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Conceptual Aim: Property Discovery

To start with testable information and
arrive at information that's consistent with observations.
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In�uence Graphs: Summarising {Kn,Sh}own Facts
Algebrai�cation of the functionality of interacting discr etisable objects

(Courtesy of and copyright ProteinLounge.com)
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Meta-Theory I: A Discrete Nash Theorem
a formal theory of dynamic stability in interaction [w/S. Le Roux, P. Lescanne & others]

De�nition (C/P Games: Gcp)

hA; S; ( a)a2A ; (Ca)a2A i

De�nition (Nash Eq: EqaN
Gcp(s))

8a 2 A ; s0 2 S : s a s0 ) : (sCa s0)

De�nition (Change of mind: CoM(Gcp))

! a , a \ Ca ! ,
S

a2A ! a

Lemma

EqaN
Gcp(s) , Out0CoM(Gcp) (s)

De�nition (Dynamic Nash: Eqcom
Gcp (

C
! ))

8s 2 C; s0 2 S : s! � s0 , s0 2 C

Lemma

Eqcom
Gcp (

f sg
! ) ^ (s 6! s) , EqaN

Gcp(s)

Lemma

Eqcom
Gcp (

C
! ) , Out0SG(CoM(Gcp)) (C)

Theorem

All �nite C/P games have
change-of-mind equilibria, Eqcom.

Eqcom are sustainable, inevitable, atomic, (Markovianly) recurrent, and more.
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Meta-Theory II: Interdictive, Cooperative C/P Games

De�nition (Interdictive, Cooperative C/P Games: iGcp)

hA; S; ; Ci , with ; C; !� S � S � 2A � 2A : +/- roles for agents.

Lemma

(EqaN
iGcp(s) , Out0CoM(iGcp) (s)) ^ (Eqcom

iGcp(
C! ) , Out0SG(CoM(iGcp)) (C))

De�nition (Preventing Equilibria and the Collapse of Pre-E quilibria)

Preventable( C! ) , + In0
SG(CoM(iGcp)) (C)

premin� Eqcom
iGcp(

C! ) , + Out0SG(CoM(iGcp)) (C)

premax� Eqcom
iGcp(

C! ) , Out0SG(+ CoM(iGcp)) (C)
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Cascaded Games Input: .pInf = In�uence Graphs ++
A formal speci�cation language for the algebra of interacti ng agents

(Courtesy of and copyright ProteinLounge.com)

.pInf: a formal speci�cation language
with graphical pretty-printing
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CG Step I: Turn In�uences into “Chemical Re actions”
Formalising the intended semantics of in�uences in the .ars intermediate language

Activation: Influence Graph : influences-activation_IG

A B

 Cascaded Game : influences-activation_CG_Refl-Trans

[B.0] [B.1]
A.1

Repression: Influence Graph : influences-repression_IG

A B

 Cascaded Game : influences-repression_CG_Refl-Trans

[B.1] [B.0]
A.1

Ad hoc: Influence Graph : influences-adhoc_IG

A B

 Cascaded Game : influences-adhoc_CG_Refl-Trans

[B.2] [B.5]
A.1

[B.7]
A.1

With a few special cases, e.g., for treating auto-in�uences .
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CG Step II: Cascade, with requested modality
Modelling points-of-interaction as �rst-class entities

Influence Graph : influences-cascading_IG

A B

Transitive Non-transitive

Re�exive Cascaded Game : influences-cascading_CG_Refl-Trans

[A.0] [A.1, B.0] [B.1]
A.1

[B.2]
A.1

A.1

Cascaded Game : influences-cascading_CG_Refl-Nontrans

[A.0]

[A.1, B.0]

[A.1, B.1]

[A.1, B.2]

A.1

A.1

A.1

Irre�exive Cascaded Game : influences-cascading_CG_Irrefl-Trans

[A.0] [A.1, B.0] [B.1]
A.1

[B.2]
A.1

Cascaded Game : influences-cascading_CG_Irrefl-Nontrans

[A.0]

[A.1, B.0]

[A.1, B.1]

A.1

[B.2]
A.1

Transitive: In�uencer (residually) effects more than one state change: subtle.

Re�exive: Maintainable in�uencee state: typical for collections.
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CG Step Ia: Handle Inhibitions/Priorities/. . .
and this is where the real interest lies!

Comparable In�uences on C:

Influence Graph : influences-inhibition-not_IG

B

A

C

 Cascaded Game : influences-inhibition-not_CG_Refl-Trans

[A.0] [A.1, C.1]
B.1

[C.0]
A.1
B.1

Prioritise, e.g., Repression of C:

Influence Graph : influences-inhibition_IG

B

A

C

 Cascaded Game : influences-inhibition_CG_Refl-Trans

[A.0] [A.1, C.1]
B.1

[C.0]
A.1

Exceptions, more generally:

 Cascaded Game : influences-inhibition-impl_CG_Refl-Trans

[C.0] [C.1]
~A.1&B.1

Higher-order inhibition, multi-in�uences, etc. speci�ab le in the .ars language.



