proper signal resynthesis procedure, which are straight forward for both
linear predictive analysis and Fourier analysis because of their linearity. 

Linear auditory filterbanks or wavelet transforms have been used for signal resynthesis
[2][24], but they are unable to account for the dynamic characteristics of basilar membrane
motion. Iterative procedures to reconstruct signals from cochleagrams (i.e., short-time aver-
aged amplitude responses of basilar membrane motion without phase information) [6][23]
are applicable to such non-linear filterbanks, but can not guarantee the precision of the
resynthesis because of local minima. Thus it is desirable to develop an adaptive auditory fil-
terbank that also provides a sound resynthesis procedure resulting in no perceptual distor-
tion. This paper shows that such an adaptive, analysis/synthesis filterbank is possible
through the implementation of a new “gammachirp” auditory filter [9].

The gammachirp function was analytically derived to have minimal uncertainty in a joint
time-scale representation [1][7][8]. The gammachirp auditory filter is an extension of the
popular gammatone filter (for a review, see [17]); it has an additional frequency-modulation
term to produce an asymmetric amplitude spectrum. When the degree of asymmetry is asso-
ciated with the stimulus level, the gammachirp filter provides an excellent fit to 12 sets of
notched-noise masking data from three different studies [9]. The gammachirp has a much
simpler impulse response than recent physiological models on cochlear mechanics [4],
which do provide a good fit to human masking data. Moreover, the chirp term in the gam-
machirp is consistent with physiological observations on frequency-modulations or fre-
quency “glides” in measurements of the mechanical responses of the basilar membrane
[3][15][20].

The gammachirp filter has been implemented as a finite impulse response (FIR) filter
because the gammachirp is defined as a time-domain function. Including this filter in an
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auditory filterbank, however, poses problems. For simulations of the dynamic characteristics
of the cochlea the filter coefficients have to be recalculated and then convolved with the sig-
nal on a moment-by-moment basis. Unfortunately, the large number of FIR coefficients,
especially at low frequencies, precludes fast implementations. Moreover, the simulation
becomes unrealistic if the filter output is not calculated simultaneously with the update of the
filter coefficients. The calculation of the filter output and the update of the filter coefficients
need to be performed simultaneously. Therefore, the gammachirp filter should be imple-
mented with a small number of filter coefficients using an infinite impulse response (IIR) fil-
ter [10][11]. 

IIR implementations of modified gammatone filters have been developed to introduce
asymmetry into auditory filter shapes, i.e., the All-Pole Gammatone Filter (APGF) or One-
Zero Gammatone Filter (OZGF) [13][18][22]. The shapes of these filters, however, depend
on the sampling rate of the system [10] and have not been directly fitted to psychoacoustical
masking data. Moreover, it seems difficult to resynthesize signals from their output represen-
tations without uncontrollable errors since they did not provide a well-defined synthesis
scheme. These issues are the main topics of this paper. 

Section 2 describes an IIR implementation of the gammachirp. Subsection 2.1 shows the
definition and the Fourier transform of the gammachirp decomposed into a gammatone and
an asymmetric function. Subsection 2.2 explains the characteristics of the asymmetric func-
tion. Subsection 2.3 shows that the asymmetric function can be implemented by an IIR
“asymmetric compensation filter”. Subsection 2.4 shows the approximation error in the
amplitude spectrum between the original gammachirp filter and the combination of a gamm-
atone and an IIR asymmetric compensation filter. Subsection 2.5 shows the stability of the
inverse filter of the IIR filter, which enables signal resynthesis using the procedure described
in subsection 3.3. Section 3 shows an implementation of the gammachirp filterbank. Subsec-
tion 3.1 shows an example of an adaptive analysis filterbank controlled by the sound pres-
sure level estimated at the output of the filterbank. Subsection 3.2 shows another example of
a filterbank based on physiological constraints. Finally, subsection 3.3 describes an adaptive,
analysis/synthesis auditory filterbank that has never been accomplished by conventional
auditory models simulating basilar membrane motion. 

 

2.    Implementation of the Gammachirp Filters

 

2.1  Definition and Fourier Transform of the Gammachirp

 

The complex impulse response of the gammachirp [7][8][9] is given as
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 [17]. Accordingly,
the gammachirp is an extension of the gammatone with a frequency modulation term.

