Lexicographic Combination of Reduction Pairs

[0009—0001—-9786—0044] [0000—0002—8499—0501]

Teppei Saito and Nao Hirokawa

JAIST, Nomi, Japan {saito,hirokawa}@jaist.ac.jp

Abstract. We present a simple criterion for combining reduction pairs
lexicographically. The criterion is applicable to arbitrary classes of reduc-
tion pairs, such as the polynomial interpretation, the matrix interpreta-
tion, and the Knuth-Bendix order. In addition, we investigate a variant
of the matrix interpretation where the lexicographic order is employed
instead of the usual component-wise order. Effectiveness is demonstrated
by experiments and examples, including Touzet’s Hydra Battle.
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1 Introduction

Lexicographic combination is a powerful method to combine termination mea-
sures into a more complex one. To illustrate it, consider the term rewrite system:

1o f(f(z)) — g(g(f(x))) 2: glglz) — =
For example, it has the next rewrite sequence:

1

f(f(f(2))) = f(g(g(f(x)))) > f(f(z)) = g(g(f(x))) > f(z)

If the numbers of occurrences of f and g are measured, the sequence turns into
the descending sequence with respect to the lexicographic order >'®%:

(3,0) >'*(2,2) > (2,0) >'*(1,2) >'* (1,0)

In this manner, lexicographic combination can be used for showing termination
of the rewrite system. More formally speaking, the measure can be expressed
as the lexicographic combination of two linear polynomial interpretations [20],
namely A and B defined by fa(z) = =z + 1, ga(z) = z, fg(z) = 2 + 1, and
gg(x) = x + 1. Here A counts the number of occurrences of f, while B counts
that of g.

There has been a long line of research concerning termination analysis of term
rewrite systems. Among others, the dependency pair framework [TTO/TTT3|T4] is
a powerful method for automated termination analysis of term rewrite systems.
Decreasing measures for the method are typically given in the form of reduction
pairs consisting of preorders and well-founded orders on terms. Despite the pow-
erfulness of lexicographic combination, it has been unexplored in the context of
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the dependency pair framework. This is because, in general, lexicographic com-
binations of reduction pairs are not reduction pairs. To overcome this, we give
a simple criterion for a combination to be a reduction pair.

Actually, the previous example implicitly uses the folklore that lexicographic
combinations of monotone reduction pairs are (monotone) reduction pairs, see
[B9UT2]. Our main result can be conceived as an extension of it. For example,
the following term rewrite system

s(z) +y = p(s(x)) +s(y) p(s(z)) = =

encodes addition in a tricky way, using the successor symbol s and the predeces-
sor symbol p. The dependency pair framework tells us that the termination is
established if one can find a reduction pair (=, >) that fulfills the following set
of constraints.

s(z) +y = p(s(x)) +s(y) p(s(z)) >z
s(z) +Fy > p(s(z)) +* s(y) s(z) +F y > p*(s(x))

Here, +% and p? are fresh symbols introduced by the method. To do this, one
can use the lexicographic combination of the following linear polynomial inter-
pretations A and B:

sa(@)=z+1 pal@)=z pY(z)=0 z+ay=2 z+hy=ua
=0

sg(z) =x+1 pa(z) =0 p%(x) T+py==2x x—{—%y:x

The resulting lexicographic combination satisfies the set of constraints. For ex-
ample, s(z) +f y > p(s(x)) +F s(z) is verified by the lexicographic comparison
r+1>x+1and x+1 >0, corresponding to A and B, respectively. A prob-
lem here is that, in contrast to the previous example, the algebras A and B are
not monotone, as p&(m) = p%(x) = 0 disregards the argument z. Although the
folklore does not apply, our result can justify that the resulting combination is
indeed a reduction pair, which facilitates a successful termination proof.

The polynomial interpretation [20], the matrix interpretation [8], and the
Knuth-Bendix order [I9] are typical methods to construct reduction pairs. We
also show how to use these methods with lexicographic combination, demon-
strating it with the term rewrite system of the Battle of Hercules and Hydra [18]
due to Touzet [25]. As a by-product, we obtain a variant of the matrix inter-
pretation with the lexicographic order instead of the standard component-wise
order. As remarked in [8)22], this has been an open question.

The structure of the paper. After recalling some preliminaries in Section [2] a
criterion for lexicographic combination and termination proofs with it are pre-
sented in Section [3] The termination proof of the Hydra Battle is discussed in
Section [4] Then, as a generalization of lexicographic combination of the linear
polynomial interpretation, Section [| studies a variant of the matrix interpre-
tation with the lexicographic order. Experimental data and related work are
discussed in Section [f] and Section
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2 Preliminaries

Throughout the paper, we assume familiarity with term rewriting [2/23]. In this
section, we briefly recall notions and notations for term rewriting and termina-
tion analysis based on the dependency pair framework.

