Chapter 2

Soft-Output Algorithms for

Detection and Correction

This chapter reviews two soft-output algorithms which are used in error cor-
rection and detection. In Section 2.1, partial-response channels and convolutional
codes are described, then the BCJR algorithm is given. In Section 2.2, low-density
parity check codes are reviewed, including the graphical representation of the de-
coder and the attendant message-passing decoding algorithm. Also, in Section 2.3,

Wiberg’s graph-based description of codes on trellises is reviewed.

2.1 BCJR Algorithm for Decoding and Detec-
tion

The solution to the problem of finding the a posteriori probabilities of a hid-
den Markov model is an important problem in a variety of applications, such as
communications and speech processing. In 1966, Chang and Hancock gave an al-
gorithm that computed the a posteriori probabilities for the states of a channel
with memory. Hard decisions on these probabilities give a state sequence estimate,

which can be used to determine the channel inputs. However, if the estimated state
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sequence included invalid transitions, the authors suggested that it may be more
efficient to request retransmission of the data [1].

In 1974, Bahl, Cocke, Jelinek and Raviv generalized this algorithm to estimat-
ing the a posteriori probabilities of the transitions (as well as of the states) for a
Markov source observed through a discrete memoryless channel. This algorithm
is applicable to convolutional codes and partial-response channels, and is known
as the BCJR algorithm. Because it produces a posteriori probabilities, or soft
information, the algorithm is important as a component in turbo decoding and

turbo equalization [2].

2.1.1 Partial-Response Channels

Practical communication channels are noisy, bandlimited, and have intersymbol
interference. A moderately realistic longitudinal magnetic recording channel can
be modeled by a sequence of Lorenzian pulses with alternating sign, corresponding
to magnetic transitions. The sequence of pulses, corrupted by noise, is filtered,
sampled and then equalized to a target response. This target response, rather than
being free of intersymbol interference, has a controlled amount of interference. This
output from the equalizer is the input to a sequence detector, such as the Viterbi
algorithm.

As an alternative to the above system, it is convenient to take the commu-
nication channel to be the target intersymbol-interference model itself. The re-
ceiver observes the output of the intersymbol-interference model plus additive
white Gaussian noise. In this way, a continuous-time, sampled system is mod-
eled by a discrete-time system. This discrete-time model is more amenable to
analysis and simulation. Although it is not as representative of real channels as
the continuous-time model, it is a reasonable surrogate, and permits the efficient
evaluation of algorithms.

The discrete-time intersymbol interference is represented by a linear filter h(D) =

Y o hiD', for a channel model of degree v. The input to this filter is a binary
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Partial-response Special name h(D)
channel
PR1 duobinary 1+D
— dicode 1-D
PR2 class 2 (1+D)*=
142D+ D?
PR3 class 3 (1+D)(2- D)
=2+D—-D?
PR4 class 4, (1+D)(1—-D)=1-D?
modified duobinary
PR5 class 5 (1+ D)*(1—D)* =
1-2D*+ D*
EPRA4 extended PR4 (1-D)(1+ D)*=
1+D—D*-D?
E?PRA extended EPRA (1-D)1+D) =
142D —2D% — D4
ME?PR4 modified E?PR4 | (1 — D)(5+ 9D + 6D? + 2D?)
=5+4D — 3D? — 4D3 + 2D*

Table 2.1: Some well-known partial-response channel models.

sequence (D) = xg + 11D + x3D? + - -, where x; are equally likely zeros and
ones, independent and identically distributed. The output is y(D) = h(D)x(D),
where arithmetic is over the real numbers. The output symbols y; are drawn from
the output alphabet ). For example, for the PR2 channel (h(D) = (1 + D)?),
Y ={-2,-1,0,1,2}. The notation x = (zg, z1, . .
ably for x(D), etc.