Emergent Properties from In�uence Graphs, Feasibly

Cascaded Games

http://cascade.jaist.ac.jp/

Model Construction, Formally

First Step

“Turn .pInf in�uences into .ars actions.”

De�nition

For set E, let ARSE , 22E � 2E � 2E � 2E
.

De�nition

For r 2 rs 2 ARS, with r = Ss
Cs

�!
Is

Ps, let

� s (r) , Ss � p (r) , Ps � c (r) , Cs � i (r) , Is

De�nition (Cascadees: Cascdee(r))

� c (r) \ � p [rs] 6= ;^
(8 r0 : r0 6= r ) : ( � p(r0) = � s (r) ^ � c (r0) = � c (r)))

De�nition (Cascaded Players)

A rs ,
S

� c [rs]? � c (r)? , � c (r) \ � p [rs]

De�nition (Cascaded Synopses)

S poi
rs ,

S
r2 rsf � s (r) [ � c (r)? j Cascdee(r)g

[
S

r2 rsf � s (r) j : Cascdee(r)g

S rs , S poi
rs [

S
r2 rsf � p(r) j 8 n 2 S poi

rs : � p(r) 6� ng

De�nition (Perfect match)

S(r) , � s (r) [ � c (r)? E(r) , � p(r) [ ( � c (r)? n � s (r))

De�nition (Cascaded Change-of-Mind: ! rs)

For r 2 rs, s; e 2 S rs, consider hs; e; � c (r)? ; � i (r) i if
( � c (r)? 6= ; ^ S(r) 2 S rs

) s = S(r) k s � � s (r))
( � c (r)? 6= ; ^ E(r) 2 S rs

) e = E(r) k e � � p (r))
^ � i (r) \ s = � i (r) \ e = ;
^ � s (r) = � p(r) ) s = e

(P ) Q k R means (P ) Q) ^ (: P ) R)).

De�nition (Cascaded Games)

Gcasc
rs , hA rs; S rs; ! rsi
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In Other Words

We are looking for the equilibrium behaviours (“dynamic
stability”) of actors over their points of interaction,

arising from activation, repression, and inhibition.

In particular, actors and the objects they act on overlap.

Indeed, actors may be mutually regulating.

Example: proteins acted on by enzymes.
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Analysing Mitogen-Activated Protein Kinases
Resulting in the autopoietic (and non-scaffolded) ERK Pathway

Influence Graph : ERK_IG

MEK

ERK

[PP]

Ras

bRaf

cRaf

Pase1

Pase2 Pase3

 

Cascaded Game : ERK_CG_Irrefl-Trans_[]

[ERK.1, MEK.PP]

[ERK.P]
MEK.PP

[MEK.P]

Pase2.1

Pase3.1

[ERK.PP]MEK.PP

bRaf.* , cRaf.*
[MEK.1, bRaf.*]

Pase2.1

[MEK.1, cRaf.*]
Pase2.1

[MEK.PP]
bRaf.* , cRaf.*

Pase3.1

bRaf.*
[bRaf.1]Pase1.1

Ras.* [bRaf.*]
Ras.*

cRaf.* [cRaf.1]Pase1.1
Ras.*

[cRaf.*]Ras.*

Pase2.1

Pase1.1

Pase1.1
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� -Phage Infection of a Bacterium (e.g., E.Coli)
Another example of what can be observed

(Courtesy of [Ptashne'04].)

1 Injection & circularisation
of (barren) � -chromosome.

2 Complete transcription of
� , except for cI gene.

3 Initial decision to integrate
(lysogenise) or attack.

4 DNA-damage excises
lysogen, leading to attack.

Multi-infection possible.



Emergent Properties from In�uence Graphs, Feasibly

Cascaded Games

http://cascade.jaist.ac.jp/

� -Phage Gene Transcription and Protein Af�nities
i.e., the underpinning, testable facts of � -phage

(Courtesy of [Ptashne'04].)
Affinity

Cro + CI

Cro

Cro

CI

CI

CI at OR1 binds CI at OR2 and prevents Cro transcription.

CI at OR2 binds RNA polymerase at PRM.

Cro blocks cI transcription, if OR3 is free (not in lysogenised host).

RNA polymerase has high natural af�nity for P R.

At high concentrations, Cro binds at OR1: self-repression.
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� -Phage Biochemistry: expression levels and af�nity
Formalising the testable information

CI at OR1 binds CI at OR2 and prevents Cro transcription.

CI at OR2 binds RNA polymerase at PRM.