Let F be a signature and V an infinite set of variables. The set of terms built
from F and V is denoted by T (F,V), or simply by 7. A mapping o : V — T
is called a substitution if o(x) # x for only finitely many variables z. Given a
term ¢, the term obtained by replacing each variable occurrence z in ¢ with o(z)
is denoted by to. Let [ be a fresh constant symbol. A context is a term with
exactly one occurrence of [J. The term obtained by replacing [J in a context C
with a term ¢ is denoted by C[t]. We write s & ¢ if s = C[t] for some context C,
and moreover we write s>t if s > ¢ and s # t. Let < be a relation on terms.
The relation < is said to be closed under substitutions if so — to whenever
s < t and o is a substitution. Similarly, < is said to be closed under contexts
if C[s] — C[t] whenever t < w.

A rewrite rule ¢ — r is a pair (¢,7) of terms such that ¢ is not a variable
and every variable occurring in r also occurs in £. A set of rewrite rules is called
a term rewrite system (TRS). The rewrite step —r of a TRS R is defined as
follows: s =g t if s = C[lo] and t = C[ro] for some rewrite rule £ — r € R,
context C, and substitution o. When C' = 0, it is written as s —x t. Given a
term ¢ and a symbol x, we write |¢|, for the number of occurrences of x in t. A
term rewrite system R is non-duplicating if |¢|, > |r|, for all £ — r € R and
variables z. A term t is terminating with respect to a relation < on terms if
there is no infinite sequence t < t; < t5 < --- starting from t. Termination
of the relation — is defined as absence of non-terminating terms. A TRS R is
terminating if — is. Given TRSs R and S, the relation =% - —=x - =% is
denoted by —x /5. We say that R is relatively terminating with respect to S, or
R/S is terminating, if —% /s is terminating.

We recall the dependency pair framework [TIT2|T3|T4T5]. Given a non-variable
term t = f(t1,...,t,), we write t* for f¥(t1,...,t,), and root(t) for f. Here f* is
a fresh n-ary function symbol corresponding to f. The set {t* |t € T(F,V)\V}
is denoted by 7*. Let R be a TRS. We define D as {f | f({1,...,4n) = 1 € R}.
Elements in Dg, are called defined symbols. The TRS DP(R) is defined as follows:

DP(R) = {¢! - t' | —reR,r>t, root(t) € Dr, and £ ¥ t}

Rules in DP(R) are called dependency pairs. Dependency pair problems are pairs
(P,R) of TRSs with P C T# x 7% and R C T x T. A dependency pair problem
(P,R) is finite if there exists no infinite sequence of the form s; —% t; Sp
S9 =5 t2 55 ---, where each s, is terminating with respect to R.

Theorem 1 ([II]). A TRSR is terminating if and only if (DP(R), R) is finite.

A pair of a preorder > and a strict order > on the same set is an order
pair if the inclusion > - > - > C > holds. An order pair is well-founded if >
is well-founded. An order pair (=, >) on terms is stable if > and > are closed
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under substitutions. A well-founded stable order pair is a reduction pair if > is
closed under contexts. If in addition > is closed under contexts, (>, >) is called
a monotone reduction pair.

Theorem 2. Let (=,>) be a reduction pair. A dependency pair problem (P, R)
with PUR C > is finite if and only if (P \ >,R) is finite.

Thus, a TRS R is terminating if DP(R) C > and R C > for some reduction
pair (=, >). This simple criterion can also be used for showing relative termina-
tion. We say that a TRS R dominates a TRS § if r has no defined symbols of
R for all rules £ — r € S.

Theorem 3 ([I5]). Let R and S be TRSs such that R dominates S and S
is non-duplicating. If there exists a reduction pair (=,>) with DP(R) C > and
RUS C > then R/S is terminating.

Let F be a signature. An F-algebra A is a pair (A,{fa}rcr) where A is a
non-empty set, called the carrier of A, and each f4 is an n-ary function on A,
called the interpretation of an n-ary function symbol f. Let A be an F-algebra.
A function « from V to A is called an assignment for A. It is extended to the
homomorphism [a] 4 : T(F,V) — A as follows:

a(x) if 2 is a variable

[a]a(@) {fA([a]A(tl),...,[a]A(tn)) = f(tr,. .. tn)
Assume that A is equipped with an order pair (=, >) on A. The algebra A is well-
founded if > is well-founded, and weakly monotone if fa(ay,...,a;...,a,) >
falar,...,b,... a,) whenever f € F and a; > b. We write s >4 t and s >4 t if
[a]a(s) = [a]a(t) and [a]a(s) > [a] () hold for all assignments «, respectively.
It is known that (>4,>4) is a reduction pair if A is weakly monotone and
well-founded.

The matriz interpretation [8] provides a semantic method to construct reduc-
tion pairs. The carrier of a matrix interpretation A is the set of vectors x of nat-
ural numbers of a fixed dimension d > 0. Vectors are ordered by the component-
wise order pair (>, >) defined as follows: (x1,...,74)% > (y1,...,y4)T if 7; > y;
for all i € {1,...,d}; if in addition z; > 3 then (x1,...,24)7 > (y1,...,ya)".
We write e; for the unit vector with (e;); = 1 and (e;); = 0 for other j, and
(A);; or simply A;; for the entry at the i-th row and the j-th column. The
interpretation f4 of each n-ary function symbol f is of the form

falxr,...,xp) =A1x1+ ...+ Apxy +a

where A1, ..., A, are d x d matrices of natural numbers and a € N?. The pair
(=4, >.4) is a reduction pair. The special class of the matrix interpretation with
d =1 is called the linear polynomial interpretation.