Some of the well-known, named partial-response channels are shown in Table

.), etc. will be used interchange-

2.1. Note that partial-response channels are not linear, in the sense that for two
distinct inputs 2, (D) and x(D), x,(D)h(D)+z(D)h(D) # (x.(D)+x4(D))R(D),

because of the restriction that the inputs are binary.
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2.1.2 Convolutional Codes

Convolutional codes are a class of error-correcting codes. A systematic, binary,
rate 1/2-convolutional code has input u(D) = ug + u; D + usD* + -+ -. The sys-
tematic output is also u(D). The convolutional code’s parity is generated by a
polynomial g(D) = go + 1D + - - - + g, D", where g; € {0,1}. The parity output
of the convolutional code is ¢(D) = g(D)u(D), where arithmetic is over the bi-
nary field. This definition of convolutional codes has been simplified for clarity,
and can be generalized to non-systematic convolutional codes, to recursive convo-
lutional codes, and to codes with rates other than 1/2. The output alphabet for

convolutional codes is {0, 1}.

2.1.3 Trellis Representations

Both partial-response channels and convolutional codes can be represented by
a finite state machine, with state s, € {0,..., M — 1} at time ¢. The finite state
machine can be drawn as a trellis, with M = 2" states at time ¢, and M states
at time t + 1. Fig. 2.1(a) shows the trellis for the PR2 partial-response channel.
Each edge e in the trellis has a starting (left-hand) state s°(e) and an ending
(right-hand) state s¥(e). Each s°(e) € {0,..., M — 1} and likewise for s”(e). For
the partial-response trellis, the edge e has an input label x(e) and output label
y(e). Fig. 2.1(b) shows a trellis fragment with labeled edges. For binary inputs,
z(e) € {0, 1}, and for this example, y(e) € Y = {-2,-1,0, 1, 2}.

Both the partial-response channel’s and the convolutional code’s trellis transi-
tions have a single input label (z and u, respectively) and a single output label (y
and c¢, respectively). From here, x and y shall be used to refer to the inputs and
outputs of the finite state machine generally, even in the context of convolutional
codes.

There are N output symbols 1, ...,yny Unless otherwise stated, it is assumed
that the initial and final states are zero, that is s; = 0 and sy; = 0. Because the

trellis is terminated, there are N — v independent information bits x1,...,zy_,.
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s°(e)

sS(e)

(b)

Figure 2.1: (a) The trellis for the PR2 channel. In labels are input/output. (b)
The edge view of a generic trellis fragment.

2.1.4 The Channel

Information about the symbols z; and y; comes from either observation of
corresponding channel outputs r¥ and r;, or from another decoder in a turbo
decoding or turbo equalization scheme. The soft information about the input z;
and output v, is represented by X/ (i) and Y;! (i), respectively. The superscript [
indicates these are inputs (to the BCJR algorithm, next subsection), and the index
i is from the symbol alphabet, {0, 1} for X/ (i) and Y for Y,!(i). For symbols which
were transmitted through the channel, the channel observations rf, r, can be used

to find the BCJR input:

X! (i) = P[rflz, =1, (2.1)
Vi) = Plrly =1 (2.2)
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For the AWGN channel with noise variance o2, this function may be computed
using the probability density function of the Gaussian:

I _E?
X)) = e =

(re—i)?

vi) =

In turbo decoding and turbo equalization, the soft information is a priori prob-

abilities about that symbol, as provided by another decoder:

Xi(i) = Pl =1,
Ytl(z) = Ply.=1].

2.1.5 The BCJR Algorithm

When the noise is memoryless, the BCJR algorithm computes the a posteriori
probability (APP) for bit z;, given the entire received sequence. It is often con-
venient to represent the output of the BCJR algorithm as a log probability ratio
Ay
Pz, = 1[r{")

A = 1 .
CT S Pl = opl)

(2.3)

Using A, to choose the bit which has the greatest a posteriori probability produces
the maximum a posteriori (MAP) probability decision on that bit:

R 0 Av<O
Ty —
1 Ay>0

Alternatively in the probability domain, the BCJR algorithm computes Plz; =
i|r¥] and the corresponding MAP estimate is Z; = argmax; Plz; = ilrl¥], for
1=0,1.

