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Background: 1/2

Constructive Reverse Mathematics
@ Constructive Math.
= Intuitionistic Logic + Weak Fragment of Arithmetic
@ Constructive Reverse Math.
= Classifications of theorems or principles on constructive math.
@ Example:

Borzano-Weierstrass’s Thm. implies Heine-Borel’s Thm. (not vice versa)
2? Law of Excluded Middle implies 2‘1) De Morgan’s Law
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Background: 1/2

Constructive Reverse Mathematics
@ Constructive Math.
= Intuitionistic Logic + Weak Fragment of Arithmetic
@ Constructive Reverse Math.
= Classifications of theorems or principles on constructive math.
@ Example:

Borzano-Weierstrass’s Thm. implies Heine-Borel’s Thm. (not vice versa)
2(1’ Law of Excluded Middle implies 2‘1) De Morgan’s Law

Separation
@ Negative results on implications

@ Example:
Borzano-Weierstrass’s Thm. and Heine-Borel’s Thm. are separated
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Background: 2/2

Higher Order Arithmetic

@ Enough expressiability of higher order objects
e.g. reals, real functions, closed sets of reals...

@ Many theorems or principles can be expressed as a single formula
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Background: 2/2

Higher Order Arithmetic

@ Enough expressiability of higher order objects
e.g. reals, real functions, closed sets of reals...

@ Many theorems or principles can be expressed as a single formula

Hard and Easy Separations
Hard to refute derivability of I' | Vy: 7. + Yx:0.¢0

Easy to refute witnessed derivability
i.e. to show that thereisnoterm '+ 7: 7
s.t. I', x:0 | Wolt/y] F g 1s derivable

Kazuto Yoshimura (Japan Advanced Institute of An application of Weihrauch lattice to constructi June 6, 2014 4/35



My Recent Works

Syntactic Work
@ A reduction technic of hard separations into easy separations

@ Witness Extraction:

Existence Property of Intuitionistic Logic
ie. if '| A F dx:o.pg is derivable,
thereisaterm ' 7 : o s.t. T'| A F ¢o[t/x] is derivable
Dual Work (impossible in general)
ie. if I'| Vy: T4 F ¢ is derivable,
thereisaterm '+ 7: 7s.t. ' | Yo[t/y] + ¢ is derivable
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My Recent Works

Syntactic Work
@ A reduction technic of hard separations into easy separations

@ Witness Extraction:

Existence Property of Intuitionistic Logic
ie. if '| A F dx:o.pg is derivable,
thereisaterm ' 7 : o s.t. T'| A F ¢o[t/x] is derivable
Dual Work (impossible in general)
ie. if I'| Vy: T4 F ¢ is derivable,
thereisaterm '+ 7: 7s.t. ' | Yo[t/y] + ¢ is derivable

Semantic Work
@ Easy separations by Weihrauch lattice

@ Weihrauch lattice: a degree structure, discovered in computable analysis
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Syntactic Work : three witness extractions
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SIL: 1/6

Typed Lambda Calculus (1 -calculus)

Signature language + axioms for typing judgment (' 7 : o)
(i.e. type assignment for function symbols)

Specification signature + axioms for conversion judgment (I' -t = u : o)

meta variables

@ x,y,--- for variables

@ «a,pf,- - for base types

@ f,g,--- for function symbols

@ o,T,- - for types
ocgui=1l|a|lo>oo|loXxo

@ t,u,--- for terms
ta=0O ) fl, 0| Aot | 1) | (¢, t) | mt | 7't

@ I,A,-.- for type contexts, A for the empty context
I''=x1:01,-- ,x¢: 0% (x1,--- ,x; : distinct)
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SIL: 2/6

Extention of Language
Logical Constants : L

Predicate Symbols : =, P €Il (ITp: given)
Logical Connectives: A,V,—
Quantifiers 1 v,

Signature for SIL

A specification for typed lambda calculus equipped with a mapping
S P (01, ,0%) (TP eTlp)

P(—,---,—) : finite symbol sequence with holes as |S’ f|

Formula

(meta variables: ¢, ¥, x, )
pu=L|P@t---)|t=ctloA@loVele - @Axiop|Vxiop
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SIL: 3/6

Expressions
Typing Judgment: I' + ¢ : Prop
Sequent T OF (0,5, - for finite sequences of formulae)

Specification for SIL
A signature equipped with a set <7 of sequents (axiom set) closed under:

ro,xOZO'0,X120'1,F1|@I—l,0 ) r|®l-(,0 W)

Ty, x1:01,x0:00,1 |®OF ¢ ' ILx:o|OF¢ '
[xp:o,x1:0|OF @ @ I'rt:o [Lx:o|®OFe &

T, x0:0 | ®lxo/x1]+ @lxo/x1] | O[t/x] + ¢lt/x]

We denote by SIL the specification whose axiom set is empty

9/35
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SIL: 4/6

['|®o,%0,¥1,01 F ¢ @ eyt o [oery
F|@o,¢/1,l/lo,®1l—¢ F|®,l//l—(p F|®,l//|—()0

F'ery TlEYre

(Cut)
NRER !