The Knuth-Bendiz order [19] is another way to construct reduction pairs.
A weight function is a pair of a positive integer wy and a function w from
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function symbols to natural numbers with w(c) > wq for constants ¢. The weight
w(t) of a term ¢ is defined inductively: w(x) = wp for variables z, and w(t) =
w(f)+,w(t;) for t = f(t1,...,t,). We write f"(t) for the n-times application
of a unary function symbol f to a term ¢. Let (wp,w) be a weight function and
> a precedence, that is, a strict order on function symbols. The Knuth—Bendix
order >ypo is inductively defined as follows: s >upo ¢ if ||, > |t|, for all variables
x, and

(t), or
(t) and one of the following conditions holds.
= f"(t) for some n > 0 and ¢ is a variable.
b. s=f(s1,.--18m), t =g(t1,...,t,), and either
i. f=gor
ii. f =g and there is an ¢ such that s; >y, t; and s; = t; for all j <.

1. w(s) >

2w() w

The weight function (wg,w) is admissible for =, if f > g for other function sym-
bols g whenever f is a unary function symbol with w(f) = 0. If - is well-founded
and (wp,w) is admissible for >, then (Zkpo, >kbo) is & monotone reduction pair,
where >ypo stands for the reflexive closure of >ypo. (We note that in that case
>kbo 18 & so-called reduction order.)

Argument filtering [I] is a popular transformation for building reduction pairs
with the Knuth—Bendix order. As the name suggests, this transformation filters
out arguments from a given term. Formally, an argument filter 7 is a mapping

that associates each n-ary function symbol f to an integer ¢ or a list [i1, ..., %]
of integers over {1,...,n}. The argument filtering 7 is defined as follows:
t if ¢ is a variable
w(t) = < 7(t;) ift=f(t1,...,t,) and w(f) =4

fa(tsy),. ., w(ts,,)) ift=f(tr,...,tn) and w(f) = [i1,. .., 0m]

Note that arities of function symbols may change by applying 7. Given a binary
relation R on terms, we write s R™ t if 7(s) R 7 (t).

Proposition 4. Let (>,>) be a reduction pair. Then (=™,>7) is a reduction
pair for every argument filter m.

3 Combinability Criterion

Lexicographic combination is a well-known method to turn two order pairs into
a single order pair which is capable of capturing a more complicated termination
measure.

Definition 5. Let (>1,>1) and (Z2,>2) be order pairs on a set X. The lexico-
graphic combination (=12,>12) is the pair of relations on X defined as follows:

— x>y ifz>1y, or bothx =1y and x >4 y.
—x>pyifr>1y, orbothe 21y and x >2 y.
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Lexicographic combinations of reduction pairs satisfy all conditions to be
reduction pairs, except for closure under contexts of preorders.

Ezample 6. Consider the reduction pairs (=4, >4) and (=5, >3) induced by the
following linear polynomial interpretations A and B:

fA(:E):O aA:1 bAZO
fg(x):x 3[5:0 bgil

Although a >4 b follows from a >4 b, the desired inequality f(a) >45 f(b)

for closure under contexts does not hold. Even worse, the flipped inequality
f(b) > 45 f(a) follows from f(b) >4 f(a) and f(b) >3 f(a).

As noted in [28], the problem in Example |§| is that, in the first component
f4(x) = 0 does not respect the argument z whereas fg(x) = = does. This obser-
vation suggests the following definitions.

Definition 7. Let (>,>) be an order pair on terms. Let f be an n-ary func-
tion symbol. The i-th argument position of f is >-monotone (or monotone with
respect to >) if

ti >u — f(tl,...,ti,...,tn)>f(t1,...,u,...,tn)

for all terms tq,. .. t,,u. Similarly, the position is >-invariant if
f(tl,...,ti7...,tn) 2 f(tl,...,u,...,tn)
for all terms ty,...,tn,u. We say that order pairs (=1,>1) and (Z2,>2) on

terms are combinable if (=1, >1) is normal and every argument position of any
function symbol is >1-monotone or Zq-invariant. Here an order pair (=,>) is
normal if > C >.

Notice that, if we consider the equivalence relation ~ induced by >, invariance
is equivalent to f(t1,...,t ..., tn) ~ f(t1,. ..y uy... tn) forallty, ..., t,, u. This
justifies the name of the property.

Recall the form of linear polynomial interpretations A:

fa(xy, ... zn) =ao+a1x1 + -+ + anxy

Trivially, the i-th argument position of f is monotone with respect to > 4 if
a; > 0, and invariant with respect to >4 otherwise. Moreover, (=4,>4) is
normal.