The derivation of the BCJR algorithm is elegant in that it begins with the a
posteriori probability to be calculated, (2.3) and finds the recursive state metric
computations. The derivation can be found in Schlegel’s book [3], Souvignier’s

dissertation [4] and the original BCJR paper [2].
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Benedetto, et. al. describe a variation of the BCJR algorithm which is suitable
for turbo decoding and turbo equalization [5], called the soft-input, soft-output
algorithm. Although there are various algorithms with soft inputs and soft out-
puts (for example, the soft-output Viterbi, algorithm, SOVA [6]), the algorithm
of Benedetto et al. shall be referred to as the SISO algorithm. The SISO algo-
rithm has two inputs, X/ (i) and Y/ (i), and two outputs, X (i) and Y, (). Both
outputs are not always required, for example, for turbo equalization on partial-
response channels, the output Y,2 (i) is not used.

Block diagrams for the partial-response and convolutional code systems are
shown in Fig. 2.2. For partial-response channel, the estimates Y,! are found using
knowledge that the channel is Gaussian. The a priori information X/ is provided
by an outer code in a turbo equalization scheme. For the convolutional code, a
generic channel is assumed, from which both inputs X/ and Y,/ are computed.

The SISO algorithm computes:

P(x; = 1|r) g Pz, =1)

P(z, =0|r]) Pz =0)

Recall that the output of the BCJR algorithm is A;. If we let AX = log X/ (1)/X](0),
then the relationship between the BCJR algorithm and the SISO algorithm is:

A?ISO log

ASSO = A, — AN

Both the SISO and BCJR algorithms compute forward state metrics A;(m)
and backward state metrics B;(m), where state m is one of 0, ..., M — 1, and time
tisoneof 1,..., N + 1. Storage of these metrics requires an array of size M-by-N
(An1 and By are not used and do not need to be computed). Corresponding to the
assumption that the finite-state machine is in the all-zeros state at time t = 1, the
forward state metric recursion is initialized with A; = (1,0,...,0). The forward
state metrics are then computed recursively, that is As(+) is computed from A;(+),
As(+) is computed from Ay(-), ete. Similarly, the backward state metric recursion is
initialized with By41(-) = (1,0,...,0), and then By(-) is computed from By (-),
By_1(+) is computed from By(-), etc.
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Figure 2.2: A system diagram using the SISO as a decoder for the (a) partial-
response channel and (b) Convolutional code transmitted over a memoryless
channel.

In the algorithm description, sums are performed over edges, for example for
the forward recursion (see below), e : s¥(e) = m indicates that the sum is over all
of the edges e which end in state m. Let A(m) and B(m) be temporary storage
used to normalize the state metrics so that Y, A;(m) = 1 and X, Bi(m) = 1.
Normalization keeps the state metrics within the range of floating-point numbers
used in computers. Without normalization, the state metrics would vanish to zero
after a few recursion steps. Similarly, X2(m) and Y,2(m) are temporary storage
used for normalization such that 3, X;(i) = 1 and 3, B,(i) = 1, because X2 and
Y,0 are probabilities.

The SISO algorithm:

e Algorithm inputs: X/ (i), Y,/ (i).



e The forward recursion:

— Initialize 4; = (1,0,...,0).
— Foreacht=2,3,...,N:
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x For each m=0,..., M — 1, compute and normalize:
Am) = Y A @)X @@)Yialye), (24)
e:sB(e)=m
A(m) = M)
Xm A(m)

e The backward recursion:

— Initialize By, = (1,0,...,0).
— Foreacht=N,N—1,...,2:

* For each m =0,..., M — 1, compute and normalize:

B(m) = Y Bu(s%(e)Xi(a(e))Yaly(e)),

e:s5(e)=m
B
B = By

e SISO output. The SISO outputs are X and Y,0:

XP() = .(Z;_'At(ss(e))KI(C(e))Bm(SE(G)),
0 XP (i)
A 5}
YP@i) = > Ads%(e)X](c(e))Bisr(s”(e)),
ewy(e)=t
L YOn)
O = S vew

The log-probability ratio output of the SISO algorithm is:

X2(1)
ASISO _ t .
t 8 X0(0)

(2.5)

(2.6)
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Then, the BCJR algorithm’s output is:

X!()
A = ASISO 1 t )
S V()

If there is no a priori information, that is, log ﬁ:ﬁgé; = 0, then the BCJR and SISO
algorithms produce the same result.