The Fourier transform of the gammachirp in Eq. (1) is derived as follows.
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where  and . The first term  is a constant. The second
term is known as the Fourier spectrum of the gammatone, . The third term represents
an asymmetric function, , that is described in more detail in the next subsection. If
we normalize the amplitude, the frequency response of the gammachirp can be represented
as

. (4)

The amplitude spectrum is 

.
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Obviously, when 

 

c=0

 

,  (= ) becomes unity and Eq. (5) represents the ampli-
tude spectrum of the gammatone, . Figure 1 shows the amplitude spectra of (a) a
gammachirp filter , (b) a gammatone filter , and (c) an asymmetric function

 with the chirp parameter 

 

c

 

=-2. The amplitude of  is biased by about -4 dB
to normalize the peak of  to 0 dB. Since the amplitude spectrum of the gammatone
filter  is almost symmetric on a linear-frequency axis, the asymmetric function

 introduces spectral asymmetry and a peak frequency shift into the gammachirp
. 

The peak frequency 
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 in the amplitude spectrum is obtained analytically by setting the
derivative of Eq. (4) to zero and solving the equation for the peak frequency. The result is 
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2.2  Characteristics of the gammachirp and the asymmetric function

To describe the spectral characteristics of the gammachirp and the asymmetric function
precisely Eq. (4) is rewritten in a form that explicitly uses the relevant parameters, that is,

 . (7)

The asymmetric function uses parameters b, c, and fr whereas the gammatone uses parame-
ters n, b, and fr.

Figure 2 shows the amplitude spectra of (a) the gammachirp  and (b)
the asymmetric function  when the values of the chirp parameter c are inte-
gers between -3 and 3. Several characteristics are derived from this figure and the equations
described above.

(a) Figure 2(a) shows that the filter slope of a gammarchirp below the peak frequency is
shallower than the slope above it when the parameter c is negative. The situation is the
reverse when the parameter c is positive. The filter shape is symmetric when c is zero
because the chirp term is removed and the resulting function is identical to the standard gam-
matone function.
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Figure 1   Amplitude spectra of (a) a gammachirp filter , (b) a gammatone filter , and (c) an
asymmetric function , where n=4, b=1.019, c=-2, and fr=2000 Hz.
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 (b) The asymmetric function  in Fig. 2(b) is an all-pass filter when c=0.
Using Eq. (2), 

. (8)

 is a high-pass filter when c>0, and a low-pass filter when c<0. The slope
and the range of the amplitude increase when the absolute value of c increases. The filter
shapes of the gammachirp in Fig. 2(a) reflect these characteristics.

(c)  changes monotonically in frequency. Neither a peak nor a dip ever
occurs in this function.

(d) For an arbitrary frequency fl, the asymmetric function is restricted by

. (9)

(e) With Eq. (2), the asymmetric function satisfies:

. (10)

(f) For arbitrary chirp parameters c1 and c2, the asymmetric function is multiplicative
with respect to c:
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Figure 2   Amplitude spectra of (a) a gammachirp filter  and (b) an asymmetric compensation filter
 as a function of the chirp parameter c where n=4, b=1.019, and fr=2000 Hz. The amplitude

is normalized to 0 dB at the peak frequency in panel (a) and at fr in panel (b).
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. (11)

(g) Using Eqs. (7), (10), and (11), 

     = 

     =       (12)

Equation (12) states that a gammachirp with an arbitrary chirp parameter c1 is a product of a
gammachirp with a different chirp parameter c1 +c2, and an asymmetric function having the
difference between them -c2. This is because the asymmetric function  is an
exponential function of the parameter c. 

These characteristics are necessary conditions for designing the approximation filter in
the next subsection, and they act as a guide for establishing an analysis/synthesis filterbank
in Section 3.

2.3  Asymmetric compensation filter 

As shown by Eq. (4), a gammachirp filter can be implemented by cascading a gamma-
tone filter and an asymmetric filter. Since efficient implementations of the gammatone are
already known [17][22], this section concentrates on an approximation filter for the asym-
metric function described in the previous section. It is necessary to design a filter satisfying
the conditions (a) through (g) in the previous section. As a first step, a filter satisfying condi-
tion (d) is considered because its characteristic seem the most relevant for filter design pur-
poses. 

