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NOISY  
CHANNEL

Just Enough Information Theory 

X ⇠ pX(x) Y

Claude Shannon: 
mutual information 

is the highest 
achievable rate
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Highest Achievable Rate for a 
Communications over a Quantized Channel
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Comparison of Optimization Problems
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Channel Quantization



Motivation 1:  “Digitization”
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Given a continuous-output channel, we want to create a discrete version

• For example, digital circuits deal with discrete values.

• A quantizer Q maps real values Y to discrete values Z 2 {1, . . . ,M}

• By the data-processing inequality: I(X;Y) � I(X;Z).

• How to choose the “quantization boundaries”?
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X. Ma, X. Zhang, H. Yu, and A. Kavcic, “Optimal quantization for soft-decision decoding revisited,” in Proc. Int. 
Symp. Inform. Theory Appl., Xian, China, Oct. 2002



Z

“Quantization” of Discrete Memoryless Channel
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Pr(Y|X) Q

Y

X
Q
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Motivation 2: Lookup Tables for Decoding

Li is a noisy version of Xi  
Z is a noisy version of X3

Encoder-side function f
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Decoder-side lookup-table
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(2,1)
(2,2)
(3,1)
(3,2)
(2,3)
(3,3)
(2,4)
(1,1)
(3,4)
(1,2)
(4,1)
(1,3)
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(1,4)
(4,3)
(5,1)
(4,4)
(5,2)
(5,3)
(6,1)
(5,4)
(6,2)
(6,3)
(6,4) Lookup table: 

Z = LUT( L1 , L2 ) 
Factor Graph
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J. Lewandowsky, M. Stark, and G. Bauch, “Information bottleneck graphs for receiver design,” in Proceedings of 
IEEE International Symposium on Information Theory. IEEE, July 2016, pp. 2888–2892.  



Handwriting Recognition is  
Typical Example of Classification

 9Wikimedia/Josef Steppan using MNIST data set

→          0 
→          1 
→          2 
→          3 
→          4 
→          5 
→          6 
→          7 
→          8 
→          9

0        → 
1        → 
2        → 
3        → 
4        → 
5        → 
6        → 
7        → 
8        → 
9        →

input X noisy observation Y estimate Z

Deep neural networks solve this problem well, but are a bit complicated



Simple Example of Classification
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one-pixel 
camera

output: one color



Simple Example of Classification
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strawberry

durian

kiwi
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Goal and Outline
Discuss tools for classification which can be applied to channel quantization 

Can find effective or even optimal methods for channel quantization 

Outline 
• K-Means algorithm with Euclidean metrics 

• K-Means with generalized metrics 

• “convexity theorem” by Burshtein et al 

• Backwards channel perspective 

• Three particular cases: 

• Quantizaiton of arbitrary DMC using K-Means 

• Optimal quantization of binary input DMC using dynamic programming 

• Quantization of binary-input, continuous-output channels
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K-Means Algorithm 

K-means algorithm partitions n observations into k 
clusters — each observation belongs to the cluster 
with the nearest mean.  Can also be seen as vector 
quantization. 

Attempts to minimize mean-squared of quantization 

Not optimal, but works well.  Widely used in machine 
learning.

 13

min
Q

E
⇥
(X�Q(X))2

⇤
<latexit sha1_base64="n3wXQ4TLEw7EaicQjKcyU3xU4LU="></latexit>



K-Means Algorithm 

K-means algorithm partitions n observations into k 
clusters — each observation belongs to the cluster 
with the nearest mean.  Can also be seen as vector 
quantization. 

Attempts to minimize mean-squared of quantization 

Not optimal, but works well.  Widely used in machine 
learning.

 14

min
Q

E
⇥
(X�Q(X))2

⇤
<latexit sha1_base64="n3wXQ4TLEw7EaicQjKcyU3xU4LU="></latexit>



Two Observations 
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x
m1 m2

R2R1

m3 m4

R3 R4
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K-Means Algorithm with Euclidean 
Distance Metric

1. given n-dimensional data set, randomly choose 
K means (centroids) 

2. Assignment step K clusters consists of data 
points closest to its mean in Euclidean 
distance 

3. Update step move the mean to the center of 
the cluster 
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iterate

wikipedia

Nearest in Euclidean-distance sense.  What about other metrics?



K-Means with Generalized Metrics

Change the Assignment/Update “local” function in the to match the objective function.
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min
Q

E
⇥
(X�Q(X))2

⇤
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Euclidean distanceGeneralize  
objective function: 

KL divergence, Gini index, 
Hamming error, Itakura-Saito, 
logistic loss, etc.

1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005

Chou 1991 — Generalized K-means algorithm 
with a KL divergence and other metrics

Burshtein et al 1992 An optimal cluster is 
convex for a wide variety objective functions

Coppersmith et al 1999   Similar to 
Burshtein et al, clusters are separated by a 
hyperplane.



K-Means with Generalized Metrics
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1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005

Tishby et al 1999  Information bottleneck method.  
K-means with KL divergence is a special case

Chou 1991 — Generalized K-means algorithm 
with a KL divergence and other metrics

Burshtein et al 1992 An optimal cluster is 
convex for a wide variety objective functions

Coppersmith et al 1999   Similar to 
Burshtein et al, clusters are separated by a 
hyperplane.

Two independent streams: Tishby et al, Banerjee et al did not cite the Chou stream.