“Y’ in (Cut) is called cut-formula

I'+ ¢:Prop " I'+ ¢:Prop . T|OF@)e o
| RN Lrog rere

()

I'tt=u:o

— (Eg)
TlAri=gu

I'kitg,t1: 0 I'x:0F ¢:Prop @

I'| to =0 11, @lti/ x] F l11-i/x]
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SIL: 5/6

e,yo,y ke ) 'Ok oty AR
1O, YoAY1+o COF @A g
e,k e FI®,¢I1F90(VL) FOF g I'+¢1-;:Prop _—
O,y Vst CIOF@oV e
@Fde T @dire 0 D@ -w
O,y =y t+o COF @) — ¢1

Kazuto Yoshimura (Japan Advanced Institute of An application of Weihrauch lattice to constructi June 6, 2014 11/35



SIL: 6/6

' O®,dx:0.4, ¢:Prop [y:o|O,¥ly/x]+ ¢

(aL)
re,dx:cytre
I'rt:o 'O F [t/x] -
I'oerdx:op
F'rt:o ' o,plt/x]+y o)
I'oe,Vx.op+-y
't O,VYx:0.0:Prop [y:o|®F ¢ly/x] W)

'eOrVvx:op
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The First Witness Extraction: 1/4

Admissible rules
The following rules are admissible over any specification 27

xp:ox1:0|OF @ roere

e (W),
I, xp:0 | Olxo/x1] + ¢[xo/x1] [Lx:o|®Fg

o, x0:00,x1:01, 11 |OF ¢ . I'rt:o ILx:o|®OFe

©)
Lo, x1:01,%0:00, 1 |O F ¢ L[ O[t/x] + ¢[t/x]

Cut-Elimination Thm.
Given a pure variable derivation over SIL, one finds an essential-cut free
derivation of the same conclusion

an essential-cut := a cut whose cut-formula is not atomic
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The First Witness Extraction: 2/4

Notation

Sub*(a)
Sub™(¢o V 1)
Sub™ (o A ¢1)

Sub* (o — ¢1)
Sub*(3x : o.¢p)
Sub*(Vx : o.¢p)

Sub™ (a)
Sub™(¢o V ¢1)
Sub™(¢o A ¢1)

Sub™ (g0 — ¢1)
Sub™ (dx : 0.¢0)
Sub™ (Vx : 0.¢0)

{a} (a : atomic)
Sub™ (o) U Sub™(¢1) U {go V @1}

Sub* (o) U Sub™ (¢1) U {go A ¢1)

Sub™(po) U Sub™ (¢1) U {¢o — 1}

Sub*(¢p) U {Ix : 0.0}

Sub* (¢p) U {Vx : 0.0}

0 (a : atomic)
Sub™(¢0) U Sub™(¢1)

Sub™ (¢) U Sub™(¢1)

Sub* (o) U Sub(¢1)

Sub™ (¢0)

Sub™ (¢0)

y
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The First Witness Extraction: 3/4

Positive Universal Quantification Free
@ A formula ¢ is p.u.f.
iff no formula of the form Yx: o/ belongs to Sub®(¢)

@ A specification o7 is p.u.f.
iff (/\ ®) — ¢is p.u.f. foreach (I'| O + ¢) € &

According usage:
p-e.f. (positive existencial quantificatioin free relative to p),
n.u.f. (negative universal quantificatioin free relative to p),
n.e.f. (negative existencial quantificatioin free relative to p),
q.f. (quantification free relative to p),...
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The First Witnhess Extraction: 4/4

Fact < Cut-Elimination Thm.
Assume that:

@ o/ is p.e.f. and n.u.f.

@ Yy is p.e.f. and n.u.f.

@ ¢isp.uf. and n.ef.

If T | Vy: 7t + @ is derivable over .7, there is a finite sequence tlf_, cee tklf_ of
terms s.t.

