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Abstract

We present a Coq-formalised proof that all non-cooperative, sequential games have a
Nash equilibrium point. Our proof methodology follows the style advocated by LCF-
style theorem provers, i.e., it is based on inductive definitions and is computational
in nature. The proof i) uses simple computational means, only, ii) basically is by
construction, and iii) reaches a constructively stronger conclusion than informal
efforts. We believe the development is a first as far as formalised game theory goes.
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1 Introduction

Game theory was given its first com-
prehensive exposition by von Neu-
mann and Morgenstern [11] but the
first equilibrium-existence result,
pertaining to chess, 1 dates back
to Zermelo [15]. Game theory has
been applied to other kinds of actual
games: poker, bridge, etc., and has
been used as a model for, and to aid
with, business management, legal
and military analysis, stock invest-
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1 “Either white or black can guarantee
a win or both can guarantee a draw.”

ment, and more [2,7]. The best known
application area is economics where
the 1994 Nobel Prize was awarded
to the inventor and the early propo-
nents in economics of Nash equilibria

[12]. Nash addressed the following
question (through fixed-points on
suitable convex sets) [8–10]:

Can all agents in a game choose
such that no agent single-handedly
can secure a better outcome, i.e.,
can it be ruled out that two or more
agents can get in each other’s way?

1.1 Our Contribution

We establish formally the existence
of (pure) Nash equilibria for ar-
guably the simplest structure studied
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in game theory, namely sequential

games (in their purest form [4]). 2

The result is due to Kuhn [5], gen-
eralising [15] and refining [8–10].
Our proof uses Backward-Induction

equilibrium points, which appear to
have been introduced as a stand-
alone concept (then called sub-game
perfectness) by Selten [13,14]. That
said, all proofs we are aware of, in-
cluding ours, use the same basic idea
of having agents choose locally op-
timally from the end of a game and
‘backwards’ to the beginning in or-
der to guarantee global ‘optimality’.
Our technical contributions are i) to
base the proof on an inductive def-
inition of game trees and ii) to use
computation over the trees to con-
struct an existential witness of the
sought-after result. This enables us
iii) to formally verify our proof in
the Coq theorem prover [3] and to
point out that iv) our formal proof
basically is by construction.

More informally speaking, we also es-
tablish initial evidence that formal
reasoning and game theory are good
matches.

The Coq (v8.0) code underlying the
paper is available from our home
page and has been used to generate
the LaTeX source of the formal state-
ments in the article, except for the
results headed “Proposition”, which
exist internally (and by construc-
tion) in Coq. The proofs in Coq and
in the article have the same struc-

2 Work is under way to address a range
of the known refinements as well as al-
ternative forms, in particular simulta-

neous games.

ture and size, and share most of their
vernacular.

1.2 This Article

Section 2 introduces the relevant
parts of game theory and the very
limited proof-machinery we employ
(in Coq). Section 3 formalises the
concepts needed for expressing the
sought-after theorem and proves
some immediate consequences. Sec-
tion 4 sums these up as our stronger
version of the considered result and
shows how to obtain the standard
version from there. Appendix A gives
more information on Coq.

2 Games and Strategies

A sequential game (in extensive
form) is a tree with pay-off functions
in the leaves, dictating the win or
loss of each player when the game
finishes there. Internal nodes belong
to the player whose available options
the node formalises at that partic-
ular juncture. A play of a game, in
this framework, is therefore a path
from the root to a leaf.

2.1 Games, Inductively

Binary games, i.e., games with ex-
actly two options in internal nodes,
can be formalised in Coq as follows. 3

3 We note, without proof, that the the-
orems in the article are equivalent when
stated for binary games and for games
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Definition A := nat.
Definition P := nat.
Definition Ps := A → P.

Inductive G : Set :=
— gLeaf : Ps → G

— gNode : A → G → G → G.

The first three lines in the definition
say that we think of the agents, A,
and their payoffs, P, as natural num-
bers (to get easy access to the desired
order and equality relations) and
that payoff functions, Ps, associate
the agents with (their) payoffs. The
last part of the definition serves to de-
fine a Set of games, G, by Inductively
stating when an element is to be
considered a member of it: anything
that can be constructed by repeat-
edly applying the two constructor -
rules is a game and, vice versa, only
an object that is thus constructed is
a game. The gLeaf -constructor takes
one argument, a payoff function,
from which it constructs a game. The
gNode-constructor for internal nodes
is similar but note that here the sub-
structures include two copies of game
itself, in addition to specifying the
agent owner.