Kogan et al 2003.  K-means algorithm using KL 
divergence “KL Means” algorithm

Banerjee et al 2005   Generalized K-means for 
Bregman divergences, including KL divergence, etc.

Banerjee et al 2005 “Update step” uses same 
centroid calculation for many metrics



Optimality of Assignment Step
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Significance: for a wide variety of objective functions, the search 
can be restricted to convex clusters.

Consider a broad class of convex objective functions. 
There exists an optimal assignment such that each 
cluster is a convex set in the “backward channel” 



Z

Original Problem: Maximization of Mutual Information
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Pr(Y|X) Q

Y

X
Q

Given a discrete memoryless channel
and input distribution pXY(x, y),
find the quantizer Q which maximizes
mutual information:

Q⇤ = argmax
Q

I(X;Z)

with |Z| < |Y|.

|Z| � |Y| is trivial.
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Problem Setup and Backwards Channel
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Visualizing the “Means” 
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Y

X
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quantizer 
outputs 
Z

Z

Y

X

cluster

Visualizing the “Means” 
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From Mutual Information to KL Divergence

 28
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Three Particular Cases

1. General discrete quantization:  

1. K-Means with KL Divergence metrics “KL-Means” 

2. Information bottleneck method 

2. Binary-input, discrete output quantization: Dynamic programming quantization 

3. Binary-input, continuous-output quantization with arbitrary noise

 29



K-Means With KL Divergence Metric

Min KL divergence = max. mutual information 

 30
A. Zhang and B. Kurkoski, “Low-Complexity Quantization of Non-Binary Input DMCs” ISITA 2016.

Consider random vector versions:

U =
⇥
Pr(X = 1|Y), . . . ,Pr(X = J |Y)

⇤

V =
⇥
Pr(X = 1|Z), . . . ,Pr(X = J |Z)

⇤

Then, it can be shown:

I(X;Y)� I(X;Z) = E
�
D(U||V)

�

D(·||·) is the Kullback-Leiber divergence
and E is expectation.

Q⇤ = argmax
Q

I(X;Z) = argmin
Q

E
�
D(U||V)

�

“KL-Means algorithm” replace Euclidean distance with KL distance



K-Means With KL Divergence Metric

Min KL divergence = max. mutual information 

 31
A. Zhang and B. Kurkoski, “Low-Complexity Quantization of Non-Binary Input DMCs” ISITA 2016.

Consider random vector versions:

U =
⇥
Pr(X = 1|Y), . . . ,Pr(X = J |Y)

⇤

V =
⇥
Pr(X = 1|Z), . . . ,Pr(X = J |Z)

⇤

Then, it can be shown:

I(X;Y)� I(X;Z) = E
�
D(U||V)

�

D(·||·) is the Kullback-Leiber divergence
and E is expectation.

Q⇤ = argmax
Q

I(X;Z) = argmin
Q

E
�
D(U||V)

�

“KL-Means algorithm” replace Euclidean distance with KL distance



K-Means With KL Divergence Metric
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Min KL divergence = max. mutual information 

Numerical results show tradeoff:  
•increasing number of quantizer outputs 

•decreases the loss of mutual information  
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Information Bottleneck Method
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X
Y

Z

Bottleneck

Cover and Thomas, Elements of 
Information Theory, 2006.  
Problem 7.52 on page 234.

Image credit: Boris Epshtein & Lena Gorelick
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Information Bottleneck Method
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B. M. Kurkoski, “On the relationship between the KL means algorithm and the information bottleneck 
method,” in 11th International ITG Conference on Systems, Communications and Coding (SCC2017), 
(Hamburg, Germany), pp. 1-5, February 2017.  
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Quantizer Design for Binary Input DMC

 35
B. Kurkoski and H. Yagi, “Quantization of Binary-Input Discrete Memoryless Channels,” IEEE Trans on 
Information Theory, May 2014.

.
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Structure of Optimal Solution
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Structure of Optimal Solution
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Continuous-Output Channel Quantization
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Quantizer

+1
Z
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Quantization By Threshold Search

Example: data-dependent 
Gaussian noise mixtures 

max I(X;Z) = 0.493 at 
a* = -0.153

Quantizer:

z =

(
0 y < a

1 y � a
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Backward Channel
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Convex Backward Channel Quantizer
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Optimal Quantizer in Backward Channel
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Even Backwards Channel is Hard
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Optimal Convex Forward Quantizer
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Lemma 2 If the channel log-likelihood ratio satisfies:

log
Pr(y|X = 1)

Pr(y|X = 0)
 log

Pr(y0|X = 1)

Pr(y0|X = 0)

for all y < y0, then there exists an optimal forward channel quantizer Q⇤

which is a convex quantizer.

Consequences: 

•For many well-behaved channels, the optimal forward channel quantizer is 
convex. 

•The BI-AWGN channel satisfies this condition

B. M. Kurkoski and H. Yagi, “Single-bit quantization of binary-input, continuous-output channels,” in Proceedings 
of IEEE International Symposium on Information Theory, (Aachen, Germany), pp. 2088-2092, June 2017 



Channel Quantization and Classification
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• Before 2002, little interest in channel quantization to maximize mutual information. 

• But in the 1990s the pattern recognition community had developed necessary tools 

• K-means with KL divergence/information bottleneck is effective but suboptimal way 
to quantize channels 

• For binary-input, discrete-output channels, optimality is possible 

• For binary-input, continuous output channels, still work to be done

Information Theory Machine Learning

Classification & Quantization