FIR filters cannot satisfy Eq. (9) in the strict sense since they only have zeros and no
poles. They can, however, satisfy Eq. (9) approximately if a linear-phase FIR filter designed
with the Remez algorithm is employed. Unfortunately, this is ineffective since the number of
coefficients is comparable to that of the original FIR gammachirp and, moreover, the coeffi-
cients seem to require a table indexed with parameters b, c, and fr. The well-known IIR But-
terworth and Chebyshev filters cannot satisfy Eq. (9) either. Consequently, a new IIR filter
has to be designed that is an explicit function of these parameters to satisfy this condition.

IIR filters satisfying Eq. (9) have the same numbers of poles and zeros symmetrically
located at fr+∆f and fr −∆f for a design frequency ∆f. This makes the magnitude, r, of the
corresponding poles and zeros equal. In addition these magnitude must be less than unity for
the IIR filters to be stable; this is known as the minimum phase condition [16]. Since the
bandwidth gets narrower when r gets closer to unity, r is negatively correlated with the band-
width parameter bERB(fr). Condition (b) implies that ∆f is proportional to c and is positively
correlated with bERB(fr). A cascaded second-order digital filter satisfying these properties is 
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(16)

(17)

where p0, p1, and p2 are positive coefficients and fs is the sampling rate. The reason for cas-
cading filters with gradually located poles and zeros is to satisfy condition (c) approxi-
mately. This filter is referred to as an “asymmetric compensation (AC)” filter.

Figure 3 shows the amplitude spectra of this digital filter  (dashed lines) and the
asymmetric function  (solid lines) in Eq. (5) as a function of the chirp parameter c.
There were four cascaded filters, the amplitude was normalized at frequency fr, and the val-
ues of p0, p1, and p2 were set as described in the next subsection. The dashed lines are very
close to the solid lines when the frequency is less than 3000 Hz. Above 3000 Hz, however,
the disparity gets larger. This, however, does not cause serious errors, because the asymmet-
ric compensation filter is always accompanied by the gammatone filter, which is a band-pass
filter. 

The results will show that four cascaded second-order filters provide a reasonable fit
when the parameter b is equal to or greater than unity and the chirp parameter c is between -
3 and 1. In this case, there are a total of16 poles and zeros. Although it is possible to improve
the fitting by increasing the number of cascaded filters, a reasonable number can be deter-
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Figure 3   Amplitude spectra of asymmetric functions  (solid lines) and asymmetric compensation fil-
ters  (dashed lines) where n=4, b=1.019, c is an integer between -3 and 3, and fr=2000 Hz.
The amplitude is normalized to 0 dB at fr.
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mined by considering the trade-off between the number of coefficients and the degree of fit-
ting.

2.4  Asymmetric compensation gammachirp

The asymmetric compensation filter cascaded with the gammatone filter approximates
the gammachirp filter. The amplitude spectrum of this filter is found by replacing 
with  in Eq. (6), 

. (18)

This filter  is referred to as an “Asymmetric Compensation—gammachirp” or 
“AC—gammachirp” filter until the end of Section 2, so as to distinguish it from the original
gammachirp defined by Eq. (1). 

2.4.1 Comparison in the amplitude spectrum 

Figure 4 shows the amplitude spectra of the gammachirp  in Eq. (5) (solid lines),
the AC–gammachirp  in Eq. (14) (dashed lines), and the gammatone .
The amplitude  has been normalized properly to improve the fit. The frequency
for normalizing the amplitude of each second-order filter is closely related to the peak shift
in Eq. (6) and is set with a coefficient, ps, for the k-th filter, 
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Figure 4   Amplitude spectra of original FIR gammachirp filters  (solid lines) and asymmetric compen-
sation (AC) gammachirp filters  (dashed lines) where n=4, b=1.019, c=-1, and the values
for fr are 250, 500, 1000, 2000, 4000, and 8000 Hz.