Ezample 8 (continued from Ezample @ The first argument position of f is nei-
ther monotone with respect to > 4 nor invariant with respect to >5. Thus, the
reduction orders (=4,>4) and (=g, >g) are not combinable.

We have similar facts for matrix interpretations A: let the interpretation of
an n-ary function symbol f be fa(x1,...,x,) = A1x1 + -+ + Apx, + a. The
i-th argument position of f is monotone if (4;)11 > 0, and invariant if A; = O,
see [8]. Again, (=4,>4) is normal.
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Lemma 9. Let (>12,>12) be the lexicographic combination of combinable re-
duction pairs (>1,>1) and (=2,>2). Then =15 is closed under contexts.

Proof. Tt is sufficient to show the monotonicity of >12, meaning that if ¢; >15 u
then C[t;] =12 Clu] for a context C of the form C = f(t1,...,0,...,t,). Suppose
t; =212 u. If it follows from t; >1 uw and t; > u, then C[t;] 212 Clu] follows from
the assumptions that >; and >, are closed under contexts. Otherwise, t; >12 u
follows from ¢; >1 u. According to the combinability, the i-th argument position
of f is monotone in >; or invariant in >5. In the former case C[t;] >1 C[u]
follows from ¢; >1 w. In the latter case, ¢t; >1 u from the normality, and therefore
Clt;] 21 Clu] from the closure under contexts. In addition, the invariance yields
Clt;] =2 Clu]. Hence, in either case C[t;] =12 C[u] is concluded. O

Theorem 10. Lexicographic combinations of combinable reduction pairs are re-
duction pairs. a

We demonstrate a termination proof based on lexicographic combination.
Ezxample 11. Recall the TRS R in the introduction:
1: s(z) +y = p(s(x)) +s(y) 2: p(s(z)) = =
The set DP(R) consists of two dependency pairs:
3: s(z) +Fy = p(s(x)) +¥s(y) 4: s(z) +Fy = pF(s(x))

Let A and B be the linear interpretations given by:

sa(@)=z+1 pa@) =z pila)=

0 z+ay=z z+hy==z
ss(r)=z+1 ps(@) =0 ph@) =0 z4py=a a+57=2x
Here monotone positions in A and invariant positions in B are indicated by
underlining and overlining, respectively. The induced reduction pairs are com-
binable, so let (> 45, >.45) be their lexicographic combination. Then > 45 orients
the rules in R while > 4 orients those in DP(R):

l:x+124024+1 2:x24+1>42x 3:zxz+12402+1 4: 24+1>40
1: z4+1250 3: x2+1>50

Hence, the termination of R is concluded by Theorem

Remark 12. The normality requirement cannot be dropped from the combin-
ability criterion (Theorem , see Appendix However, normality is a mild
requirement, in the sense that typical reduction pairs like Knuth—Bendix or-
der [I9], the recursive path order [6/16], the matrix interpretation [§], and the
polynomial interpretation [20] are all normal reduction pairs. Furthermore, lex-
icographic combinations of normal reduction pairs are normal.
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If monotone and invariant positions of combined reduction pairs are identi-
fied, one can combine multiple reduction pairs by successively applying Theo-
rem Let (>12, >12) be the lexicographic combination of combinable reduction
pairs (=1,>1) and (=2, >2).

Lemma 13. If the i-th argument position of a function symbol is >o-monotone
and >5 is mon-empty then the position is >1-monotone. Similarly, if the i-th
argument position of a function symbol is >1-invariant and >1 is non-empty
then the position is >s-invariant.

Proof. We only show the first claim because the second is shown in a similar
way. Due to the non-emptiness of >5, there are terms t and u with ¢t >5 w.
By monotonicity f(t,...,t,...,t) >3 f(t,...,u,...,t) is obtained. So the i-th
argument position of f is not >s-invariant, and therefore the claim follows from
the combinability. a

Theorem 14. If the i-th argument of a function symbol is >o-monotone and
> 15 non-empty, then it is >19-monotone too. Similarly, If the i-th argument of
a function symbol is >1-invariant and >1 is non-empty, then it is >1s-invariant
too.

Proof. Again, we only show the first claim. Let ¢t = f(t1,...,t;,...,t,), u =
f(t, ../, . ty), and ¢ >1p /. If t; >15 v/ is due to ¢; >1 v/ then Lemma [13]
yields ¢t >1 u, from which ¢ >15 u follows. Otherwise, t; >1 v’ and t; >5 u’. As >
is closed under contexts and the i-th position is >»-monotone, the inequalities
t >1 v and t >4 u follow. Hence, t >15 u is concluded. O

The non-emptiness condition in Theorem [I4] cannot be dropped, see Ap-
pendix [A] In practice, this is not a problem, because a usual reduction pair (in-
cluding those mentioned in Remark can be extended to another one (>, >)
so that satisfies c; > co for fresh constant symbols ¢; and cs.

