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Ksmt for solving non-linear constraints⋆

F. Brauße1, K. Korovin1, M. Korovina2,4, and N. Th. Müller3

1 The University of Manchester, UK
2 A.P. Ershov Institute of Informatics Systems, Novosibirsk, Russia
3 Abteilung Informatikwissenschaften, Universität Trier, Germany

4
rita.korovina@gmail.com

We give a detailed overview of the ksmt calculus [BKKM19] developed in a
conflict driven clause learning framework for checking satisfiability of non-linear
constraints over the reals. The ksmt calculus successfully integrates strengths
of symbolical and numerical methods. The key steps of the decision procedure
based on this calculus contain assignment refinements, inferences of linear resol-
vents driven by linear conflicts, backjumping and constructions of local linearisa-
tions of non-linear components initiated by non-linear conflicts. In [BKKM19] we
showed that the procedure is sound and makes progress by reducing the search
space. This approach is applicable to a large number of constraints involving
computable non-linear functions, piecewise polynomial splines, transcendental
functions and beyond. In this setting we discuss resent and future research work.
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Generalizing Taylor models

for multivariate real functions ⋆
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We discuss data structures and algorithms for the approximation of multi-
variate real functions f : ⊆R

k → R. From the viewpoint of TTE[Wei00], these
approximations can be viewed as building blocks for representations. To this
end, we apply ideas from the field of Taylor models [MB01], thus generalizing
the approach taken in [BKM15]: On domains given as polytopes, functions are
approximated by polynomials with (possibly unbounded) interval coefficients. In
[DFKT14], there has been a related approach of a ‘function interval arithmetic’,
still lacking the aspects of data reduction in Taylor models.

As an application we aim at the field of SMT solving and present a prototypical
implementation: From a (symbolically defined) function f and a value c with
f(c) > 0 it derives a polytope P and a linear g with c ∈ P , g(c) > 0 and ∀x ∈ P :
f(x) > g(x) thus separating the graph of f and the point (c, 0). This property
is a core requirement for recent CDCL-style SMT solvers [BKKM19,CGI+18].
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On the transferability of results between

subcategories of spaces and locales

Matthew de Brecht⋆

Graduate School of Human and Environmental Studies, Kyoto University, Japan
matthew@i.h.kyoto-u.ac.jp

Let Ω : Top → Loc be the usual functor mapping topological spaces to
locales. It is well known that Ω restricts to an equivalence between the category
of sober spaces and the category of spatial locales, but this does not mean that
there is an equivalence between topological results on sober spaces and locale
theoretical results on spatial locales. For example:

(1) (Q,+) is a topological subgroup of (R,+).
(2) Every localic subgroup of a localic group is a closed sublocale [4].

It follows that (Q,+) is not a localic subgroup of (R,+), even though Q and R

are included in the sober space ∼ spatial locale categorical equivalence. These
discrepancies can occur because Ω does not preserve products, and the existence
of group operations such as +: Q×Q → Q depends on the product structure.

A further restriction of Ω yields an equivalence between the category QPol

of quasi-Polish spaces [1] and the category of countably presented locales [3].
Under this restriction, Ω now preserves all countable limits, and the categorical
equivalence starts to look more like an actual equivalence:

(3) Every quasi-Polish subgroup of a quasi-Polish group is a closed subspace.

Are there any extensions of QPol where the equivalence between spaces and
locales still behaves so well? At least for countably based spaces we have a partial
answer. Based on the results presented in [2], we argue that QPol is the largest
“reasonable” subcategory of countably based spaces where we can hope for such
a natural transfer of results between topology and locale theory.
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Algebra and its Applications, Springer (1988), 154–172.

⋆ This work was supported by JSPS Core-to-Core Program, A. Advanced Research
Networks and by JSPS KAKENHI Grant Number 18K11166.



König’s lemma and the decidable fan theorem in

reverse mathematics
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School of Science and Technology, Meiji University,
1-1-1 Higashi-Mita, Tama-ku, Kawasaki-shi, Kanagawa 214-8571, Japan

makotofujiwara@meiji.ac.jp

König’s lemma KL states that any infinite finitely-branching tree has an
infinite path. Weak König’s lemma WKL is the restriction of KL to infinite
binary trees. It is well-known in classical reverse mathematics [2] that KL is
strictly stronger than WKL over a subsystem RCA of second-order arithmetic.

