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1. Monads

Definition
Let C be a category. A monad consists of an endofunctor
F : C Ñ C together with two natural transformations η : IdC Ñ F
and µ : F2 Ñ F so that for any X P C,

µX˝FpµX q “ µX˝µFpX q and µX˝ηFpX q “ µX˝FpηX q “ IdFpX q .

Example

Let P : SETÑ SET be the powerset functor. Define

ηX pxq :“ txu and µX pXq “
ď

X,

where X is a set and X P PpPpX qq. Then pP, η, µq is a monad.



Theorem (E. Michael (1951))

Let pX , τq be compact Hausdorff and KpX q the set of all
non-empty compact subsets of X . Then:

1. KpX q is compact Hausdorff w.r.t. the Vietoris topology τV ,
generated by the sets

rU; V1, . . . ,Vns :“ tA P KpX q | A Ď U ^

p@1 ď i ď nqAX Vi ­“ Hu,

for U,V1, . . . ,Vn open in X .

2. For compact subsets K of KpX q,
Ť

K is compact.

Lemma
For compact metric space X , KpX q is a compact metric space with
the Hausdorff metric. The metric topology coincides with the
Vietoris topology.



Let CM be the category of all compact metric spaces with
continuous maps as morphisms. For morphisms f : X Ñ Y let

Kpf qpAq :“ f rAs,

that is, Kpf qpAq the direct image of A under f . Then it follows for
η and µ as above that pK, η, µq is a monad.

Our aim is to derive an analogous result in a framework that allows
to compute with the elements of the spaces under consideration.
We will follow the line of research of U. Berger et al. in which one
works in an intuitionistic logic extended by inductive and
co-inductive definitions.

Spaces under consideration will have a co-inductive
characterisation from which by a suitable realisability interpretation
trees representing the elements of the spaces can be extracted with
which one computes.



2. Iterated function systems

Let pX , δq be a compact metric space and D be a finite set of
contractions d : X Ñ X . Then pX ,Dq is called iterated function
system (IFS).

Definition
An IFS pX ,Dq is said to be covering if

X “
ď

t rangepdq | d P D u.

The covering condition allows to characterise X co-inductively.

Definition
Define CX co-inductively to be the largest subset of X such that
for all x P X ,

x P CX Ñ pDd P DqpDy P CX q x “ dpyq.



Lemma
Let pX ,Dq be a covering IFS. Then

X “ CX .

Proof.
By definition, CX Ď X . The converse inclusion follows by
co-induction. Because pX ,Dq is covering, the defining implication
of CX remains correct if CX is replaced by X .



The existential quantifiers in the definition of CX need to be
interpreted constructively. Then by applying the definition of CX

again and again, one obtains a sequence d0, d1, . . . of maps in D so
that

x P
č

n
rangepd0 ˝ ¨ ¨ ¨ ˝ dn´1q.

Note that since X is compact,

č

n
rangepd0 ˝ ¨ ¨ ¨ ˝ dn´1q ­“ H.

Contractivity of the d , on the other hand, implies that

‖
č

n
rangepα0 ˝ ¨ ¨ ¨ ˝ αn´1q‖ ď 1.

Hence, the sequence α :“ d0, d1, . . . uniquely determines x .



3. The case KpX q
In case of points x , we characterised x by determining a d P D
with x P rangepdq. In the case of compact sets K , we will
characterise K by a finite subset D 1 of D such that d P D 1 exactly
if K hits rangepdq.

For d1, . . . , dr P D define

rd1, . . . , dr spK1, . . . ,Kr q :“
ďr

i“1
di rKi s “

ďr

i“1
Kpdi qpKi q.

Note that rd1, . . . , dr s : KpX qr Ñ KpX q is contracting. Let

KpDq :“ t rd1, . . . , dr s | d1, . . . , dr P D pairwise distinct u.

Then KpDq is finite and pKpX q,KpDqq is an extended IFS.



Lemma
If pX ,Dq is covering, so is pKpX q,KpDqq.

Definition
Define CKpX q co-inductively to be the largest subset of KpX q such
that for all K P KpX q,

K P CKpX q Ñ pDrd1, . . . , dr s P KpDqq
pDK1, . . . ,Kr P CKpX qqK “ rd1, . . . , dr spK1, . . . ,Kr q.

Lemma
Let pX ,Dq be a covering IFS. Then

KpX q “ CKpX q.



4. Products

Let X1, . . . ,Xn be compact metric spaces and X1 ˆ ¨ ¨ ¨ ˆ Xn

endowed with the maximum metric. Then X1 ˆ ¨ ¨ ¨ ˆ Xn is
compact as well.

Assume that pX1,D1q, . . . , pXn,Dnq are extended IFS and let

sD :“ max t arpdq | d P
Ťn

i“1 Di u.