2.2 Inductive Proof Theory

Inductive definitions amount to a
least fixed-point construction and
no conflict arises out of game being
defined in terms of game, as long as
all recursive occurrences in the con-
structor types are non-negative [1].
Informally speaking, this means that

with one-or-more options in internal
nodes but that, coding-wise, the binary
form is more readily accessible to hu-
mans.

no constructor may take an argument
that, in the simplest case, takes the
constructed domain as an argument.
An algebraic structure defined in the
style of game comes equipped (by
construction) with a proof principle
called structural induction. The most
famous example is the natural num-
bers and weak number induction.

Nat ::= 0 | succ(Nat)

P(0) ∀n . P(n) ⇒ P(succ(n))

∀n ∈ Nat.P(n)

In the case of game, structural in-
duction allows us to prove that a
property, P, holds for all games if
it holds for all gLeaf s and if, under
the assumption that it holds for ar-
bitrary g1, g2, we can prove that it
holds for derivable gNodes, cf. Fig-
ure 1. The paragraph following the
Inductive definition of games provides
a detailed, albeit informal, justifica-
tion for structural induction. It can
be summarised to say that it suffices
for the predicate in question, P, to
preserve the constructor rules.

2.3 Strategies

As noted, a play is a path from the
root gNode of a game tree to a gLeaf .
As is customary in game theory, we
shall not use the notion of play for-
mally but will, instead, take as primi-
tive a structure in between games and
plays, so-called strategies.

Inductive C : Set := — lf — rg.

Inductive S : Set :=
— sLeaf : Ps → S

— sNode : A → C → S → S → S.
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∀po . P(gLeaf po) ∀a , g
1
, g

2
. P(g

1
) ∧ P(g

2
) ⇒ P(gNode a g

1
g
2
)

∀g ∈ game.P(g)

Fig. 1. Structural-induction proof principle for game.

A strategy is essentially a game in
which a choice between the available
options is made in each node: left or
right. Formally, and more generally
speaking, however, game and strat-
egy are two entirely separate entities.
If required, as it will be in our case,
we must explicitly prove that a rela-
tionship exists between them.

2.4 Recursion

Inductive definitions give us access
to a very simple form of computa-
tion called structural recursion. 4 In
terms of the earlier Nat example,
structural recursion says that an f

defined with a concrete value for 0
and some value derived from f(n) in
the case of f(succ(n)) is a total, com-
putable function. Using this, we can
note that a strategy, unlike a game,
induces a (non-trivial) play dictated
by the indicated left/right choices.
The resulting payoff function can be
found as follows.

Fixpoint S Ps (s:S ) {struct s} : Ps :=
match s with

— (sLeaf po) ⇒ po

— (sNode a c sl sr) ⇒
match c with

— lf ⇒ (S Ps sl)
— rg ⇒ (S Ps sr)
end

end.

4 This is also called primitive recursion

or, in programming-language terminol-
ogy, recursive descent.

In the above, “{struct s}” and
“match s with ...” is Coq-syntax in-
dicating the use of structural recur-
sion and we can conclude that S Ps

i) is functional, i.e., is a relation
that is not one-to-many, because the
case-splitting is non-overlapping, ii)
is computable because all recursive
calls are made on sub-structures of
the considered case (over the well-
founded S ), and iii) is total (on S )
because the case-splitting also is ex-
haustive.
Proposition 1 S Ps is a total,

computable function.

Proof By construction. �

We saw that a strategy is a game
with choices made in the nodes. In-
deed, for a given strategy and using
the structural-recursion principle
just considered, we can access the
underlying game simply by removing
the listed choices.

Fixpoint s2g (s :S ) {struct s} : G :=
match s with

— (sLeaf po) ⇒ (gLeaf po)
— (sNode a c sl sr)
⇒ (gNode a (s2g sl) (s2g sr))

end.

Proposition 2 s2g is a total, com-

putable function.

Proof By construction, as s2g is
defined by structural recursion. �
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Fixpoint agentConv (a:A) (s1 s2 :S ) {struct s1} : Prop :=
match s1 with

— (sLeaf po1 ) ⇒ match s2 with

— (sLeaf po2 ) ⇒ ∀ a, po1 a = po2 a

— (sNode ) ⇒ False

end

— (sNode a1 c1 s11 s12 ) ⇒ match s2 with

— (sLeaf ) ⇒ False

— (sNode a2 c2 s21 s22 )
⇒ a1 = a2 ∧ (a1 = a ∨ c1 = c2 )

∧ agentConv a s11 s21

∧ agentConv a s12 s22

end

end.

Fig. 2. agent-convertible strategy-equivalence.