The so-called fan theorem is first studied in Brouwer’s intuitionistic mathe-
matics, which is inconsistent with classical logic since a continuity principle is
involved in the assertion. In modern constructive mathematics, the decidable fan
theorem FAND(T01) which is consistent with classical logic plays an important
role, and it states that for any decidable predicate A, if ∀α ∈ {0, 1}N∃nNA (αn),
then ∃mN∀α ∈ {0, 1}N∃n ≤ mA (αn), where αn denotes the finite sequence con-
sisting of the initial segment of α up to length n. As mentioned in [3, Section
4.7.5], FAND(T01) is constructively equivalent to a generalized version FAND

which states that for any finitely-branching spread T and any decidable predi-
cate A, if ∀α ∈ T∃nNA (αn), then ∃mN∀α ∈ T∃n ≤ mA (αn). Here a spread is
an extended notion of infinite trees, and the complete binary tree {0, 1}N is a par-
ticular instance of spreads. If one formalizes FAND and FAND(T01) as schemata
with quantifier-free predicates A over intuitionistic analysis EL [3, Section 3.6],
then the former is a sort of contrapositive of KL while the latter is so for WKL
(cf. [3, Section 4.7.2]).

Motivated by this incomprehensible situation, we examine the proper relation
between KL, WKL, FAND and FAND(T01) over (some fragment of) EL which
contains the quantifier-free number-number choice QF-AC0,0 only. By such a
fine-grained investigation in the spirit of constructive reverse mathematics [1], as
a corollary, we have that KL and WKL are equivalent to FAND and FAND(T01)
respectively over the classical counterpart RCA of EL. Then it follows from the
above mentioned fact in classical reverse mathematics that some strong choice
principle is necessary for deriving FAND from FAND(T01) constructively.
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On two theories of Frege structure equivalent to

Feferman’s T0

Daichi Hayashi

Department of Philosophy and Ethics, Hokkaido University, Hokkaido, Japan,
d-hayashi@eis.hokudai.ac.jp

Explicit mathematics (EM) has been introduced by Feferman ([4]) as a frame-
work of Bishop’s constructive mathematics. Especially, Feferman gives an im-
predicative theory T0 of EM which has the inductive generation axioms (IG).
As a similar framework of set theory, Aczel’s Frege structure (FS) ([1]) has been
studied as truth theories over applicative theories (cf. e.g. [2]). As Aczel already
expected ([1]), EM and FS as formal theories are closely related, that is, for many
variants of EM we can find a proof-theoretically equivalent one of FS (cf. e.g.
[6]).

The purpose of this talk is to explore the further correspondence between
proof-theoretically stronger formulations of EM and FS. In this talk, we especially
give two theories of FS and show that they are proof-theoretically equivalent to
T0. Firstly, we formulate a truth theory corresponding to the theory LUN of Jäger
et al. ([5]), which can be in a sense regarded as an extension of Burgess-Kripke-
Feferman truth theory KFµ ([3]). Secondly, we extend Cantini’s supervaluation-
style truth theory (cf. [2]) by the limit axiom (cf. e.g. [6]).

This work is partially supported by JSPS Core-to-Core Program “Mathe-
matical Logic and its Applications.”
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Some Lifschitz-like realizability notions

separating non-constructive principles⋆

Takayuki Kihara

Nagoya University, Nagoya 464-8601, Japan
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Abstract. There is a way of assigning a realizability notion to each
degree of incomputability. In our setting, we make use of Weihrauch
degrees (degrees of incomputability of partial multi-valued functions)
to obtain Lifschitz-like relative realizability toposes. In particular, we lift
some separation results on Weihrauch degrees to those over intuitionistic
Zermelo-Fraenkel set theory IZF.

Keywords: Realizability topos · Constructive reverse mathematics ·

Weihrauch degree.

This is a contribution to constructive reverse mathematics initiated by Ishihara.
Here we do not include the axiom of countable choice ACω,ω in our base system of
constructive reverse mathematics, because including ACω,ω makes it difficult to
compare the results with Friedman/Simpson-style classical reverse mathematics.
Our aim is to separate various non-constructive principles which are equivalent
under countable choice, and our main tool is (a topological version of) Weihrauch
reducibility.

We discuss a hierarchy between LLPO and WKL which collapses under count-
able choice:

– The lessor limited principle of omniscience LLPO states that for any reals
x, y ∈ R, either x ≤ y or y ≤ x holds.

– The binary expansion principle BE states that every real has a binary ex-
pansion.