Replace d P Di by d̂ with

d̂px1, . . . , xsD q :“ dpx1, . . . , xarpdqq,

for x1, . . . , xsD P Xi . For di P Di (1 ď i ď n) define

xd1, . . . , dnyppx
p1q
1 , . . . , x

p1q
n q, . . . , px

psDq
1 , . . . , x

psDq
n qq

:“ pd1px
p1q
1 , . . . , x

psDq
1 q, . . . , dnpx

p1q
n , . . . , x

psDq
n qq.



Set

Πn
i“1Di :“ t xd1, . . . , dny | pd1, . . . , dnq P

Śn
i“1 Di u.

Proposition

Let pX1,D1q, . . . , pXn,Dnq be extended IFS. Then also

n
ą

i“1

pXi ,Di q :“ p
n

ą

i“1

Xi ,Π
n
i“1Di q

is an extended IFS. Moreover,

1. If pXi ,Di q is compact, for all 1 ď i ď n, so is
Śn

i“1pXi ,Di q.

2. If pXi ,Di q is covering, for all 1 ď i ď n, so is
Śn

i“1pXi ,Di q.



5. The case KpKpX qq
In order to obtain a finite set of covering maps it seems natural to
iterate the above construction. Consider

rrd
p1q
1 , . . . , d

p1q
r1 s, . . . , rd

pnq
1 , . . . , d

pnq
rn sspK1, . . . ,Knq

:“
n

ď

i“1

Kprd piq1 , . . . , d
piq
ri sqpKi q.

A set K P K2pX q is covered by the range of this map, just if its
elements K are such that for some 1 ď i ď n, K hits exactly the

ranges of the maps d
piq
1 , . . . , d

piq
ri .

The map rrd
p1q
1 , . . . , d

p1q
r1 s, . . . , rd

pnq
1 , . . . , d

pnq
rn ss has type

KpKpX qr1q ˆ ¨ ¨ ¨ ˆKpKpX qrnq Ñ K2pX q.

Thus pK2pX q,K2pDqq is not an extended IFS.



Assume that pX ,Dq is a compact IFS with arpdq “ 1 (d P D).
Then the maximal arity of some ~d P KpDq is mpDq :“ }D}.

We write
KpX q ÐÝÝÝ

KpDq
KpX qmpDq

to mean that all ~d P KpDq are of type KpX qmpDq Ñ KpX q.
By definition of the product we have that

KpX qmpDq ÐÝÝÝÝÝÝÝÝ
ΠpKpDqmpDqq

pKpX qmpDqqmpDq.



Proceeding in this way we obtain a co-chain

KpX q0 ÐÝÝÝÝ
KpDq0

KpX q1 ÐÝÝÝÝ
KpDq1

¨ ¨ ¨

with

KpX q0 :“ KpX q KpDq0 :“ KpDq

KpX qi`1 :“ pKpX qi qmpDq KpDqi`1 :“ ΠpKpDqmpDqi q

so that
KpX qi ÐÝÝÝ

KpDqi
KpX qi`1.



By the functoriality of K we have

K2pX q “ KpKpX q0q ÐÝÝÝÝÝÝ
KpKpDq0q

KpKpX q1qmpKpDq0q

and
KpKpX q1q ÐÝÝÝÝÝÝ

KpKpDq1q
KpKpX q2qmpKpDq1q.

Hence, by the definition of the product

KpKpX q1qmpKpDq0q ÐÝÝÝÝÝÝÝÝÝÝÝÝÝ
ΠpKpKpDq1qmpKpDq0qq

pKpKpX q2qmpKpDq0qqmpKpDq1q.



Again we obtain a co-chain

K2pX q0 :“ K2 K2pD0q :“ K2pDq

K2pX q
1 :“ KpKpX q1qmpKpDq0q K2pDq1 :“ ΠpKpKpDq1qmpKpDq0qq

K2pX qi`1 :“ p¨ ¨ ¨ pKpKpX qi`1q
mpKpDq0qq ¨ ¨ ¨ qmpKpDqi q

K2pDqi`1 :“ ΠpΠp¨ ¨ ¨ΠpKpKpDqi`1q
mpKpDq0qq ¨ ¨ ¨ qmpKpDqi qq

Definition
A family pXi ,Di qiPN is a co-chain structure if for all i P N, Xi is a
compact metric space and Di a finite set of contractions
Xi`1 Ñ Xi , that is

Xi ÐÝ
Di

Xi`1.



Let ppXi , ρi q,Di qiPN be a co-chain structure of covering extended
IFS. Set

Z :“
ď

iPN
tiu ˆ Xi , DpZ q :“

ď

iPN
tiu ˆ Di .