Ezample 15 (continued from Example . We show the termination of the
extended system R’ = RU{0+y — y}. The set DP(R') coincides with DP(R).
The linear interpretation C with

Oc=1 scz)=z pe(z)=z ph(@)=0 ztcy=a+y z+hy=2
satisfies 0 +y >¢ y and R’ UDP(R) C >¢. Therefore, R C >¢ 45 and DP(R) C
>cap are obtained if we extend A and B with 04 = 0 and O = 0. The combin-
ability can be verified by Theorem [T4] Hence, R is terminating.

Note that combinability is associative in the following sense: Suppose that
the pairs of (>1,>1) and (>2,>2) and of (>2,>2) and (>3,>3) are combin-
able. Then, combinability of (>12,>12) and (>3, >3) is equivalent to that of
(=1,>1) and (Z23, >23), provided that >1, >o, and >3 are non-empty. This is
a consequence of Lemma
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4 Termination of the Battle of Hercules and Hydra

In this short section, we demonstrate a termination proof based on heterogeneous
combination of reduction pairs. Among others, we pick up Touzet’s TRS encod-
ing of the Battle of Hercules and Hydra [25]; see also [7] for its backgrounds.
Touzet’s rewrite system H consists of the following eleven rules:

1: Joz—ofx 6: H(0,z) = o x

2: oz —[eex 7: H(H(0,y), 2) — c(y, 2)

3: ox—efx 8: oH(H(H( ) y),2) — A(z,y, 2)

4: or—ux 9: c!(z,y) = ¢! (z,H(z,y))

5: cy,z) = oz 10: ( y,2) = (z,H(z,y), 2)
11: (z,y,2) = o H(y, 2)

Symbols [, o, and e are unary function symbols and their parentheses are omitted
here.

While the original termination proof of H uses a sophisticated algebra on O x
NxN, our proof employs a combination of the ordinal interpretation on Q@ and the
Knuth—Bendix order. Here O is the set of all ordinal numbers below €g. In order
to ease the proof, we introduce an easy corollary of Theorems [I] and 2] Below,
we write Emb for the TRS consisting of the embedding rule f(x1,...,2,) — x;
for all n-ary function symbols f and 1 < i < n.

Corollary 16. A TRS R is terminating if R C > and Emb C > for some
reduction pair (=,>).

Actually, we use the Knuth-Bendix order together with argument filtering.
For verifying combinability, we need to identify monotone and invariant posi-
tions. Consider an arbitrary argument filter 7. We say that the argument posi-
tion i of a function symbol f is regarded by w if n(f) =i or n(f) =1[...,4,...].
Let (>,>) be a monotone reduction pair. Not surprisingly, the i-th argument
position is >"-monotone if it is regarded by m, and >"-invariant otherwise.

We are ready to prove the termination of H. Consider the algebra O on O
with interpretations:

0o =0 colz,y) =y +w oo(@) =z Jolz)==
Ho(z,y) =" @y  Hlzy.z) =200  ep(z)=2
Here & stands for natural addition, and monotone positions are indicated by
underlining. The above interpretation is borrowed from the original proof. We
have {5,6,11} UEmb C >p and {1-4,7-10} C >0, see [25, Lemma 10]. By
taking the argument filter 7 with 7(0) = 7n(H) = 7(c!) = 7(c?) = [], and
m(o) = w(e) = m(]]) = [1] the rules in the latter group are simplified as follows:
1: Joz—of = 3:ox—eflx 7: e H (! 9: ect = ¢!

2: ez —>eecx 4: ex =1 8: eH—c? 10: ec®2 ¢
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Consider the Knuth-Bendix order >ypo induced from the precedence o - || >
o = c! = c? and the admissible weight function (wp,w) with:

w(e) =2 wo=w(0) =w(H) =w(c") =w(@) =wl)=1 w(®)=0

It is not difficult to see that the Knuth-Bendix order orients the above simpli-
fied rules strictly, and thus, {1-4,7-10} C >F . As non-monotone argument
positions with respect to > are filtered out by 7, the reduction pairs (=0, >0)
and (>[,., >F,,) are combinable. Hence, the termination is concluded by Corol-

lary

5 Echelon-Form Matrix Interpretation

Linear polynomial interpretations combined lexicographically can be regarded
as a variant of the matrix interpretation which uses the lexicographic order
pairs (='*, > Here (z1,...,2,)T >" (y1,...,yn)T if there exists an index
1 < i < n such that ; > y; and x; = y; for all j < i. The relation >'** is the
reflexive closure of >'¢,

Ezample 17 (continued from E:cample. The three linear interpretations C, A,
and B can be combined into the single algebra M on N? with the interpretations:

100 0 100
sm(z)=(010]xz+ |1 pm(z) =010 | Opm = e
001 1 000
100 100 100
t+pmy=|010|xz+[000|y =+l y=[010]2 pi(z)=0
001 000 001

For instance, puq(®) = (21,22,0) = (pc(w1), pa(w2), ps(ws)) holds for @ =
(z1, 29, 23)7. If we equip >'** with M, the reduction pair (=, >a4) coincides
with the lexicographic combination employed in Example

Let M be a matrix interpretation equipped with the lexicographic order.
Although M is well-founded, it cannot afford weak monotonicity for free, which
is a relevant property for (>, > 1) to be a reduction pair. Below, we show that
weak monotonicity is characterized by (column) echelon form matrices.