For clarity of notation, the SISO algorithm has been presented here for partial
response channels and systematic, rate-1/2 convolutional codes. However, the
presentation can be generalized to convolutional codes of arbitrary rate, and non-

systematic codes, as in [5].

2.2 Low Density Parity Check Codes

Low Density Parity Check (LDPC) codes are a class of error-correcting codes
defined by a sparse parity check matrix, and were originally proposed by Gallager
in 1963. They have good minimum distance at longer block lengths and guaran-
teed reliability when decoding below a fixed noise threshold. LDPC codes have
an efficient decoding algorithm which Gallager termed probabilistic decoding. Be-
cause of the limitations of computing power at that time, these codes could not be
simulated for the block lengths at which their benefits were evident [7].

Until the mid-1990’s, these codes were largely ignored. An exception was in
1981, when Tanner studied codes on graphs, including LDPC codes, and intro-
duced the idea of using bipartite graphs to describe code constructions, partic-
ularly codes which have good minimum distance properties. However, the code
constructions did not reveal the capacity-approaching performance of randomly
constructed codes at long block lengths [8].

Wiberg, Loeliger and Koetter expanded on Tanner’s work on graphs in 1995,
and introduced hidden nodes, which permitted a description of trellis-based codes
using a message-passing graph description [9], [10]. This led to a graphical de-

scription of turbo codes, which had already been introduced by Berrou, Galvieux
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and Thitimajshima in 1993 [11]. By 1996, the significance of LDPC codes was
becoming clear, when MacKay and Neal showed that LDPC codes could perform
as well as turbo codes on the AWGN channel [12].

There is now good understanding of LDPC codes, particularly for the case of
asymptotically long block lengths. Gallager’s probabilistic decoding method has
been generalized, described as instances of the sum-product algorithm on factor
graphs [13], belief propagation [14] and message-passing decoding. It has been
shown that asymptotically long LDPC codes provide for reliable communications
on binary-input memoryless channels at a signal-to-noise ratio above a fixed thresh-
old [15]. For irregular LDPC codes [16], it has been shown that this threshold is

close to channel capacity [17].

2.2.1 LDPC Code Construction

A linear, binary error correcting code can be defined by a M-by-N parity check
matrix, H. The block length of the error correcting code is N, the number of parity
checks is M, and so the number of information bits K, is N — M, if H is full rank.
The entries in the matrix are zeros and ones, and the code is the set of row vectors

x which satisfy:
xH' = 0, (2.8)

where superscript t represents matrix transposition and matrix multiplication is
performed over the binary field (i.e. modulo 2).

LDPC codes are defined by a sparse parity check matrix. The parity check
matrix for a regular LDPC code has a constant number j ones in each column,
and k ones in each row. The total number of ones in the parity check matrix is
kM or jN. The rate R = K/N of a regular LDPC code can be written 1 — j/k.

Gallager described a simple technique for constructing a regular low-density
parity check matrix. Begin with a M/j-by-N submatrix H" which has one 1 per

column, and k ones per row. This can be formed by the horizontal concatenation
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of Nj/M M/ j-by-M/j identity matrices I /;:

H = [Ty Tyl

I
OO =
SO = O
_ o O
o O =
SO = O
_ o O
o O =
o= O
_ o O
o O =
o= O
o o

Let w(H’) be a column permutation of H'. Form the parity check matrix H from

the vertical concatenation of H' and j — 1 distinct permutations 7, ..., m; of H"

(100100100710 0]

01 00100100T10

[ ow 00100100T1O0TC0°1

() 00000DO0T1T1U00T11

H = . =1101011000000

01 010000T1T1TQ00

| mi(H) | 000011001100
111100000000
000000110011 |

This technique cannot create all possible regular LDPC matrices H with j 1’s
per column and k 1’s per row. However, it is an efficient construction technique.