Gc f( )
GCAC f( )

GC f( )
GCAC f( ) GT f( )

GCAC f( )



T. Irino and M. Unoki / Analysis/Synthesis Auditory Filterbank based  on Gammachirp                      325        

. (19)

The coefficients p0, p1, p2, and p3 are set heuristically as

p0 = 2, (20)

p1 = 1.35 - 0.19 |c|, (21)

p2 = 0.29 - 0.0040 |c|,  (22)

p3 = 0.23 + 0.0072 |c|. (23)

The root-mean-squared (rms) error between the original gammachirp filter and the AC-
gammachirp filter is less than 0.41 in Fig. 4 over the range where . The
average rms error is only 0.63 dB for 90 sets of parameter combinations {n = 4; b = 1.0,
1.35, and 1.7; c = 1, 0, -1, -2, and -3; fr = 250, 500, 1000, 2000, 4000, and 8000 (Hz)}. The
rms error exceeds 2 dB only for three sets when fr = 8000 Hz and c = -3. 

The fit improved only slightly when the coefficients in Eqs. (21), (22), and (23) were
optimized using an iterative least squared-error method. It is possible to improve the fit by
changing the locations of the poles and zeros defined in Eqs. (15), (16), and (17), but this is
beyond the scope of this paper.

2.4.2 Comparison of the impulse response and the phase spectrum 

Figure 5(a) shows an example of the impulse response of the gammachirp defined in Eq.
(1) (solid line) and the AC-gammachirp obtained from Eq. (18) (dashed line). The difference
in the impulse responses between the original gammachirp and the AC-gammachirp is about
-50 dB in the rms amplitude and, therefore, is almost negligible. Their phase spectra, shown
in Fig. 5(b), are very close to each other. Therefore, the AC-gammachirp provides an excel-
lent approximation to the original gammachirp in terms of its phase characteristics, i.e.,

(24)

and also in the time domain, 

* , (25)

where * denotes convolution.

2.4.3 Similarity to the asymmetric function 

The asymmetric compensation filter  defined in Eqs. (13) and (14) can strictly sat-
isfy Eqs. (8), (9), and (10) and condition (b), and approximately satisfy Eq. (11) and condi-
tion (c). The reasons are as follows. For conditions (b), (c) and Eq. (11), the correspondence
is obvious from Fig. 2. For Eq. (8), when c is 0, the locations of the poles and zeros of Eqs.
(16) and (17) are the same and, then, Eqs. (13) and (14) become unity. For Eq. (9), since
ERB (fr) is a linear function of fr, changing fr+fl to fr-fl simply replaces the poles and zeros in
Eqs. (16) and (17). For Eq. (10), changing the sign of c replaces the poles and zeros in Eqs.
(16) and (17) and it is possible to derive a stable inverse filter since the asymmetric compen-
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sation filter satisfies the minimum phase condition. The inverse filter is always stable even if
the parameter values are time varying. Accordingly, it is possible to cancel the forward filter
with the inverse filter. Then, the total response of the combination is a unit impulse. This fea-
ture leads to an analysis/synthesis filterbank (described in subsection 3.3). 

Since the IIR asymmetric compensation filter has few coefficients, fast level-dependent,
adaptive auditory filtering can be performed by a combination of the compensation filter
with a fast implementation of the gammatone [17][22].

3.    GAMMACHIRP FILTERBANK

This section describes an adaptive, analysis/synthesis gammachirp filterbank. Since the
auditory filter shape is level-dependent [5][9][14], it is necessary to estimate the sound pres-
sure level of incoming signals. Subsection 3.1 shows an example of the analysis filterbank
with a level estimation mechanism. Subsection 3.2 shows another type of filterbank structure
using physiological constraints. Although no specific structure or parameter set has been
determined yet, these examples are sufficient for presenting the most important issue in this
paper. Subsection 3.3 shows the general structure of an adaptive, analysis/synthesis gam-
machirp filterbank. This chapter shows that sound resynthesis is always possible indepen-
dent of the method of parameter control. The analysis/synthesis errors are shown to be time-
invariant and small enough to avoid perceptual distortions, even when listening to synthetic
sounds.
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Figure 5   (a) Impulse responses and (b) phase spectra of an FIR gammachirp filter (Eq. (1)) (solid lines) and
an asymmetric compensation (AC) gammachirp filter (dashed lines). The parameters are n=4,
b=1.019, c=-1, and fr.=2000 Hz.
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3.1  Implementation with level estimation