– The robust division principle RDIV states that for any reals 0 ≤ x ≤ y ≤ 1
there is z ∈ [0, 1] such that x = yz.

– The intermediate value theorem IVT states that for any continuous function
f : [0, 1] → [−1, 1] if f(0) and f(1) have different signs then there is a real
x ∈ [0, 1] such that f(x) = 0.

– Weak König’s lemma WKL states that every infinite binary tree has an infi-
nite path.

⋆ The author was partially supported by JSPS KAKENHI Grant 19K03602, 15H03634,
and the JSPS Core-to-Core Program (A. Advanced Research Networks).



2 T. Kihara

The principle RDIV is known to be related to problems of finding Nash equi-
libria in bimatrix games and of executing Gaussian elimination. The following
implications hold in Troelstra’s elementary analysis EL0:

BE

))❚
❚❚

❚❚
❚❚

WKL // IVT

))❙
❙❙

❙❙
❙

55❦❦❦❦❦❦❦

LLPO

RDIV

55❥❥❥❥❥❥

We use the infinite game version of Weihrauch reducibility. The game closure
of a Weihrauch degree d always induces a monad on the category Rep of rep-
resented spaces and relatively continuous functions, and the Kleisli morphisms
for this monad yield a realizability notion which obeys the original Weihrauch
degree d if d has the “unique choice” property. Combining Weihrauch separation
results with the above idea, we obtain the following:

Theorem 1. Each of the following items is internally valid in some realizability

models:

1. LLPO+ ¬RDIV + ¬BE.

2. RDIV + ¬BE.

3. BE+ ¬RDIV.

4. RDIV + BE+ ¬IVT.

5. IVT+ ¬WKL.



On Cut-Elimination for Cyclic Proof System of

Bunched Implication

Daisuke Kimura1 and Koji Nakazawa2
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One of the nice properties of the sequent-calculus style proof system is to
give us a way for mechanical proof-search procedures that find a proof of a given
sequent. A naive approach to extend the proof-search procedure with inductive
defined predicates is to apply unfolding inductively-defined predicates repeatedly
when the procedure encounters them. However this procedure would produce
infinite trees, which may not be represented in a finite way. This is an obstacle
when we try to develop an automated proof search.

A cyclic-proof system [1] is a sequent-calculus style proof system for proving
properties involving inductively defined predicates. A proof structure of a cyclic-
proof system is a finite tree with back edges. A back edge connects a bud, which
is an open assumption at a leaf position, and its companion, which is a node with
the same sequent to the bud. A condition called ”global trace condition” is also
required for ensuring soundness, since a proof figure with this cyclic structure is
not sound in general. This cyclic structure gives a solution for the issue described
above, since it naturally gives a finite representation of a class of infinite trees.
Several automated proof-search tools based on cyclic proofs for several logics,
such as classical logic and separation logic, have been proposed.

In this context, the cut-elimination property for cyclic-proof systems is not
only of theoretical interest, because needing arbitrary cuts would mean that
there is a limit to what one would be able to prove by a naive mechanical proof
search. Unfortunately some negative results that cyclic-proof systems for several
logics, such as classical logic, linear logic, and separation logic, do not enjoy the
cut-elimination property, have been reported.

The logic of bunched implication (BI), which is an extension of classical first-
order logic, offers a reasonable formalism for expressing properties of memory-
states and is used as an assertion language for verifying pointer-manipulating
programs. Although a cyclic-proof system for BI is already proposed [2], so far
it is not known whether this system enjoys the cut-elimination property. In this
talk we discuss this point.
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Computable analysis and exact real computation

in Coq⋆
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We present some of our recent work on the Incone library [2], a formaliza-
tion of ideas from computable analysis in the Coq proof assistant. The library
provides a generalized notion of a represented space [1] that can be used to assign
computational content to infinite objects such as real numbers and functions.

A representation for real numbers via rational approximations and realizers
for arithmetic operations and a limiting procedure can be defined by using the
types for real and rational numbers from Coq’s standard library. However, this
representation is not very useful for doing actual computations as it is extremely
inefficient. We develop a framework to easily study and compare more efficient
representations for exact real computation. We use this to give a fully formally
verified and efficient implementation of exact real computation in Coq based
on interval computation and consider several examples. As our algorithms rely
on Sierpinski space and the space of Kleeneans, we have developed some of
their theory too. To capture the semantics of non-sequential operations on these
spaces, such as the “parallel or”, we make use of the theory of multivalued
functions.