L yoltip/yl -+ s woltp/yl + @

is derivable over &/

Abbreviation
t} = ,nt) fTCFe:T is derivable
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The Second Witness Extraction: 1/3
p: fixed type

Parametrization
Let ¢ := Vy:1.¢g. Define:

Py = Vy:(p — 1).¥z:paolyz/y]

(z:the first flesh variable symbol)

I' | Yr F Pyr is derivable over SIL, and the converse one also derivable
whenever p is “inhabitant” relative to I'

Idempotency
p is idempotent iff p is “isomorphic” to p X p
i.e. there is a pair ¢ and u of terms s.t. the following judgments are derivable

@ Artu=(UAx:px):p—p
@ At ut=(Ax:pXpx):(pXp)— (0Xp)

4
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The Second Witness Extraction: 2/3

Positive Universal Quantification Free Relative to p

@ A formula ¢ is °p.u.f.
iff no formula of the form Yx:o.¢g (o # p) belongs to Sub®(¢)

@ An axiom set <7 is ’p.u.f.
iff (/\ ®) — pisPp.utf. foreach (I'| O + ¢) € &7
@ A specification is Pp.u.f. iff its axiom set is ’p.u.f.

According usage:
Pp.e.f. (positive existencial quantificatioin free relative to p),
Pn.u.f. (negative universal quantificatioin free relative to p),
Pn.e.f. (negative existencial quantificatioin free relative to p),
Pq.f. (quantification free relative to p),...
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The Second Witness Extraction: 3/3

Fact < Cut-Elimination Thm.
Assume that:
@ «/ isPp.e.f. and ’n.u.f.
@ Y isPp.e.f. and ’n.u.f.
@ pis”p.uf. andn.e.f.
@ p is idempotent
IfT'| Vy: 7. + ¢ is derivable over o7, there is a finite sequence

ny 7 of terms st

T | (Vz:ppolyz/yDIng" " /y), -+, (Vz:pdolyz/yDIag /1yl + ¢

is derivable over &/

Remark
From the resulting “witnessed” sequent, I' | (Vy:T.(g) F ¢ is derivable
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The Third Witness Extraction: 1/3

Signature of HA'*
Base Type Symbol:

Function Symbol

. § for successor function

N for natural number system
2 for two elements boolean

O for constants of type N
0,, 1, for constants of type 2
E for embedding of 2 into N
R for recursors

Ao(T')-formula

6 u= LN =Nyt | =2 [6VS|6AS|6—>6Tn<tNSIVn<ils
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The Third Witness Extraction: 2/3

Axioms of HA'*
@ Axioms for S, Oy
@ Axioms for E (and 0y, 1) as an embedding of 2 into N
@ Axioms for R? as a recursor

@ Induction Scheme:

I'| o[0/n], Vn:N.(¢p — @[n+ 1/n]) F Vn:N.@

(where ¢ : Vq.f.)

@ Ap-Comprehension Scheme:

IF'Ardp:(N—2).Yn:N.(6 & pn =, 13)

(where 6 : Ag(I', n: N)-formula, p : the first flesh variable)

@ Extensionality Scheme w.r.t. N:

I'|Vn:N.(ty =4 t1) F (An:N.tg) =n—o (An:Nty)
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The Third Witness Extraction: 3/3

Main Lemma < Cut-Elimination Thm.
Assume that:
@ </ is an extension of HA'* \ {Ag-comprehensions}
@ o/ isPp.ef. and ’n.uf.
@ Y is Pp.ef. and ’n.u.f.
@ ¢isPp.u.f. andn.ef.

IfT' | Yy: T4 + ¢ is derivable over <7, there is a term tf_v ~Ts.t

T (Vz:polyz/YDIEY " Iy + ¢

is derivable over &/

Remark

From the resulting “witnessed” sequent, I' | V(Vy: 7.¢) F ¢ is derivable
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Semantic Work : an interpretation into Weihrauch lattice
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Extended Weihrauch Lattice
Notation
(meta variable: F,G,--- C w® X w*)
@ Fla]:={B€w”: (a,p) € F}
@ supp(F) := {a € w? : Fla] # 0}

Weihruach Reducibility

Let (4, F) and (v, G) be two pairs such that:
@ supp(F) Cu C w?®
@ supp(G) Cv C w®

Define:

(u, F) <w (v, G)
& k1 : computable.”o € u.
ka le v & (@ € supp(F) = ka € supp(G) & Ka,B) L€ Fla])

9): the induced degree structure w.r.t. <y
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Main Theorem: 1/5

Main Theorem
There is an interpretation [[—]] from HA' into extended Weihrauch lattice 9
s.t. if A | Vy:Tap + ¥x:0.@g is derivable over HA*,

then [[900]])::0' 2W [[‘pO]]x:O' in ‘D
whenever:

@ Yo is Vp.e.f. and ¥n.uf.

@ ¢pis Vn.e.f. and Vp.uf.
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Main Thm.: 2/5

Proof:1/4

We use the standard semantics of SIL by f.o.f. (first order fibrations) with
Cartesian closed base category.