3 Equilibria

A Nash equilibrium is a strategy in
which no agent can change one or
more of his choices to obtain a better
overall result for himself. The options
available to an agent are accounted
for by the relation on strategies that
share their underlying game and only
differ in choices in nodes owned by
the agent.
Proposition 3 agentConv, cf. Fig-

ure 2, is a total, computable predi-

cate. 5

Proof By construction, as agent-

Conv is defined by structural recur-
sion. �

The agentConv -predicate reduces
the question of choice-equivalence
to (extensional) equality for the
payoff functions: ∀a, po1 a = po2 a,
provided two strategies share their
“shape”. A Nash equilibrium is a
strategy that majorises any agent-

5 In this context, ‘predicate’ is synony-
mous with ‘function into proposition,
Prop’.

Conv -equivalent strategy in terms
of the payoffs that the agents can
expect.

Definition Eq (s :S ) : Prop :=
∀ s’, ∀ a, agentConv a s s’

→ (S Ps s’ ) a ≤ (S Ps s) a.

The idea behind the definition is that
in an equilibrium, no agent will have
an (obvious) incentive to change his
mind. In the game below, for ex-
ample, we have one internal node,
presenting a choice between left and
right to its owner, a. If a chooses left,
the game finishes and he receives a
pay-off of 0. Similarly if he chooses
right, with a pay-off of 1. The strat-
egy where a chooses to go right is the
only equilibrium point.

a

0a 1a

3.1 Backward Induction

We now present a formal strategy-
notion, to be called Backward Induc-
tion, in which all choices are required
to result in a local equilibrium, even if
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that particular choice is not encoun-
tered in the overall induced play.

Fixpoint BI (s:S ) {struct s} : Prop :=
match s with

— (sLeaf po) ⇒ True

— (sNode a c sl sr) ⇒
(BI sl) ∧ (BI sr) ∧
match c with

— lf ⇒ (S Ps sr) a ≤ (S Ps sl) a

— rg ⇒ (S Ps sl) a ≤ (S Ps sr) a

end

end.

Proposition 4 BI is a total, com-

putable predicate.

Proof By construction, as BI is
defined by structural recursion. �

The differences between Nash and
Backward-Induction equilibria are
seen in the following game.

a

1a, 0b b

0a, 1b 0a, 0b

The game has two equilibria: a

chooses to go left and b can choose ei-
ther left or right, as the latter choice,
which must be made to make up a
strategy, does not affect the overall
outcome: 1 and 0, respectively. Only
one of these is a Backward-Induction
equilibrium, however, namely the
one where b also chooses to go left.
In our final example, indicating the
non-triviality of the concepts, there
are two Backward-Induction equilib-
ria, one of which is better for b (a
right, b left) than the other (a left, b

left).

a

1a, 0b b

1a, 1b 0a, 0b

3.2 BI is Nash Equilibrium

As suggested, a Backward-Induction
equilibrium is also a Nash equilib-
rium.

Lemma BI is Eq : ∀ s, BI s → Eq s.

The proof, which is by structural
induction in s and a case-splitting
following Figure 2, is lengthier than
any of the other proofs we consider.
It is available in the accompanying
Coq theory but we shall not discuss
the details here, in part because the
result is unrelated to the existence
question we are concerned with, i.e.,
it is not needed for proving Theorem

BI fctEx in Section 4. Informally
speaking, the result holds because
BI is the locally-enforced version of
Eq’s global notion of optimality.

3.3 BI Computation

Our reason for using Backward-
Induction, in addition to Nash equi-
libria more generally, is that its def-
inition uses structural recursion, cf.
Proposition 4, in a way that can
be simulated by (the weaker) game-
structural recursion. This means that
we can reformulate the BI predicate
as a function from game to strategy,
rather than from strategy to Prop,
that i) remains total and computable
by construction and ii) still guaran-
tees BI -ness of the outcome.

Fixpoint cBI (g :G) {struct g} : S :=
match g with

— (gLeaf po) ⇒ (sLeaf po)
— (gNode a gl gr) ⇒

let sl := cBI gl in

let sr := cBI gr in

if (le ge dec ((S Ps sl) a)
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((S Ps sr) a))
then (sNode a rg sl sr)
else (sNode a lf sl sr)

end.

Proposition 5 cBI is a total, com-

putable function.

Proof By construction, as cBI is
defined by structural recursion. �

We can, of course, verify also ii)
above.

Lemma cBI BI : ∀ g, BI (cBI g).