Let A be an m x n matrix. The matrix A is in (column) echelon form if the
following property holds for all 1 < ¢ <mand 2 < j <n: If Ay ;1 =0 for all
k < then A; ; = 0. For example, the 2 x 2 and 3 x 3 echelon-form matrices are
classified as follows:

000 000 +00 +00
<28> (ig) 000 4100 £00 £ 40
*00 * x0 * %0 * ok ok

Here + stands for an arbitrary positive natural number, and * for an arbitrary

o . 000 .
non-negative integer. The matrices (9) and (8 0 8) are not in echelon form.



Lexicographic Combination of Reduction Pairs 11

These examples tell us that echelon matrices are lower-triangular matrices and
the converse does not hold. The former fact can be easily confirmed from the
definition.

Lemma 18. Let A be an m x n matriz in echelon form. Then Az >'** Ay
whenever x >'& Y.

Proof. We proceed by mathematical induction on m. If n = 1 then the claim is
trivial, so assume n > 1. We further analyze the first column of A. If 4;; =0
for all 1 < 4 < m (which is in particular true when m = 1), from the echelon
formedness it holds that A; ; = 0 except for ¢ = m and j = 1, and therefore

0 | 0
Ax = > = Ay.
r (Am,l-rl) (Am,lyl) y

Otherwise, by calculation, we have:

0 O 0 0
A=A, 0T Ax = A1 Ay = A
a A ary + A'x’ ay, + Ay’

Here A;; is the first positive entry at the i-th row with 1 <4 < m, a is a vector
of length m —¢ > 0, and A’ is an (m — i) X (n — 1) echelon-form matrix. If
x >'* gy is due to 1 > y; then A;1z1 > A;1y1 and therefore Ax >l Ay
Otherwise, z; = y; and «’ >'** y’. By the induction hypothesis A’x’ >'** A’y’
and therefore Ax >'** Ay. O

Lemma 19. Let A be an m x n matriz. If © >'** y implies Ax >'* Ay for all
vectors x,y of natural numbers, then A is in echelon form.

See Appendix [A] for the proof of Lemma [I9} Let M be an algebra whose car-
rier is the set of vectors of natural numbers ordered lexicographically and inter-
pretations faq(x1,...,x,) = Ajx1 + - -+ Ap, +a are built from echelon-form
matrices Ay, ..., A,. We dub such an algebra echelon-form matriz interpretation.

Theorem 20. The pair (Zpm,>pm) is a reduction pair for every echelon-form
matriz interpretation M. O

To characterize strict monotonicity for m x n matrices A (i.e., the property
that  >'* y implies Az >'** Ay), it suffices to additionally assume n < m and
A;; >0 for all 1 <4 < n. Such an echelon-form matrix is called positive.

Example 21. The echelon-form matrix A = (10) is not positive, while A7 is.
Indeed, A is not strictly monotone, as witnessed by A (9) = (§) =A(9).

Lemma 22. Let A be an m x n positive echelon-form matriz. Then Ax >'*< Ay

whenever © >'* y.
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Proof. We proceed by mathematical induction on n. The case n = 1 is trivial.
Otherwise, write x,y and A as follows:

A, 0T
() G )

Here Aj 1 is the positive entry, a is a vector of length m — 1, and A" is a (m —
1) x (n — 1) positive echelon-form matrix. A calculation shows that

_ Az _ ([ Auwn
Az = (axl + A’w’) Ay = (ay1 + Ay’

If & >'* gy is by 1 > y; then Ai1z1 > Aj1y1 and therefore Az >lex Ay,
Otherwise, z; = y; and &’ >'*< y’. By the induction hypothesis A’z’ >'®* A'y’
and therefore Az >'* Ay. O

Lemma 23. Let A be an m x n matriz. If © >'** y implies Ax >'** Ay for all
vectors @,y of natural numbers, then A is a positive echelon-form matriz.

See Appendix [A] for the proof of Lemma Now we can characterize mono-
tone and invariant positions of echelon-form matrix interpretations M. Let the
interpretation of an n-ary function symbol f be fap(@1,...,x,) = A1z +---+
A,x, + a. The i-th argument position of f is monotone if A; is positive, and
invariant if A; = O. Besides, (>, >A) is normal.

We again tame the Hydra, using an echelon-form matrix interpretation which
cannot be simulated by combination of linear polynomial interpretations.

Ezample 24. Recall the TRS H in Section[d] Instead of the Knuth-Bendix order,
we establish the termination by the combination of the ordinal interpretation O
with the next echelon-form matrix interpretation M:

wwite) = (1D)e+ (1) oner= (e () v = ()= ()

The other interpretations Oaq, Hat(Z, ), I m(Z,Y), and (T, Y, Z) are de-
fined as the constant vector 0. One can confirm the combinability, R C >,
and Emb C >p . For instance, the orientations [Jo & > o)  and o[ >y
[| e x of the first two rules in A are verified as follows:

b () ()= () 2 () (5) = ()= ()

So, the termination of H is again concluded.