Int

T
FibSIL T SpecSIL
~—

where:
Specgy : metacategory of specifications of SIL
Fibgyr.: metacategory of f.o.f. with Cartesian closed base category
Int: constructions of internal theories
7 constructions of term models

In particular counit € of the above (pseudo) adjunction is a natural equivalence

We denote by Rep the type-2 realizability model

v
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Main Theorem: 3/5

Proof: 2/4
Define a translation T(—) from HA** to Int(Rep) by:
base type : N — w where w = (w, ), 0y : ip — i,

2+ 2where2 = (2,6,),6,: 0p — 0, 1p > 1
function symbol: Oy = (0: 1 > w), S - (—+1),0, > (0: 1 — 2),
Lb(1:1>52),Em (:2 > w),- - (Omit)
Define a subsystem 7 of Int(Rep) by:
@ Add tranlations (via T(-)) of axioms for S, Oy, E, 0, 15, R%,
Induction Scheme and Extensionality Scheme

@ Add T |A+T(Vn:N.(6 & pn = 12))[tZ§N—>2)/p]
iff it is an axiom of Int(Rep) and § is Ag(I', n: N)-formula

Then:
@ &/ is “p.ef. and “n.uf.
@ if I'| O r ¢ is deriv. over HA**, then T | 7@ r Ty is deriv. over o/

o’
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Main Theorem: 4/5

Proof: 3/4
For two formulae ¢, and ¥,,,.. over Int(Rep), define:

1
Pvg:or < wvozr
— thov s.t. vo:0 | Yygrltyy./Vol F ¢y is derivable over Int(Rep)

DRep: the induced degree structure w.r.t. <!

Then ?) has an embedding 7 into DRep which has a right adjoint «

K
/\
DRep T 9
\_/

s

Define [¢]lr := «™(¢r) for each formula ¢r over HAY
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Main Theorem: 5/5

Proof: 4/4
We obtain:

Al Vy:tgo+ Vx:o.p is derivable over HA**
= A| Yy:tyo+ Vx:io.g is derivable over HA*
=  A|TVy:rgo F VVx:iog is derivable over &7

T(N—
= x:'W-o0) | (Yw:Nyolyw/yDIr Y7 /31 F Vz: Nagolxz/x]

. . i
is derivable over .7 for some txgvo_")

=  Yoyr'> ™Moo
- KTN(lﬁ())y;T >w KTN((PO)x:a'
— [[‘//0]]y:7 =W [eollx.o

(Witness Extraction)
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Application: 1/3

LPO
LPO:=T|A+3dn:N.6V —-dn:N.6 (0 : Ao, n: N)-formula)

LLPO
LLPO =T | =(@n:N.6g A In:N.61) v =An:N.6g V -IAn:N.5;
(80,01 : Ag(I', n: N)-formula)

Proposition
Over HA'*, LLPO does not imply LPO
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Application: 2/3

Proof
Define:
LPOy := dn:N.pn=5 1, V-3an:N.pn =, 1,
LLPOy := —-dn:N.p2n) =, Ip Adn:N.pQCn+1) = 1)
— =dn:N.p2n) = 1, V-An:N.p2n+ 1) = 1,
We obtain:

LLPO implies LPO over HA**
— A|Vp:(N—>2).LLPOg + Yp:(N—2).LPOy is derivable over HAY
= [LLPOo[lp:n—2 2w [LPOo]lp:n—s2 (Main Theorem)

However [[LLPOg]l ):y—2 2w [LPOg[l .n—2 (V. Brattka & G. Gherardi, 2011).
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Application: 3/3

Remark
The separation of LLPO and LPO is valid even if we add the following
axioms to HA'*
@ MP:=T'|—-—dn:No+dn:N.S (0 : Ao(I', n: N)-formula)
@ CP =T |A+Yf:(N>N)>NVYa:N—N.3k:N.
VB:N—N.(Vi:N.(i < k — ai = Bi) > fa = fB)
@ CK:=T|ArYf:(N>2)>NIk:NYa:N—>2.fa <k

However the following axiom can NOT be added

@ Ag-CCA :=T|Vi:NAj:2.6 - Af:N—>2.Vi:N.6[fi/ ]
(0 : Ao, n: N)-formula)
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Conclusion
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Conclusion

Syntactic and Semantic Works
@ Reductions of hard separations into easy separations
@ Uses of Weihrauch lattice for easy separations

@ A combination of the above two yields a separation technic

Main Argument

Fix a semantic structure

Take its internal theory

°

@ Use proof theoretic technics

@ Conclude a structure or a property of the term model
°

Conclude a structure or a property of the original structure
via equivalence theorem
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Thank you for listening
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