Define

ρppi , xq, pj , yqq :“

#

ρi px , yq if i “ j ,

8 otherwise.

Then ρ is an 8-metric on Z .



Moreover, for pi , dq P DpZ q and pj , xq P Z set

pi , dqpj , xq :“ pi , dpxqq

if j “ i ` 1. Otherwise, let pi , dq be undefined. Then pZ ,DpZ qq is
a covering generalised IFS, that is

Z “
ď

pi ,dqPDpZq
rangeppi , dqq.

Let CZ be the co-inductively defined largest set such that for
pi , xq P Z ,

pi , xq P CZ Ñ pDpi , dq P DpZ qqpDpi`1, yq P Z q pi , xq “ pi , dqpi`1, yq.

Then (classically)
CZ “ Z .

Set CX0 :“ t x | p0, xq P CZ u.



6. Morphisms

Let pXi ,Di qiPN, pYi ,Ei qiPN be co-chain structures and

X :“
ď

iPN
tiu ˆ Xi , Y :“

ď

iPN
tiu ˆ Yi , E “

ď

iPN
tiu ˆ Ei .

Moreover, for m ą 0, j P N, and j1 ď ¨ ¨ ¨ ď jm P N let

FpX ,Y qpjqj1,...,jm :“ t f : Xm á Y |

dompf q “
ąm

ν“1
tjνu ˆ Xjν ^ rangepf q Ď tju ˆ Yj u,

FpX ,Y qj1,...,jm :“
ď

tFpX ,Y qpjqj1,...,jm | j P N u,

FpX ,Y qpjq :“ tFpX ,Y qpjqj1,...,jm | j1 ď ¨ ¨ ¨ ď jm P N u,

FpX ,Y q :“
ď

mą0,jPN

ď

j1ď¨¨¨jm

FpX ,Y qpjqj1,...,jm .



The following is a generalisation of U. Berger’s co-inductive-
inductive characterisation of the uniformly continuous functions on
the unit interval.

Define Φ : PpFpX ,Y qq Ñ pPpFpX ,Y qq Ñ PpFpX ,Y qqq by

ΦpF qpG q :“t f P FpX ,Y q |

rpDpi , eq P E qpDh P F X FpX ,Y qpi`1qq f “ pi , eq ˝ hs _

rpDj1 ď ¨ ¨ ¨ ď jarpf q P Nq f P FpX ,Y qj1,...,jarpf q
^

pD1 ď ν ď arpf qqp@d P Djν qf ˝ pjν , d
pν,arpf qqq P G s u

where

d pν,mqppj1, x1q, . . . , pjm, xmqq :“

ppj1, x1q, . . . , pjν´1, xν´1q, pjν , dpxνqq, pjν`1, xν`1q, . . . , pjm, xmqq,

for xκ P Xjκ (κ P tj1, . . . , jmuztjνu) and xν P Xjν`1.



Set
J pF q :“ µΦpF qpG q.

Then J pF q is the least subset G of FpX ,Y q so that

W If pi , eq P E and h P F X FpX ,Y qpiq then
pi , eq ˝ h P G .

R If f P FpX ,Y q and ν, j1, . . . , jarpf q P N so that

§ j1 ď ¨ ¨ ¨ ď jarpf q and f P FpX ,Y qνj1,...,jarpf q

§ 1 ď ν ď arpf q and for all d P Djν ,
f ˝ d pν,arpf qq P G ,

then f P G .

Set

CFpX ,Y q :“ νJ and CFpX0,Y0q
:“ CFpX ,Y q X

ď

mą0

FpX ,Y qp0q
0pmq

where x pmq :“ px , . . . , xq (m times).



7. Category

§ Objects: CKnpX q0 , for compact metric IFS pX ,Dq, n P N.

§ Morphisms: HompCKnpX q0 ,CKmpY q0q :“ CFpCKnpXq0
,CKmpY q0

q

For a co-chain structure X “ pXi ,Di qiPN set

ηX p0, xq :“ p0, txuq

ηX pi ` 1, xq :“ pi ` 1, p¨ ¨ ¨ ppx pmpD0qqqpmpD1qqq ¨ ¨ ¨ qpmpDi qqq

Then ηX pi , xq P tiu ˆKpXi q. Moreover,

ηX P CFpX ,KpX qq.

where KpX q :“
Ť

iPNtiu ˆKpXi q.



In addition, define

UX p0,Kq :“ p0,
ď

Kq

UX pi ` 1,Kq :“ pi ` 1, x¨ ¨ ¨ xx
ďpmpD0qq

ypmpD1qqy ¨ ¨ ¨ypmpDi qqpKqq.

Then U P CFpK2pX q,KpX qq.