As we do not work in a constructive setting and make use of some of the more
complicated parts of Coq’s dependent type system, maintaining executability
required some effort. In particular, it has lead us to develop a framework of
continuous machines that captures the exact information about a continuous
function that is considered appropriate in computable analysis and may be of
separate theoretical interest.
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Labelled sequent calculi for relevant logics

Hidenori Kurokawa
1
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Abstract. Relevant logics have been one of the major classes of non-
classical logics extensively studied. Although in the earlier stage of devel-
opment they were studied axiomatically, relevant logics have also been
studied by a variety of semantic methods since a certain period in its his-
tory. Among them, Routley-Meyer’s ternary relational semantics intro-
duced in [4], where a ternary relation as a kind of “accessibility” relation
is used, has been one of the best known semantic methods for relevant
logics. Proof theory of relevant logics has also been developed, we have
practically no approach so far in proof theory of relevant logics in which
the following two items are combined: i) labelled sequent calculi in the
sense of [1], which use ternary relation symbols for expressing accessibil-
ity relations; ii) structural proof theory in the sense of [2] and [5], i.e.,
G3-style sequent calculi are used in which structural rules are admissible.
In this talk, we try to fill this gap in the literature. We first formulate G3-
style labelled sequent calculi for systems of relevant logics in [3] by way
of the indexed modality and canonical geometric formulas. Secondly, we
discuss semantic soundness and completeness of the labelled sequent cal-
culi with respect to Routley-Meyer semantics. Thirdly, we present some
lemmas, such as invertibility, admissibility of structural rules, and then
‘syntactic’ cut-elimination. One interesting feature of our approach is
that our labelled sequent calculi enjoy admissibility of structural rules,
although relevant logics are known as their substructural features. This
may raise a question: ‘structural rules are features a logic or a proof
system?’ (This talk is based on a joint work with Sara Negri.)

Keywords: relevant logic · Routley-Meyer semantics · labelled sequent
calculus · structural proof theory.
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Towards quantitative versions of the “Main

Theorem” of Computable Analysis

Donghyun Lim klimdhn@kaist.ac.kr and Martin Ziegler ziegler@kaist.ac.kr

School of Computing, KAIST, Daejeon, Republic of Korea

The Kreitz-Weihrauch (aka “Main”) Theorem of Computable Analysis [Wei00, The-
orem 3.2.11] characterizes continuity of functions in terms of continuous realizers.
Towards a computational complexity theory of spaces of continuum cardinality be-
yond real numbers/functions [KSZ16,AK18,Lim19], we explore quantitative versions
of the qualitative Main Theorem. Multifunctions are unavoidable in real computa-
tion [Luc77]. Classical mathematical notions like hemicontinuity for multifunctions
do not make said Main Theorem generalize. Inspired by [BH94], a new notion of
uniform continuity was developed in [PZ13, §4.1]:

Definition 1. A non-decreasing subadditive continuous real function µ : [0;∞) →
[0;∞) with µ(0) = 0 is called a modulus of continuity. For metric spaces (X, d) and
(Y, e), a total multifunction F : X ⇒ Y is called µ-continuous if it satisfies:

∀n ∈ N ∀x0 ∈ X ∃y0 ∈ F (x0)

∀x1 ∈ X ∃y1 ∈ F (x1) : e(y0, y1) ≤ µ
(

d(x0, x1)
)

∧

∀x2 ∈ X ∃y2 ∈ F (x2) : e(y1, y2) ≤ µ
(

d(x1, x2)
)

∧ . . . ∧

∀xn ∈ X ∃yn ∈ F (xn) : e(yn−1, yn) ≤ µ
(

d(xn−1, xn)
)

. (1)

Theorem 2. Suppose Y satisfies the Strong Triangle Inequality. Let G :⊆ C ⇒ Y

be pointwise compact and µ-continuous, for some arbitrary modulus of continuity

µ, with compact domain dom(G) ⊆ C. Then G admits a µ-continuous single-valued

selection g : dom(G) → Y .

Recall that the Strong Triangle Inequality means e(x, z) ≤ max
{

e(x, y), e(y, z)
}

and

the metric d : (x̄, x̄′) 7→ 2−min{n:xn 6=x
′

n
} on Cantor space actually satisfies the Strong

Triangle Equality. Note that a Lipschitz-continuous multifunction with domain [0; 1]
in general does not admit a continuous selection [PZ13, Fig.5]. Theorem 2 yields
an elegant quantitative counterpart to the qualitative Main Theorem, omitted here
due to limited space.
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It has been shown that some variants of cyclic proof systems for symbolic
heap entailments in separation logic do not enjoy cut elimination property. In
bottom-up proof search, we have to consider the cut rule, which requires some
heuristics to find cut formulas. Hence, it is expected to achieve some restricted
variant of cut rule which does not change provability and does not interfere
automatic proof search without heuristics.