The standard matrix interpretation with the component-wise order and our
echelon-form matrix interpretation are incomparable. For example, the echelon-
formed matrix interpretation can show the termination of Example [17] while the
standard matrix interpretation cannot. For the converse, we consider the TRS
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R = {f(a) — f(b), g(b) — g(a)}. Then DP(R) = {ff(a) — f*(b), g*(b) — g*(a)}.
The next standard matrix interpretation A satisfies R C >4 and DP(R) C > 4:

as= (é) ba= (g) fa(z) = ((1) é) z  galz)= G D @
A= (y1)e @ =(0g)e

Here, it is essential that a and b are incomparable with respect to the underlying
component-wise order. Indeed, there is no echelon-form matrix interpretation A
with R C >4 and DP(R) C > 4 due to totality of the lexicographic order: Any
interpretation A satisfies a >4 b or b >4 a. If a > 4 b holds then g#(a) >4 g(b)
by monotonicity. Similarly, if b >4 a then ff(b) >4 f#(a). In either case it
contradicts to DP(R) C > 4.

6 Experiments

In order to evaluate the presented methods, we have implemented a prototype
tool for proving termination and relative termination. The tool uses the depen-
dency pair framework (Theorems [I| and [2)) together with two standard refine-
ments: an iterative cycle analysis based on strongly connected components in
dependency graphs [IIT0/T3], and the usable rule criterion [I4]. For relative ter-
mination, the tool uses the relative version of Theorem (a generalization of The-
orem , which cannot be used with the usable rule due to lack of minimality,
see [15]. We compare the three classes of reduction pairs and their lexicographic
combinations.

— L: the lexicographic path order [16] with argument filtering.

— E4: echelon-form matrix interpretations on N with 0, 1-matrix coefficients
equipped with the lexicographic order (Section .

— Sg4: matrix interpretations on N¢ with 0, 1-matrix coefficients equipped with
the standard component-wise order [8]. Note that S is the same as E;.

Suitable precedences, argument filters, and interpretations are searched by the
SMT solver Z3 |21]; see [4127] for the SAT/SMT encoding techniques. The ex-
periments were run on a PC with Intel Core i5-1340P CPU (4.6 GHz) and 8 GB
memory with 60 seconds timeout for each (relative) termination problemﬂ
Table [I] summarizes the experimental results on 1528 termination problems
in the TRS Standard category of the Termination Problem Database [24]. For
instance, the numbers in column E;L are read as follows: In the aforementioned
setting, lexicographic combinations of E; (linear interpretations) with L (the lex-
icographic path order with argument filtering) proved termination of 496 TRSs,
while termination analysis on 13 TRSs did not finish within 60 seconds. In gen-
eral, combination gives us more proofs. For example, while L and E; produce
512 proofs in total, the union of L, E;, LE;, and E;L amounts to 537 proofs.

! The tool and the full experimental data are available at https://www.jaist.ac.jp/
project /saigawa/25cade/.
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Table 1. Experiments on 1528 termination problems.

|_ |_|_ LLL E1 E2 E3 E4 SQ 5252 525252 ElEl Ell— LEl
proved 372 389 387 477 562 566 564 596 619 617 506 496 406
timeout 13 17 27 8 14 28 86 24 40 63 8§ 18 13

Table 2. Experiments on 57 relative termination problems.

L LL LLL E: E> Es Es S2 S25S2 S$25:5: EiEx EiL LE;
proved 4 20 22 8 43 45 47 10 47 47 41 30 27
timeout 0 0 o o0 0 0 0 0 0 0 o 0 0

Table [2| summarizes the experimental results on relative termination. The
TRS Relative category in the database contains 57 relative termination problems
where Theorem [3|is available. Two problems of them are known to be relatively
non-terminating. The union of E4 and LL amounts to 50 proofs. We note that
the union subsumes 39 proofs by the powerful termination tool AProVE [1217]
which is a participant in the relative termination category of the Termination
and Complexity Competition (termCOMP 2024). The following example is one
of the remaining 11 problems.

Ezample 25. Consider the relative termination problem (INVY_15/#3.42) of R/S.
Here R consists of the rules

half(0) — 0 lastbit(0) —
half(s(0)) — 0 lastbit(s(0)) — ( )
half(s(s(z))) — s(half(xz)) lastbit(s(s(z))) — lastbit(x)
conv(0) — cons(nil,0) conv(s(z)) — cons(conv(half(s(z))), lastbit(s(z)))
and § = {rand(z) — =, rand(x) — rand(s(z))}. The set DP(R) consists of
half® (s(s(x))) — half®(z) convf(s(z)) — convf (half(s(z)))
lastbit? (s(s(z))) — lastbit* (z) conv¥(s(z)) — half*(s(x))

conv¥(s(z)) — lastbit® (s(z))

The following echelon-form matrix interpretation A on N? satisfies DP(R) C >4
and RUS C > 4.