Tanner introduced the idea of representing the parity check matrix using a
bipartite graph. The graph has two types of nodes, bit nodes represented by
circles, and check nodes represented by squares. In a bipartite graph, nodes are
connected by edges, but a bit node is only connected to check nodes and a check
node is only connected to bit nodes. Let there be an edge e, ,, between bit node n
and parity check node m if the entry in the m™ row and n™ column of H, H,, ,,
is a one. The columns of the parity check matrix correspond to bits, and the rows

correspond to checks.
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Figure 2.3: The bipartite graph, or Tanner graph, for a sparse parity check matrix.

For example, the Tanner graph for this regular LDPC matrix with j = 3,k = 4:

111100000000
011010010000
101100001000
100000101100

H=10100101000T10]|,
000101000011
000010011010
000001010101

(0000011007101

is shown in Fig. 2.3.

2.2.2 Message-Passing Decoding Algorithm

The message-passing algorithm is a decoding algorithm for LDPC codes. Al-
though it is sub-optimal, this low-complexity decoder is effective at decoding LDPC
codes on a variety of channels. Under the message-passing algorithm, messages are
passed between nodes along edges. Each edge e connecting nodes n and m has two
messages. Messages ¢ pass from bit nodes to check nodes. Messages r pass from
check nodes to bit nodes. Each message is a number, the probability that bit z,
is a zero, P[z,, = 0] (logarithms of probability ratios can also be used). Each node
computes a local function of input messages, generating outputs using its inputs.
All bit nodes can perform their operations in parallel; likewise for the check nodes.
Messages pass back and forth iteratively, between bit and check nodes, until a

stopping condition is reached, and the algorithm produces output messages.
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Figure 2.4: Block diagram for an LDPC decoder.

Message-passing decoding of LDPC codes works in the following manner. The
system shown in Fig. 2.4 is assumed. Initially, only the channel information,
X1(0), computed according to (2.1) is available at the bit nodes. The other inputs
to the bit nodes, the check-to-bit messages, are all initialized to an unknown state,
that is all messages are r = 0.5.

The bit node generates outgoing messages from the incoming messages. The
computation of messages follows what Kschischang, et al. call the sum-product
update rule, that is, the output message from a node along edge e is based upon
all inputs to that node except the message from edge e [13]. To illustrate, suppose
a node has four edges connected to it, labeled ey, €5, e3 and e, with corresponding

incoming messages 71, 12, r3 and X7(0); see Fig. 2.5.

Figure 2.5: The sum-product update rule.

The node generates three outgoing messages q1, ¢ and g3 (the generation of

the outgoing message on edge e, as the last step in decoding will be discussed
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later). The incoming messages are different estimates about that bit, combined to
generate the outgoing message ¢, according to:

B XT(0)ryrs
T Xy + (L= X)) (1= 75)°

and more generally, for a bit node with j edges, the output on the I*" edge is:
XI<O) Hgill T (2.9)
q = » , .
XT(O) T 7+ (1= XT(0) T (1 = 73)
where “\” indicates that the product is over all elements ¢ = 1,...,7 except for

1 = [. Each of the N bit nodes generate j outgoing messages. It is convenient
to think of a matrix Q, the same size as H, which is storage for the bit-to-check
messages. Let ¢, be the message passed from bit node n to check node m. In
the positions where H has a one, Q has ¢, ,, and where H has a zero, Q has a
Zero.

These messages ¢ are the input to the check nodes. The computation at the
check node also follows the sum-product update rule, which is illustrated with
a check node that has four edges e, ey, e3 and e4, and corresponding incoming

messages q1, g2, q3 and ¢4 in Fig. 2.6.