In this work, we give a strict limit on this challenge. We propose a restricted
cut rule, called the presumable cut, in which cut formula is restricted to those
which may occur below the cut. We show that there is an entailment which is
provable with full cuts in cyclic proof system for symbolic heaps, but not with
only presumable cuts.

This work will be presented at the 15th International Symposium on Func-
tional and Logic Programming (FLOPS 2020).
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Heyting’s intuitionistic logic differs from classical logic in its rejection of the
law of excluded middle (LEM). Consequently, to assure that a classical theorem
is always derivable intuitionistically, some instances of LEM have to be assumed.
For instance, it is well-known that A ∨ ¬A is derivable in intuitionistic proposi-
tional logic once we assume each propositional variable p in A is decidable, i.e.
p ∨ ¬p is assumed. It is from this direction that Ishihara [1] questioned:

What set V of propositional variables suffices for ΠV , Γ ⊢i A whenever

Γ ⊢c A? (where ΠV = {p ∨ ¬p : p ∈ V })

The answer to this problem in [1] is that V = (V−(Γ )∪V+(A))∩(V+
ns
(Γ )∪V−(A))

suffices. (V+(A),V−(A) and V+
ns
(A) are sets of positive, negative and non-strictly

positive propositional variables in A)
Later, Ishii [2] presented different classes (that are incomparable with that

of [1]). These are any V ∈ V ∗(A) where V ∗(A) is defined inductively, by:
(V(A) denotes the set of all propositional variables in A.)

V ∗(p) = {{p}},

V ∗(⊥) = {∅},

V ∗(A ∧B) = {V1 ∪ V2 : V1 ∈ V ∗(A), V2 ∈ V ∗(B)},

V ∗(A ∨B) = {V1 ∪ V(B) : V1 ∈ V ∗(A)} ∪ {V(A) ∪ V2 : V2 ∈ V ∗(B)},

V ∗(A → B) = V ∗(B).

In this talk, we shall discuss some refinements on the result in [2]. We shall
observe that a full LEM in the assumption can often be replaced with weaker
axioms ¬¬p ∨ ¬p (WLEM) or ¬¬p → p (DNE) for the preservation of classical
theorem. This replacement in turn allows us to extend Ishii’s result to Glivenko’s

logic, a logic obtained by weakening the ex falso quodlibet axiom ⊥ → A (EFQ)
to its double negation ¬¬(⊥ → A) [3]. The talk will also discuss what classes of
atomic EFQ in addition to classes for LEM would suffice for the preservation.
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Classical descriptive set theory (DST) was extended by M. de Brecht from
the usual context of Polish spaces to the much larger class of quasi-Polish spaces
which contains many important non-Hausdorff spaces. Computable analysis es-
pecially needs an effective DST for reasonable effective versions of topological
spaces. Effective versions of classical Borel, Hausdorff and Luzin hierarchies are
naturally defined for every effective space but, as also in the classical case, they
behave well only for spaces of special kinds. Recently, a convincing version of
a computable quasi-Polish space (CQP-space for short) was suggested indepen-
dently in [1, 2].

Here we continue to develop effective DST in CQP-spaces where effective
analogues of some important properties of the classical hierarchies hold. Namely,
we develop an effective Wadge hierarchy (including the hierarchy of k-partitions)
in such spaces which subsumes the effective Borel and Hausdorff hierarchies (as
well as many others) and is in a sense the finest possible hierarchy of effective
Borel sets. In particular, we show that levels of such hierarchies are preserved
by the computable effectively open surjections, that if the effective Hausdorff-
Kuratowski theorem holds in the Baire space then it also holds in every CQP-
space, and we extend the effective Hausdorff theorem for CQP-spaces [3] to
k-partitions. We hope that these results (together with those already known)
show that effective DST reached the state of maturity.