Figure 6 shows an example of a gammachirp filterbank that consists of a gammatone fil-
terbank, a bank of asymmetric compensation filters, and a parameter controller. The sound
pressure level of incoming signals is estimated in the parameter controller using the output
of the gammatone filterbank and the asymmetric compensation filterbank. The parameter
controller is a bank of parameter control units as shown in the right-bottom block. When
considering the k-th channel, the input signal to this block is first rectified, and is then put
into a leaky integrator (LI) for smoothing. Any value for the time constant is possible in the
following simulation as long as the feedback system is stable; 30 ms was used for the error
estimation in subsection 3.3. A weighting function, i.e., a Hamming window of 3 ERB width
across the filter channels, is applied to the LI output of the k-th and adjacent channels, which
are summed together to obtain the activity aak for the k-th channel. The estimated sound
pressure level Ps in decibels is calculated using a straightforward equation,

(26)

where q is a constant. The estimated sound pressure level controls the parameters of the
gammachirp filterbank. 

It has been demonstrated that the constant q can be determined using psychoacoustical
masking data [10][11]. It does not, however, sufficiently describe the procedure and the
result in this paper since they largely depend on the filterbank structure and the parameter
controller. In those simulations, however, the individual filters were all set on the basis of the
auditory filter shape at a probe frequency of 2000 Hz [9]. Obviously, it is necessary to use
the outputs of several adjacent auditory filters. The formulation with the leaky integrator and

Figure 6   Block diagram of a level-dependent gammachirp filterbank.

Ps 20 q aak⋅( )log=
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Eq. (26) is restricted to an initial approximation of the parameter control since it does not
include fast compression [21] and the compression function is physiologically realistic [4].

Instead of determining the parameter values for this model, we use a basic structure to
establish a synthesis procedure (described in subsection 3.3) that is independent of the
method of parameter control. For the filterbank in Fig. 6, it is possible to perform signal
resynthesis, provided only the chirp parameter c varies with the level in the level-dependent
auditory filters. Then, control #1 (Fig. 6 (c)) is unnecessary because the gammatone filter is
not a function of the chirp parameter c. The next subsection shows another filterbank struc-
ture based on physiological observations. 

3.2  Another filterbank structure

Let us introduce physiological knowledge into the filterbank structure. When the sound
pressure level is sufficiently high, the cochlear filter has a broad bandwidth and behaves like
a passive and linear filter. As the signal level decreases, the filter gain increases and the band-
width becomes narrower because of the active processes [19]. This suggests a physiologi-
cally plausible auditory filter is a combination of a linear, broadband filter and a nonlinear,
level-dependent filter that sharpens the filter shape. Recent observations have shown that the
frequency modulation or “glide” persists even post-mortem or after high sound pressure lev-
els [20]. Accordingly, the linear filter can be simulated with a broadband gammachirp filter.
As shown in Eq. (12), a gammachirp filter with an arbitrary chirp parameter c can be pro-
duced with a combination of another gammachirp filter and an asymmetric function. There-
fore, the second filter can be simulated by a level-dependent asymmetric compensation filter
as long as the total filter response can be simulated with the gammachirp. 

Accordingly, a candidate filterbank structure is proposed in Fig. 7. It consists of a linear
gammatone filterbank, a linear asymmetric compensation filterbank, and an adaptive asym-
metric compensation filterbank controlled by a parameter controller. The output of the linear
asymmetric compensation filterbank is equivalent to the output of a linear gammachirp filter-
bank (c). This output is fed into the asymmetric compensation filterbank to obtain the total
output (d). The parameter controller is similar to that described in subsection 3.1. However,
before determining the structure and the parameters it is necessary to wait for results fitting

Figure 7   Block diagram of a gammachirp filterbank based on physiological constraints.
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the gammachirp to psychoacoustical masking data across the full range of center frequen-
cies. The structure is based on a combination of a linear filterbank with bandpass filters and
a non-linear asymmetric compensation filterbank. For signal processing applications, this fil-
terbank structure has a very important feature that has never been accomplished by conven-
tional auditory filterbanks as described in the next subsection. 