\ ). v v A > 4
€ e, e, e, e, e, e,
€,| €, €, €3 €,] €3 €,
r2 q3 q4

fy 4, 93 q, q, q; q, I q, q, q,

\NA
€3
a3 Ta

Figure 2.6: The sum-product rule applied at the check node.

The code bits associated with the incoming edges satisfy the parity check equa-
tion x1 + x5 + 23 + 3 = 0 (modulo 2), since the codeword satisfies (2.8). Each
outgoing edge computes the local a posteriori probability for each bit. For exam-

ple, the output message ry is:

r = 1+ (2¢2 —1)(2g3 — 1)(2q4 — 1)

2
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lth

and more generally, for a check node with & edges, the output on the I'* edge is:

14+ 110 (2¢, — 1
- +H112( q ) (2.10)

Each of the M check nodes generates k outgoing messages. It is convenient to
think of a matrix R, the same size as H which stores the check-to-bit messages.
Let 7,,, be the message passed from check node m to bit node n. In the positions
where H has a one, R has 1, ,, and where H has a zero, R has a zero.

The messages are now passed back to the bit nodes, for the second iteration.
Every time a computation is performed at the bit nodes, the channel input X (0)
is used. Iterative decoding proceeds in this way, with messages passed between the
bit nodes and check nodes.

No outputs are generated until iterative decoding stops. When the algorithm
finally stops, each bit node produces an estimate:
g:1 T

ngl ri + ngl(l - 7"1‘)'

X°0) = (2.11)

This output X°(0) excludes the original input X7(0), and is appropriate to use
in turbo equalization. However, to find a hard decision estimate Z,, of the input
bits x,, combine the message-passing decoder’s estimate X9 (0) with the original

channel soft information Xé(()):

X0(0)x1(0)
= _ 1Y spexoa-xpoya-xion = 00
n - O I
1 X9 0)x! (0) o

XP(0) X/ (0)+(1-XP(0)(1-X{(0))

A stopping condition is required to keep the decoder from iterating forever.
The decoder can check if the estimate X = Zy,...,Zx is a codeword. After each
iteration, the decoder computes XH!. If it is a zero, X is a codeword, then the
decoder is done, and outputs X. If not, it performs another iteration. It is possible
that the decoder will never converge to a codeword. When the decoder reaches
some maximum number of iterations, it stops, and outputs the information which

it has.
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2.3 Wiberg Graphs

In his dissertation Wiberg builds upon Tanner’s and Gallager’s work, and in-
troduces a new type of message-passing graph, one with “hidden” nodes. Hidden
nodes are distinguished from bit nodes which are visible. Wiberg’s graph is well-
suited for describing the behavior of a finite state machine, where the hidden nodes
represent state, and are indicated by a double circle. Small solid circles represent
“check” sites, which could be thought of as analogous to the check nodes of the
LDPC message-passing graph. An example is illustrated in Fig. 2.7, which comes
from Wiberg’s dissertation. The graph is for a (6,3) block code, and that code’s
trellis representation is also shown for comparison [10, p.8§].

Hidden states have an alphabet size equal to the number of states in the trellis,
one, two or four in this example. For a cycle-free graph, it is possible to use a
sequential update schedule for computation of the new messages—this is what
forward-backward algorithms do. Thus, the BCJR algorithm can be described as
a sequential schedule applied to this graph.

Wiberg went on to describe how this idea could be used to draw a message-
passing graph for turbo codes, which consist of two convolutional codes, separated
by an interleaver. Thus, Wiberg showed that turbo codes, like LDPC codes, could
be described by a graph. In this way, the subtraction of a priori information

described by Berrou et al. can be viewed in terms of the sum-product update rule.

2.4 Conclusion

In this chapter, partial-response channels and convolutional codes were defined,
and the BCJR decoding algorithm was given. LDPC codes were described and the
message-passing decoding algorithm was given. Wiberg’s graph-based description
of codes on trellises was given as well. These ideas will be used in the remaining

chapters.
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Figure 2.7: The edge view of a trellis fragment.
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