Proof The proof is by structural
induction in g.
gLeaf case: Trivial, after unfolding

the definitions of cBI and BI .
gNode case: We proceed by a case-

splitting on the conditional ob-
tained by unfolding the definition
of cBI . With BI unfolded, as well,
the two cases follow by the induc-
tion hypotheses and the consid-
ered conditional value. �

We reemphasise a point made in Sec-
tion 1.1: the above informal proof is
basically a complete Coq proof of the
result, differing only (slightly) in ver-
nacular. The structure and size of the
two proofs are directly comparable.
Going back to our initial discussion
about strategy and how the structure
is intended to refine game, we see that
we have the expected result.

Lemma s2g cBI : ∀ g, g = s2g (cBI g).

Proof The proof is by structural
induction in g.
gLeaf case: Trivial, after unfolding

the definitions of cBI and s2g .
gNode case: We proceed by a case-

splitting on the conditional ob-

tained by unfolding the definition
of cBI . With s2g unfolded, as well,
the two cases follow by observing
that the two gNodes being consid-
ered have equal arguments, which,
in turn, follow trivially or by the
induction hypotheses. �

4 Compendium

Summarising the results in Sec-
tion 3.3, we have established the
following.

Theorem BI fctEx :
∃ F, ∀ g, BI (F g) ∧ g = s2g (F g).

Proof cBI is a witness for F, cf.
Lemmas cBI BI and s2g cBI. �

This is the strongest result we prove.
It says that there exists a function
that sends any game to a Backward-
Induction equilibrium for it. The re-
sult basically follows for free from the
fact that we can define cBI by struc-
tural recursion over the inductively
defined games (and from the two
simple induction proofs for Lemmas
cBI BI and s2g cBI ). The result
does not look exactly like the infor-
mal version and we discuss the two
steps required to weaken our version.
First, we relax Backward-Induction
equilibrium to Nash equilibrium.

Theorem Eq fctEx :
∃ F, ∀ g, Eq (F g) ∧ g = s2g (F g).

Proof cBI is a witness for F,
cf. Lemma BI is Eq and Theorem

BI fctEx. �

Secondly and finally, we deskolemise,
which means that we no longer re-
quire that the sought-after equilib-
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rium is computed from the consid-
ered game.

Theorem Eq Ex :
∀ g, ∃ s, Eq s ∧ g = s2g s.

Proof As we saw, (cBI g) is a wit-
ness for s. �

Skolemisation, the converse of de-
skolemisation, is not constructively
(intuitionistically) valid, although
it preserves classical validity (intu-
itionistic logic plus, e.g., excluded
middle). The transformation we give,
using deskolemisation, is construc-
tively acceptable and, thus, Theo-

rems BI fctEx, Eq fctEx, and Eq Ex

mark a gradual weakening. For the
first transition, this is true both con-
structively and classically, while in
the last step, we lose constructive in-
formation in the statement of the re-
sult (that, however, can be recovered
from the proof).

5 Conclusion

We have presented a fully-formalised
proof that a Nash equilibrium exists
for all non-cooperative, sequential
games. Our proof is constructive and
shows i) that the equilibrium can
be chosen uniformly in the consid-
ered game (starting from within),
ii) that the choice actually is com-
putable, and iii) that the computed
equilibrium point is of the more re-
stricted kind known as Backward
Induction. The basic properties we
identified and took advantage of are
a) that games are formal structures
in their own right and b) that the
Backward-Induction predicate can
be made into a total function on

games that computes a correspond-
ing Backward-Induction equilibrium,
using structural recursion.
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A “What is Coq?” [3]

“Developed in the LogiCal project,
the Coq tool is a formal proof man-
agement system: a proof done with
Coq is mechanically checked by the
machine. In particular, Coq allows:
• the definition of functions or

predicates,
• to state mathematical theorems

and software specifications,
• to develop interactively formal

proofs of these theorems,
• to check these proofs by a small

certification “kernel”.
Coq is based on a logical frame-
work called “Calculus of Induc-
tive Constructions” extended by a
modular development system for
theories. Coq also includes
• a mechanism for automatic gen-

eration of certified programs
from proofs of their specifica-
tions,

• a graphical user interface based
on gtk (CoqIde),

• a documentation tool (coqdoc),
• dependency and makefile genera-

tion tools for Coq (coq makefile
and coqdep),

• a preprocessor for TeX files that
include Coq commands (coq-
tex).
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Coq is written in the Objec-
tive Caml language and uses
the Camlp4 Pre-processor-pretty-
printer for Objective Caml. Coq is
distributed under the GNU Lesser
General Public Licence Version
2.1 (LGPL). The current stable
version of Coq is the 8.0. It is
currently available for Unix (in-
cluding Mac OS X) and Windows
95/98/NT/XP systems.”

[3]
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