3.3  Analysis/synthesis filterbank

One of the most important features of the gammachirp filterbank is its ability to establish
an analysis/synthesis system as shown in Fig. 8. Moreover, this feature is valid for any kind
of parameter controller. Initially, a signal (a) is filtered by a linear, passive gammachirp fil-
terbank (A). When the chirp parameter c is set to zero for all channels, this is a gammatone
filterbank. The output of the linear filterbank (b) is converted into the output of the gam-
machirp filterbank (c) using a bank of active asymmetric compensation filters (B). Subsec-
tion 2.4 shows how to make a bank of inverse asymmetric compensation filters (D). The
output of the adaptive gammachirp filterbank (c) is then converted into a representation (d)
that is strictly the same as the output of the linear gammachirp filterbank (b) when using the
same parameter set produced by the parameter controller (C) at each moment in time. The
filterbank output is, then, equalized in phase using the time-reversal gammachirp filterbank
(E); this is identical to the linear filterbank (A) except that the impulse response of each filter
is reversed in time. Finally, the output after this phase equalization is summed with a weight-
ing function to reproduce the signal. 

A combination of the linear analysis filterbank (A), the linear synthesis filterbank (E),
and the weighted sum (F) is almost equivalent to a linear, wavelet, analysis/synthesis proce-
dure [2]. Since the combination of the asymmetric compensation filterbank (B) and its
inverse filterbank (D) produces unit impulses for all channels, the error between the original
and synthetic signals is strictly determined by this linear analysis/synthesis filterbank.

Figure 9 shows an example of analysis/synthesis frequency characteristics for an adap-
tive gammachirp filterbank with equally-spaced filters for ERB rates between 100 and 6000
Hz using a gammatone filterbank in (A) and (E), i.e., the gammachirp filterbank when c=0
for all channels. Figure 9(b) shows the same graph with a magnified ordinate scale. The
maximum error is less than 0.01 dB with 100 channels and is only about 0.03 dB even with

Figure 8   Block diagram of an adaptive, analysis/synthesis gammachirp filterbank.
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50 channels. It appears that about 100 channels are sufficient to minimize the errors. More-
over, the errors are completely independent of parameter control. Consequently, the gam-
machirp filterbank is able to perform signal resynthesis without producing any undesirable
distortion.

 The discussion above guarantees the minimum distortion of the analysis/synthesis filter-
bank system. This filterbank is applicable to various applications when inserting a modifica-
tion block between the asymmetric compensation filterbank (B) and its inverse filterbank
(C). For example, it is possible to construct a noise-suppression filterbank which does not
produce any musical noise that is perceptually undesirable [12]. 

4.    SUMMARY

This paper presents an adaptive, analysis/synthesis auditory filterbank using the gam-
machirp. Initially, the gammachirp function is analyzed to find characteristics for effective
digital filter simulation. The gammachirp filter is shown to be excellently approximated by
the combination of a gammatone filter and an IIR asymmetric compensation filter. The new
implementation reduces the computational cost for adaptive filtering because both filters can
be implemented with only a few filter coefficients. The inverse filter of the asymmetric com-
pensation filter is shown to be stable. Then, two examples of gammachirp filterbanks are pre-
sented, each is a combination of a linear gammachirp filterbank and a bank of adaptive,
nonlinear asymmetric compensation filters, controlled by the signal-level estimation mecha-
nism. A synthesis procedure for such analysis filterbanks is proposed to accomplish signal
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Figure 9   Frequency responses of the analysis/synthesis gammachirp filterbank shown in Fig. 8 when the fre-
quency range of the filterbank is between 100 and 6000 Hz and the number of channels is 50 (dashed
lines) or 100 (solid lines). Panel (b) is the magnified ordinate of panel (a).
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resynthesis with a guaranteed precision and no undesirable distortion. This feature has never
been accomplished with conventional auditory filterbanks. The adaptive, analysis/synthesis
gammachirp filterbank is usable in various signal processing applications requiring the mod-
eling of human auditory filtering.
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