04=0 nilg =0 lastbity(x) =e; convy(z) =0
sa(x) =x+ e consy(x,y) =0 Iastbiti‘(m) =x conv&(az) =r+e
100 100
half 4(z) = [010 | = half&(m) =x randa(x)=[000]x+e;
000 000

Since R dominates S and S is non-duplicating, the above inclusions together
with Theorem [3| entail the termination of R/S.
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7 Conclusion

We have presented a simple criterion for combining reduction pairs based on
monotone and invariant positions. Moreover, we have elucidated when the matrix
interpretation with the lexicographic order induces a reduction pair. We conclude
the paper by stating related work and future work.

Our combinability criterion (Theorem is inspired by Touzet’s work [25].
It is easy to confirm the precise correspondence between her interpretation A
for the termination of the Hydra and Example For instance, e 4((z,m,n)) =
(z,m,m +n + 1) corresponds to ep(z) = z and ep(x) = (19)x + (}). We
anticipate that the use of lexicographic combination eases termination analysis
of challenging rewrite systems such as Goodstein sequences [28].

The ordinal interpretation in a certain form is the echelon-form matrix inter-
pretation and lexicographic combination of the linear polynomial interpretation.
To see this, consider linear polynomial interpretations

f.A(xla"'axn) = ao +Zai$i fB(ylv'-' ayn) = bO +Zblyz

with a;,b; € N and the interpretation fo on ordinal numbers below w? given by:
folwzi+y1,...,wry +y1) =wlao+a1m1 +- - +anzn) + (bo+b1y1 + - +bnyn)

Here z; and y; range over N. Then, (>0, >0) is order isomorphic to (=45, > 45).
In general, an n-times combination of the linear polynomial interpretation corre-
sponds to an ordinal interpretation below w™. For instance, the echelon-form ma-
trix interpretation rand 4 of Examplecorresponds to randp (w?r) +wry+a3) =
w?(x1 + 1) with 21,29, 73 € N. Actually, it is equivalent to randp(x) = x + w?
with € w3.

There is another way to combine reduction pairs lexicographically. Given two
reduction pairs (>1,>1) and (=2,>3), the pair (=1 N =9, >12) forms a reduc-
tion pair, where >15 is defined as in Definition [}] In contrast to Theorem [I0]
this construction imposes neither monotonicity nor invariance on the underly-
ing reduction pairs. However, Theorem [2] with (=1 N =9, >12) is simulated by
successive application of Theorem [2| with (=1, >1) and (=2, >2).

The rule removal method [12] employs a monotone reduction pair to elim-
inate rules from R of a dependency pair problem (P, R). Considering the fact
that combinability is a generalization of monotonicity, we anticipate that inves-
tigation on relationship of combinability and finiteness leads to a generalization
of the method.

Adapting the echelon-form matrix interpretation for AC termination is an-
other direction for future work. As shown in [3|20], lexicographic combination of
non-linear polynomial interpretations is an effective proof method for AC termi-
nation. We believe that the non-linear matrix interpretation [5], using matrices
instead of vectors, is a key for the work.
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The next example shows that the non-emptiness requirement cannot be
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Example 27. Consider the following linear polynomial interpretations A and B:
fA(x):O a_A=1 bAZO fB(l'):O aB:O bBZO

When the signature consists of the only three symbols f, a, and b, the relation
>p is the empty relation. Therefore, the first argument position of f is monotone
with respect to >p. However, the position is not monotone with respect to the
strict order > 45 of the lexicographic combination, as > 45 degenerates to > 4.

Proof (of Lemma @) We show that every element A; ; with 2 < j < n satisfies
the following property: If Ay ;—1 = 0 for all k¥ < i then A; ; = 0. We proceed by
complete induction on ¢ while fixing j with 2 < j < n. Suppose Ay ;_1 = 0 for
all i < ¢. By the induction hypothesis A, ; = 0 for all ' < 4, too. Assume to
the contrary A;; > 0. For the vectors & = A, je;_; and y = (4; ;1 + 1)e; the
inequality = >'** ¢ holds. One can deduce the implications:

T >Iex Yy — Ax >Iex Ay — Ai,j—lAi,j > Ai,j_lALj + Ai,j = 0= Ai,j
Thus, the desired contradiction 0 > A; ; > 0 is obtained. O

Proof (of Lemma . From Lemma we know that A is in echelon form. If
n > m, then the right-most column of A is all zero, which implies Ae,, = 0 = A0,
a contradiction. So n < m. Notice that from the echelon formedness, 4;; > 0
implies A¢;_1),;—1) > 0 for all 2 <4 < n. So, it suffices to see A, , > 0, which is
again shown by contradiction: If A, ;, =0, then Ae,, = 0 = AO0. a

We also note that an echelon-form square matrix A is positive if and only if it
satisfies weak simplicity Az >'** a, which is a relevant property for the weighted
path order [26].
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