Cro blocks cI transcription, if OR3 is free (not in lysogenised host).

RNA polymerase has high natural af�nity for P R.

At high concentrations, Cro binds at OR1: self-repression.

Influence Graph : BacteriophageLambda-2var_IG

RNApolymerase cro

[2]

cI



Emergent Properties from In�uence Graphs, Feasibly

Cascaded Games

http://cascade.jaist.ac.jp/

� -Phage Cascaded Game: lysogenic & lytic replication

Cascaded Game : BacteriophageLambda-2var_CG_Refl-Trans_[]

[cI.0]

cro.1&~lysogen.1, cro.2&~lysogen.1

[cro.1] [cro.2]~cI.1&RNApolymerase.1
cro.2

[cI.1]

cI.1&~cro.2&~cro.1

[cI.1, cro.1]

cro.1&~lysogen.1

[cro.0]

cI.1
~cI.1&RNApolymerase.1

cI.1
[cI.1, cro.2]

cro.2&~lysogen.1

cI.1

Multi-graph: initial lysogenic/lytic decision not modelled.

Lytic cycle: Cro triggers replication, slows down for coating.
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Preventable Equilibria: early vs late lytic & � -immunity

Cascaded Game : BacteriophageLambda-2var_CG_Refl-Trans_[Prev]

[cro.1] [cro.2]~cI.1&RNApolymerase.1
cro.2

[cI.0]

cro.1&~lysogen.1, cro.2&~lysogen.1

[cI.1]

cI.1&~cro.2&~cro.1

[cI.1, cro.1]

cro.1&~lysogen.1

[cro.0]

cI.1
~cI.1&RNApolymerase.1

cI.1
[cI.1, cro.2]

cro.2&~lysogen.1

cI.1

Two distinct lytic cycles can be identi�ed, depending on how they may be prevented:

by a lysogen (other phage's CI), i.e., in the initial decision (aka early cycle),
V � -immunity: an infected host is immune from (early-cycle) � -attacks.

by the phage's own CI protein, i.e., ahead of induction (aka late cycle).
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Collapsible (pre-)Equilibria

Cascaded Game : BacteriophageLambda-2var_CG_Refl-Trans_[Min]

[cI.0]

cro.1&~lysogen.1, cro.2&~lysogen.1

[cro.1] [cro.2]~cI.1&RNApolymerase.1
cro.2

[cro.0]
~cI.1&RNApolymerase.1

cI.1

[cI.1]

cI.1&~cro.2&~cro.1

[cI.1, cro.1]

cro.1&~lysogen.1

cI.1
[cI.1, cro.2]

cro.2&~lysogen.1

cI.1
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Collapsible (pre-)Equilibria: prophage induction

Cascaded Game : BacteriophageLambda-2var_CG_Refl-Trans_[Min]

[cI.0]

cro.1&~lysogen.1, cro.2&~lysogen.1

[cro.1] [cro.2]~cI.1&RNApolymerase.1
cro.2

[cro.0]
~cI.1&RNApolymerase.1

cI.1

[cI.1]

cI.1&~cro.2&~cro.1

[cI.1, cro.1]

cro.1&~lysogen.1

cI.1
[cI.1, cro.2]

cro.2&~lysogen.1

cI.1

(Courtesy of [Ptashne'04].)
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Classic Formal Methods vs Property Discovery

Classic Formal methods
"Narration"

Model

"Question"

Property

Result

"Answer"

Tool

Cascaded Games
"Narration"

+Answers"
"Questions

.....

Specification

ModelModel

Tool

Emergent properties
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Cascaded Games: the Big(ger) Picture

"Narration"

+Answers"
"Questions

.....

Specification

ModelModel

Tool

Emergent properties

[A
bstraction]

[Classic FM]

8
>>>>>>>>><

>>>>>>>>>:

genesexpression

 proteinsinteraction

 pathwayshdynamicsi

 hbehaviour-as-objectsi ���

� � �
 species�tness

[Darwin, Maynard Smith]
 evolution

Low polynomial complexity: human genome-sized .pInf in 36hrs on PC.

Generic technology, requiring detailed domain knowledge:
Biologists, biochemists, biotechnologists, systems biologists,
physicists, IT security consultants, (mesh-routing people).
Minor .pInf changes may lead to major prediction changes.
Favoured application is validation of basic understanding!
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CMSB 2006: Kauffman/Thomas and Eqcom

with C. Chettaoui, F. Delaplace, P. Lescanne, M. Vestergaard

Kauffman/Thomas gene-regulation analysis is identifying Eqcom

1 using only trivial forms of agents, i.e., no interaction

2 on the (exponential-sized) state-space graph

3 constructed with no re�exive/transitive modalities

4 from K functions: “unambiguous in�uence graphs”.