References
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Confluence is a property that guarantees uniqueness of computation results
and plays a crucial role to control nondeterminism of rewriting-based computa-
tion. Huet’s parallel closedness [1] is one of fundamental theorems for proving
confluence of term rewrite systems. In order to show its correctness Huet em-
ployed a special induction measure. Although most part of his proof is straight-
forward, arguing decreasingness of the measure is notoriously difficult [2–4]. In
this talk we propose an alternative measure. With the new measure decreasing-
ness follows trivially.
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As is well known, the collection K(X) of all non-empty compact subsets of a
compact Hausdorff space X is a compact Hausdorff space again with respect to
the Vietoris topology. The functor K defines a monad (K, η, U), where ηX maps
points x ∈ X to {x}, and UX compact sets IK ∈ K(K(X)) to their union

⋃
IK.

In this talk a constructive version of the result will be presented. We work
in intuitionistic logic extended by inductive and co-inductive definitions (cf.
Berger [1, 2]). As in Berger/Spreen [3], only compact Hausdorff spaces X are
considered that come equipped with a distinguished finite set D of continuous
endo-functions the ranges of which cover the underlying space. By allowing the
endo-functions d ∈ D to be of any finite arity ar(d) a unified framework can be
set up covering both, the point set case as well as that of compact hyper-spaces
such that all essential properties are inherited from X to K(X).

Let co-inductively CX be the largest subset of X so that

x ∈ CX → (∃d ∈ D)(∃y1, . . . , yar(d) ∈ CX)x = d(y1, . . . , yar(d)).

Then it follows that X = CX . We only work with the subspaces CX .
In [2] a co-inductive inductive characterisation of the uniformly continuous

maps f : [0, 1]n → [0, 1] has been given. It can be extended to the more general
case of spaces considered here and is used to define the hom-sets of the category.

By constructively reasoning on the basis of co-inductive and/or inductive
definitions computational content is derived. Realisability facilitates the extrac-
tion of algorithms from the corresponding proof. The framework presented here
in particular allows to deal with compact-valued maps and their selection func-
tions. Maps of this kind abundantly occur in applied mathematics. They have
applications in areas such as optimal control and mathematical economics, to
mention a few. In addition, they are used to model non-determinism.
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Artemov and Protopopescu (2016) gave an intuitionistic epistemic logic based
on a verification reading of the intuitionistic knowledge in terms of Brouwer-
Heyting-Kolmogorov interpretation. They proposed that a proof of a formula
KA (read “it is known that A”) is the conclusive verification of the existence
of a proof of A. Then A ⊃ KA expresses that, when a proof of A is given, the
conclusive verification of the existence of the proof of A can be constructed.
Since a proof of A itself is the conclusive verification of the existence of a proof
of A, they claimed that A ⊃ KA is valid. But KA ⊃ A (usually called factivity

or reflection) is not valid, since the verification does not always give a proof.
They provided a Hilbert system of intuitionistic epistemic logic IEL as the intu-
itionistic propositional logic plus the axioms schemes K(A ⊃ B) ⊃ KA ⊃ KB,
A ⊃ KA and ¬K⊥. They also gave the Kripke semantics for IEL and proved
the Hilbert system is sound and complete for the semantics.

We study the first-order expansion QIEL of IEL, where Kripke semantics
for QIEL is naturally defined. We propose the sequent calculus for QIEL. The
sequent calculus for propositional IEL has been given by Krupski and Yatmanov
(2016), though one inference rule in their system for IEL does not satisfy the
subformula property. This talk gives a new analytic sequent calculus G(QIEL)
of the first-order intuitionistic epistemic logic.

As corollaries of the syntactic cut-elimination theorem, G(QIEL) enjoys the
disjunction property and the existence property. Furthermore, Craig interpola-
tion theorem of G(QIEL) holds. Finally, with the method of Hermant (2005), we
also establish the cut-free completeness of G(QIEL), which implies a semantic
proof of cut-elimination theorem of G(QIEL).
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A cyclic proof system, called CLKID-omega, gives us another way of rep-
resenting inductive definitions and efficient proof search. The 2006 paper by
Brotherston [1] showed that the provability of CLKID-omega includes the prov-
ability of LKID, first order classical logic with inductive definitions in Martin-
Löf’s style, and conjectured the equivalence. The equivalence had been left as
an open question until 2011 [2]. This talk gives a counterexample to this conjec-
ture and shows that CLKID-omega and LKID are indeed not equivalent. This
talk considers a statement called 2-Hydra in these two systems with the first-
order language formed by 0, the successor, the natural number predicate, and
a binary predicate symbol used to express 2-Hydra. Then this talk shows that
the 2-Hydra statement is provable in CLKID-omega, but the statement is not
provable in LKID, by constructing some Henkin model where the statement is
false.
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